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PREFACE 


In recent years a very considerable body of theory has been developed 
which makes it possible to understand and utilize the infrared and Raman 
spectra of a large number of polyatomic molecules. The purpose of this 
book is to develop essential elements of this theory, starting from its 
simplest form and advancing to fairly elaborate and powerful theorems 
useful in more complicated applications. In order to hold the volume 
to a reasonable size, only vibrational spectra are treated in detail. How¬ 
ever, vibrational (as opposed to rotational) spectra constitute the great 
bulk of published infrared and Raman data. The theory herein pre¬ 
sented applies to gases and is a useful approximation for liquids but 
requires some extension for crystals. 

The treatment of this book is intended to give a consistent system, 
but is not meant to be an exhaustive survey of the literature, which has 
now grown to a considerable size. Individual molecules are introduced 
only as examples, the whole aim being to lead the reader through an 
increasingly powerful series of mathematical techniques with a com¬ 
pleteness sufficient to enable him not only to use these tools in analyzing 
experimental data but also to understand their derivation and to be pre¬ 
pared to extend and adapt them to new problems. 

The mathematical demands on the reader are quite light in the early 
chapters and, as more powerful tools are required for the more efficient 
treatment of larger molecules, these tools, such as matrix algebra and 
group theory, are introduced and explained. The arrangement is such 
that the reader whose interest is in the qualitative assignment of spectral 
lines assisted by symmetry considerations and selection rules can read 
those chapters dealing with this problem without requiring the chapters 
which lead into the isotope effects, or further into the calculation of force 
constants. 

Unfortunately, the manuscript was prepared too early to make possible 
strict adherence to the recommendations of the Joint Commission on 
Spectroscopy of the International Astronomical Union and the Interna¬ 
tional Union of Pure and Applied Physics So far as possible, however, 
we have followed the generally accepted conventions employed by G. 
Herzberg in his widely used book on ^^Infrared and Ramam Spectra of 
Polyatomic Molecules.*^ ' 
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CHAPTER 1 


INTRODUCTION 


An immense amount of experimental data has been accumulated from 
investigations of the infrared absorption spectra and of the Raman effect 
in polyatomic molecules. Only an extremely small fraction of this 
material has been subjected to analysis, although the theoretical tools 
for such an analysis are quite well developed and the results which could 
be obtained are of considerable interest. One reason for this situation 
is the amount of labor required to unravel the spectrum of a complex 
molecule, but an additional deterrent has been the unfamiliar mathe¬ 
matics, such as group theory, in terms of which the most powerful forms 
of the theory of molecular djmamics have been couched. When only 
the necessary parts of these mathematical techniques are considered, the 
difficulty of understanding the theory of the vibrational and rotational 
spectra of polyatomic molecules is greatly reduced. 

In this first chapter, a short general survey of the background of the 
subject will be given, to serve as an introduction to the more mathe¬ 
matical treatment which follows. 

1-1. Infrared Spectra 

The absorption or emission spectrum arising from the rotational and 
vibrational motions of a molecule which is not electronically excited is 
mostly in the infrared region. A small molecule having an electric 
moment emits and absorbs light of frequency below about 250 wave 
numbers^ because of its rotational motion. Molecules which are absorb¬ 
ing or emitting 1 quantum of vibrational energy show bands in the region 
from about 200 to 3,500 cm~\ while bands due to several vibrational 
quantum jumps are detected all the way from a few hundred to many 

' The symbol <$> will be used throughout to represent the reciprocal of the wave¬ 
length X. The unit for « is the reciprocal centimeter (cm“i) or the wave number, 
since « represents the number of waves per centimeter. Inasmuch as the frequency p 
is connected with w by the relationship p ^ <aCy where c is the velocity of light, it will 
frequently be said that the frequency is <*> wave numbers. Experimentalists often 
express their results in terms of the wavelength in microns (m), 1 micron being 10“^ cm. 
If is the wavelength in microns, w = 10^/X;*. Recently the symbol K, for Kayser, 
has been proposed to replace cm~^ 


1 



MOLECULAR VIBRATIONS 


2 


[Sec. 1-1 


thousand wave numbers, sometimes being observable in the visible por¬ 
tion of the spectrum (13,000 to 26,000 cm“0* See Fig. 1-1. 

Infrared spectra may be observed either in emission or in absorption, 
although the latter method is by far the more common. In absorption 
experiments light from a suitable source is passed through a tube con¬ 
taining the gas to be studied and thence into the spectrograph.^ If the 
spectrograph is of low resolving power, a series of wide bands is observed 
which correspond to the vibrational transitions, but if a spectrograph of 



500 1.000 1,500 2,000 2,500 3,000 

frequency, cm-^ 

Fig. 1-1. Vibrational absorption spectra in the infrared as illustrated by benzene. 

higher resolution is used, these bands may break up into lines which can 
be correlated with the energy levels of rotation. In practice, only a few 
light molecules (H2O, NH3, CH4, CO2, etc.) have been observed in the 

1 Information concerning experimental methods can be obtained from the following 
sources: 

W. W. Coblentz, ‘^Glazebrook’s Dictionary of Applied Physics,’’ VoL 4, p. 136, 
Macmillan, London, 1923. 

G. R. Harrison, R. C. Lord, and J. R, Loofbourow, “Practical Spectroscopy,” 
Prentice-Hall, New York, 1948. 

G. Laski, “Handbueh der Physik,” Vol. 19, p. 802, Springer, Berlin, 1928. 

J. Lecomte, “Le Spectre infrarouge,” Recueil des conf6rences-rapports de documen¬ 
tation sur la physique, Vol. 14, Les Presses Universitaires de France, Paris, 1928. 

F. I. G. Rawlins and A. M. Taylor, “Infrared Analysis of Molecular Structure,” 
Cambridge, New York, and London, 1929. 

C. Schaefer and F. Matossi, “Das ultrarote Spektrum,” Springer, Berlin, 1930. 

G. B. B. M. Sutherland, “Infrared and Raman Spectra,” Methuen, London, 1935. 
V, Z. Williams, Rev. Sci. fnstr., 19: 135 (1948). 
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infrared region with high enough resolving power to resolve the rotational 
structure. Figure l-l shows some observed spectra. 

Liquids and solids are also studied, and they yield interesting results, 
but except in so far as they give vibrational spectra in close agreement 
with those found for the corresponding gases they will not be discussed in 
this book, in which interactions between separate molecules will be 
neglected. 

1-2. Raman Spectra^ 

If the substance being studied (as a gas, liquid, or solid) is strongly 
illuminated by monochromatic light in the visible or ultraviolet region 
and the scattered light observed in a spectrograph,^ a spectrum is obtained 
(see Fig. 1-2) which consists of a strong line (the exciting line) of the same 
frequency as the incident illumination together with weaker lines on 
either side shifted from the strong line by frequencies ranging from a 
few to about 3,500 wave numbers. The pattern of lines is symmetrical 
about the exciting line except with regard to intensities, the lines on the 
high-frequency side being considerably weaker than the others. In fact, 
they are frequently too weak to be observed. The lines of frequency less 
than the exciting lines are called Stokes lines, the others anti-Stokes lines. 

These lines differing in frequency from the exciting line, the Raman 
lines, have their origin in an interchange of energy between the light 
quanta and the molecules of the substance scattering the light. The lines 
which appear very near the exciting line are correlated with changes in the 

1 The original papers dealing ^rith this effect are: 

A. Snjekal, Naturwissenschaftcn, 11: 873 (1923). 

H. A. Kramers, Nature, 113: 673 (1924). 

H. A. Kramers and W. Heisenberg, Nature, 114: 310 (1924). 

C. V. Raman, Indian J. Phys., 2: 1 (1928). 

G. Landsberg andL. Mandestamm, Naturwissenschaften, 28: 557 (1928). 

2 Information concerning the experimental methods for the study of the Raman 
effect can be obtained from the following sources: 

S. Bhagavantam, “Scattering of Light and the Raman Effect,” Chemical Publish¬ 
ing, New York, 1942. 

P. Daure, “Introduction k F^tude de Feff^t Raman,” Editions de la Revue 
d^optique, th^rique et instrumentale, 1933. 

a Giockler, Revs, Mod, Phys,, 16: 112 (1943). 

J. H. Hibben, “The Raman Effect and Its Chemical Applications,” Reinhoid, 
New York, 1939. 

G. Joos, “Handbuch der Experimentalphysik,” Vol. 22, p. 413, Akademische 
Verlagsgesellschaft, licipzig, 1929, 

K. W. F. Kohlrausch, “Der Smekal-Raman-Effekt,” Springer, Berlin, 1931. See 
also “Erganzungsband 1931-37,” Springer, Berlin, 1938. 

K, W. F. Kohlrausch, “Ramanspektren,” Vol. 9, Sec. VI of Eucken-Wolf, “ Hand- 
und Jahrbuch der Chemischen Physik,” Akademische Verlagsgesellschaft, Leipzig, 
1943. Reprinted by Edwards, Ann Arbor, Mich., 1945. 

Symposium, Trans, Faraday Soc,, 26 : 781 (1929). 
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rotational feergy states of the molecules without changes in the vibra¬ 
tional energy states and form the pure rotation Raman spectrum. The 
lines farther from the exciting line are really bands of unresolved lines 
and are associated with simultaneous changes in the vibrational and 
rotational energy states. 

The frequency shifts, that is, the differences between the frequencies 
of the Raman lines and the exciting line, are independent of the frequency 
of the exciting line. A mercury arc is usually used for illumination, and 
there are a number of the strong mercury lines which are used to excite 


(a) 


(b) 

22,938 

0 1,000 2,000 3,000 

^0“ ^ (cm“^) 

Fig. 1-2. Plot of the Rarrlan spectrum of benzene. The heights of the lines indicate 
relative intensity, (a) being the parallel spectrum and (6) the perpendicular spectrum 
(6/a = p„; see Sec. 3-6). The scale is in cm"^ and the Raman shift is measured from 
the mercury exciting line at 22,938.04 cm“‘ (4,358 A). {These data^ used in the example 
discussed in Chap. 10, are from Angus^ Ingold, and Leckie, J. Chem. Soc., 1936, p. 925.) 

Raman spectra. The frequencies for a given molecule found in infrared 
abscR*ption frequently agree with the frequency shifts found in the Raman 
effect, but this is not always true and depends on the symmetry of the 
molecule in a way which is now well understood. 

By polarizing the incident light or in other ways, it is possible to 
find the degree of depolarization of each frequency shift in the Raman 
spectrum, a quantity which will be important in the interpretation of the 
experimental results. This quantity is the ratio, for the scattered light, 
of the intensities of the components polarized perpendicular and parallel, 
respectively, to the direction of polarization of the incident illumination. 

1-3. The Molecular Model 

In attempting to account for the observed infrared and Raman spectra 
of real molecules, a certain simplified model for such molecules is adopted, 
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and then the spectra which this model would exhibit are calculated. The 
specification of the model involves certain parameters such as size, stiff¬ 
ness of valence bonds, etc., which can be varied within limits set by other 
types of experimental evidence until the best agreement with experiment 
is obtained. An attempt is usually made to select a number of such 
parameters which is much smaller than the number of experimental 
quantities so that the success of the theory can be tested by the agreement 
which it provides with experiment. 

The model which will be used in this book consists of particles held 
together by certain forces. The particles, which are to be endowed 
with mass and certain electrical properties, represent the atoms and are 
to be treated as if all the mass were concentrated at a point. It is 
assumed that the atoms may be electrically polarized by an external 
electrical field, such as that of a beam of light, and that they may or 
may not be permanently polarized by their mutual interactions in such 
a manner that the whole molecule has a resultant electric moment.^ 
Both the polarizability and the electric moment of the model may vary 
as the particles (hereafter called atoms) change their relative positions. 
Finally, the atoms may possess an internal degree of freedom or nuclear 
spin which introduces certain symmetry restrictions. 

The forces between the particles may be crudely thought of as weight¬ 
less springs which only approximately obey Hookers law and which hold 
the atoms in the neighborhood of certain configurations relative to one 
another. This picture of the forces as springs is useful for visualization, 
but is not sufficiently general for all cases. For example, it does not 
cover cases of restricted rotation about single bonds such as may occur 
in ethane. The nature of these interatomic forces is one of the chief 
problems still being studied and will be discussed in Chap. 8. The search 
for a potential function which involves a small number of parameters 
and which at the same time permits good agreement with experiment 
is by no means ended. 

The statement that the model obeys the laws of quantum mechanics 
is an essential part of its specification. However, since atoms are fairly 
heavy particles (compared to electrons), it will sometimes be true that 
classical mechanics when properly used gives results which are good 
approximations to those of quantum mechanics. 

1 The electric moment |i of an electrically neutral molecule is a vector quantity whose 
direction is that of a line joining the center of charge of the negative charges with 
the center of charge of the positive charges and whose magnitude is the length of 
that line multiplied by the total negative or the total positive charge, these being 
equal. An atom or molecule is said to be polarized by an electric field when the dis¬ 
placements of charges caused by the electric field produce or alter the electric moment 
of the atom or molecule. If the electric field strength is Z and the induced moment 
is V, then y « aC defines the polarizability a. for an isotropic molecule. 
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Since the atoms of this model have been regarded as point masses 
with certain electrical properties, there is an apparent disagreement with 
the fact that many experiments require that atoms be made of electrons 
and nuclei. It is possible to reconcile these two points of view. If the 
wave equation for a molecule made up of electrons and nuclei is set up, a 
procedure^ exists whereby this equation may be separated into two equa¬ 
tions, one of which governs the electronic motions and yields the forces 
between the atoms, whereas the other is the equation for the rotation 
and vibration of the atoms and is identical with the equation for the 
model adopted here. In principle, therefore, the forces between the 
atoms can be calculated a priori from the electronic wave equation, but 
in practice this is not mathematically feasible (except for H 2 ), and it is 
necessary to postulate the forces in such a manner as to obtain agreement 
with experiment. Therefore, although it is theoretically possible to 
start with a model consisting of electrons and nuclei interacting cou- 
lombically and obeying the laws of quantum mechanics, in practice it is 
necessary to assume the nature of the equilibrium configuration and of 
the forces betAveen the atoms, so that it seems more desirable to start 
with the model in Avhich the atoms are the units. 

This separation of the electronic motion and the nuclear motions is 
only an approximation which may break down in certain cases, especially 
for high electronic states. If there were no interaction between the 
two types of motions, there would be no Raman effect of any importance. 
However, the coupling is small for the lowest electronic state. 

1-4. Classical Theory of Vibrational and Rotational Spectra 

Classical electromagnetic theory^ requires that an accelerated charged 
particle emit radiant energy. On this basis a rotating molecule with an 
electric moment should emit light of the same frequency as the frequency 
of rotation. Because of the Maxwellian distribution of rotational veloci¬ 
ties, a collection of gas molecules should emit a band of frequencies 
possessing an intensity maximum Avhich is related to the most probable 
frequency of rotation. In practice, this prediction of classical theory 

1 M. Born and J. R. Oppenbeimer, Ann. Physik, 84: 457 (1927). 

R, L. Kronig, ^-Band Spectra and Molecular Structure,” Cambridge, New Ycrk 
and London, 1930. 

* For presentations of classical radiation theory, see the follow ing: 

L. Page, “Introduction to Theoretical Physics,” Chap. 12, Van Nostrand, New 
York, 1934. 

F. K. Richtmyer and E. H. Kennard, “Introduction to Modern Physics,” Chap. 2, 
McGraw-Hill, New York, 1947. 

A. E. Ruark and H. C. Urey, “Atoms, Molecules, and Quanta,” Chap. 6, McGraw- 
Hill, New York, 1930. 

F. Zemer, “Handbuch der Physik,” Vol. 12, p. 1, 1927, Springer, Berlin. 



Sec. 1-5] introduction 7 

is quite closely verified experimentally for heavy molecules and low 
resolution. 

The molecular model of the previous section can move as a whole, 
rotate about its center of mass, and vibrate. The translational motion 
does not ordinarily give rise to radiation. Classically, this follows 
because acceleration of charges is required for radiation. The rotational 
motion causes practically observable radiation if, and only if, the mole¬ 
cule has an electric (dipole) moment. The vibrational motions of the 
atoms within the molecule may also be associated -with radiation if these 
motions alter the electric moment. A diatomic molecule has bnly one 
fundamental frequency of vibration so that if it has an electric moment 
its infrared emission spectrum will consist of a series of bands, the lowest 
of which in frequency corresponds to the distribution of rotational fre¬ 
quencies for nonvibrating molecules. The other bands arise from com¬ 
bined rotation and vibration; their centers correspond to the fundamental 
vibration frequency and its overtones. A polyatomic molecule has 
more than one fundamental frequency of vibration so that its spectrum 
is correspondingly richer. 

The Raman effect can also be explained classically. The electric 
vector of the incident illumination induces in the molecule an oscillating 
electric moment which emits radiation. If the molecule is at rest, the 
induced moment, and therefore the scattered light, has the same fre¬ 
quency as the incident light. If, however, the molecule is rotating or 
vibrating, this is not necessarily the case, because the amplitude of the 
induced electric moment may depend on the orientation of the molecule 
and the relative positions of its atoms. Since the configuration changes 
periodically because of rotation and vibration, the scattered radiation is 
“modulated” by the rotational and vibrational frequencies so that it 
consists of light of frequencies equal to the sum and to the difference 
of the incident frequency and the frequencies of the molecular motions, in 
addition to the incident frequency. 

Thus, the classical theory of radiation and classical mechanics pro¬ 
vides an explanation of the general features erf both infrared and Raman 
spectra. It cannot, however, account for the details and is to be regarded 
as only a rough approximate method of treatment. 

1-6. The Quantum Viewpoint 

When the molecular spectra of a few light molecules are observed 
with spectrographs of high resolving power, the bands previously dis¬ 
cussed are resolved into a series of closely spaced lines. Classical theory 
is unable to explain this phenomenon. The explanation, of course, 
depends on the use of quantum theory, in which the molecule is restricted 
to definite, discrete energy levels of rotation and vibration. Radiation 
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occurs only when a molecule undergoes a transition from one stationary 
state to another of different energy. The Bohr frequency rule gives the 
frequency v of the light radiated or absorbed on transitions between 
states of energies Wn^* and It is 


*• Vn*n! 



( 1 ) 


where h is Planck's constant.^ 

Not every transition can occur with the emission or absorption of 
radiation. The rules which tell which transitions may occur are called 
selection rides. 

Although the classical theory is not correct in predicting that the 
observed radiation will consist of frequencies occurring in the motion 
of the system, there is an asymptotic relationship between the frequencies 
predicted by the classical and by the quantum theory, known as Bohr's 
correspondence theorem for frequencies.^ According to this theorem 
the frequencies emitted and absorbed by a quantum system approach 
asymptotically the classical frequencies of the system as the quantum 
numbers of the initial and final states are increased. The intensities 
of the quantum transitions will likewise asymptotically approach the 
intensities calculated classically, as the quantum numbers increase. 

From the quantum viewpoint, the band of lowest frequency in the 
infrared spectrum (it may extend into the microwave region) of a 
molecule with an electric moment consists of discrete lines, each of which 
corresponds to a transition between two different rotational energy 
levels of the nonvibrating molecule (or rather, of the molecule in its 
lowest vibrational energy level). The other bands with higher frequen¬ 
cies correspond to transitions involving simultaneous changes of rota¬ 
tional and vibrational energies. The spacing between adjacent vibra¬ 
tional levels is considerably greater than that between adjacent rotational 
levels so that, although the various vibrational bands are usually fairly 


^ Throughout this book, in dealing with transition phenomena, the general array of 
quantum numbers specifying the upper state will be indicated by n' and that specifying 
the lower state by n". Whenever a double subscript is used to specify a transition, 
the symbols will be written in the order initial, final. Equation (1) thus states that 
the frequency, vn'*n*i of the absorption process n" —► n' is equal to the frequency, 
of the emission process n' —> n", and that this frequency is given by {Wn' — Wn")/h. 

* See the following sources: 

N. Bohr, Z, Phyaik, 2: 423 (1920); 18: 117 (1923). 

W. Pauli, ^‘Handbuch der Physik,’* Vol. 23, p. 1, Springer, Berlin, 1926. 

A. Sommerfeld, “ Atombau und Spektrallinien,” 5th ed., Vol. 1, pp. 671jr., Vieweg, 
Brunswick, 1931. 

J. H. Van Vleck, Quantum Principles and Line Spectra,^* Bulletin of the National 
Research Council, No. 54, Chap. 3, Washington, D.C., 1926. 
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widely spaced, it requires a spectrograph of very high resolving power to 
separate the rotational lines. 

The fundamental frequency of the classical explanation corresponds 
to a quantum transition from one vibrational state to the next, while the 
overtone frequencies correspond to transitions to other than adjacent 
levels. Since the vibrational levels are nearly but not quite evenly 
spaced, the vibrational bands will fall into series with frequencies which 
are almost but not quite multiples of the fundamental frequencies. 

The quantum picture of the Raman effect is that a photon of energy 
hva (vo being the frequeueof the incident light) comes up to a molecule 
in a given stationary state, causing a transition to another higher (or 
lower) energy level different in energy by an amount hv„"n'. This 
amount of energy is subtracted from (or added to) the incident photon 
so that the emitted or “scattered” photon then has the energy hvo 
T hvn"n’ and therefore has the frequency ro + Since in general 

more molecules are in the lo'wer than in the higher energj'' states, there 
will be more cases in which the photon gives up some of its energy than 
vice versa, so that the Stokes lines will be stronger than the anti-Stokes 
lines. 

In calculating the energy levels and selection rules, the principles of 
quantum mechanics must be used. This is usually done through the 
medium of the Schrodinger equation and wave mechanics, but the 
equivalent mathematical techniques of matrix mechanics and the oper¬ 
ator calculus are frequently useful.^ 


1-6. Applications 

There are three main applications of the interpreted results of infrared 
and Raman studies. These are the study of the nature of the forces 
acting between the atoms of a molecule, the determination of molecular 
stnicture, and the calculation of thermodynamic quantities. 

The fundamental frequencies of vibration obtained from infrared and 
Raman spectra have provided considerable information about the inter¬ 
atomic forces in various molecules. It is found that different types of 
valence bonds exhibit different degrees of resistance to stretching and 
bending which are roughly independent of the molecule in which the bond 
occurs. Further, empirical relations between the length of a bond and 

1 In this book an elementary knowledge of quantum mechanics will be assumed. 
Any material, however, which is not covered in L. Pauling and E. B. Wilson, Jr., 
“Introduction to Quantum Mechanics,” McGraw-Hill, New York, 1935, will be 
developed in the text or appendixes. For a more advanced treatment of the subject, 
see E. C. Kemble, “Fundamental Principles of Quantum Mechanics,” McGraw-Hill, 
New York, 1937; also L. I. Schiff, “Quantum Mechanics,” 2d ed., McGraw-Hill, New 
York, 1955; or K. S. Pitzer, “Quantum Chemistry,” Prentice-Hall, New York, 1963. 
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its resistance to stretching have been found which promise to have useful 
applications.^ 

There are several ways in which information about molecular structure 
can be obtained from infrared and Raman spectra. Probably the most 
important is the determination of moments of inertia from the spacing 
of the rotational lines. This remains one of the most reliable methods 
known for the determination of molecular sizes of simple molecules 
although with present experimental techniques it cannot be used for any 
but very light molecules. In recent years this method has been enor¬ 
mously extended by the development of techniques for the use of the 
millimeter and centimeter wavelength regions, i,e,j the regions of micro- 
wave spectroscopy. The vibrational spectrum can also be used to 
provide clues as to the structure of a molecule, especially with regard to 
its symmetry. 

In many ways the most valuable application of the data of infrared 
and Raman studies is to the calculation of the heat capacity, entropy, 
and free energy of gaseous molecules. For such calculations a knowledge 
of the moments of inertia and vibration frequencies of the molecule is 
necessary. Calculations of this sort have been carried out for a large 
number of simple molecules with results which usually surpass in accuracy 
those of any other method. If the value for the heat of reaction is 
known at any temperature, spectroscopic data can be used to find the 
heat of the reaction at any other temperature, the free energy and 
entropy changes, and the equilibrium constant at any temperature. 

All these applications require a careful consideration of the principles 
underl 3 dng the interpretation of the spectral data. Because of the fail¬ 
ure to recognize the importance of some of these principles, many false 
conclusions have been drawn in the past from spectroscopic experiments. 


1 R. M. Badger, J, Ghent. Phys., 2:128 (1934); 3: 710 (1935). 
W. Gordy, J. Ghent. Phys., U; 305 (1946). 



CHAPTER 2 


THE VIBRATION OF MOLECULES 


The study of molecular vibrations will be introduced by a consideration 
of the elementary dynamical principles applying to the treatment of 
small vibrations. In order that attention may be focused on the dynam¬ 
ical principles rather than on the technique of their application, this 
chapter will employ only relatively familiar and straightforward mathe¬ 
matical methods, and the illustrations will be simple. This will serve 
adequately as an introduction to the applications of quantum mechanics 
and group theory to the problem of molecular vibrations. Since, how¬ 
ever, these straightforward methods become cumbersome and imprac¬ 
tical, even for simple molecules, equivalent but more powerful techniques 
using matrix and vector notations will be discussed in Chap. 4. 

2-1. Separation of Rotation and Vibration^ 

The logical way to begin the mathematical treatment of the vibration 
and rotation of a molecule is to set up the classical expressions for the 
kinetic and potential energies of the molecule in terms of the coordinates 
of the atoms, and then to use these expressions to obtain the wave equa¬ 
tion for vibration, rotation, and translation. Following this, it should 
be proved that when the proper coordinate system is used, the complete 
wave equation can be approximately separated into three equations, one 
for translation, one for rotation, and one for vibration. Unfortunately, 
this procedure is not a very simple one and utilizes more quantum- 
mechanical technique than is required for the discussion of the vibrational 
equation itself. Consequently, the actual carrying out of the separation 
will be deferred until Chap. 11, and only a summary of the results thus 
obtained will be presented at this point. The reader who prefers to 
follow the more logical order may turn to Chap. 11 before continuing 
with the present sections. 

It is found that the proper coordinates to use are the following: the 
three cartesian coordinates of the center of mass of the molecule, the 
three Eulerian angles^ of a rotating system of cartesian coordinates, the 
axes of which coincide with the principal axes of inertia of the undistorted 
molecule, and finally the cartesian coordinates of the atoms with respect 
^ References to the original papers dealing with this topic will be found in Chap. 11 
* Eulerian angles are described in Appendix I. 
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to the rotating coordinate system. Since there are only ZN degrees of 
freedom for a molecule of N atoms, there are six too many coordinates 
in the above list, so that all of them cannot be independent; six conditions 
connecting them must exist. However, just six conditions are required 
(for nonlinear molecules) to define the rotating coordinate system. Three 
of these locate the origin of the rotating system at the center of mass of the 
molecule, thus assuring that the rotating system moves with the mole¬ 
cule. The other three conditions tie the coordinate system to the mole¬ 
cule so that they rotate together. 

The effect of these conditions is to enable the vibrations to be treated 
in terms of the coordinates of the moving system of axes just as if the 
molecule were not rotating or undergoing translation. The 3N car¬ 
tesian coordinates of the moving system are used, together with the six 
conditions above which prevent translation or rotation wfith respect to 
the moving axes. 

Let Xccj Vay Za be the coordinates of the «th atom in terms of the moving 
system, and Ua, 6a, Ca be the values of the coordinates of the equilibrium 
position of the ath atom; i.e., the values assumed by Xay Vay Za when the 
molecule is at rest in its equilibrium position. Displacements from equi¬ 
librium will be measured by Axa = Xa — Ua, Ay a = Va — ba, and 


AZa — Za — Ca 


The condition that the origin be at the center of mass yields the equa¬ 
tions 


I 


rriaXa = 0 


X 

a = l 
N 

I 

cc~l 


maVa 


rriaZa 


= 0 

- 0 


( 1 ) 


in which nia is the mass of the ath atom. Similar expressions must hold 
for the equilibrium configuration, in which Xa — o,a, Va = Za = Ca- 
Consequently, the following relations will be valid: 


N 


I 

a-1 


rria Axa == 0 


N 

^ rria Ay a = 0 


X 


nia Azc = 0 


( 2 ) 
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The other three conditions on the moving system are not as simple 
and obvious as the three just given. They are chosen so that the axes 
will rotate with the molecule, but it is not easy to define what is meant by 
^‘rotating with the molecule^’ when all the atoms in the molecule are 
moving relative to one another in their vibrational motions. It might, 
for example, be specified that there should be no angular momentum with 
respect to the translating-rotating coordinate system. This is not a 
convenient definition of the rotating system, but the definition which is 
adopted, for reasons given in Chap. 11, is closelj^ related. Thus, the 
components m^, tUy, and of the angular momentum in the moving 
system are 

N 

HI;,. == ^ niaiyaia — ZaVa) 

N 

Illy ~ ^ '^aiZaXa ^a^a) (3) 

a = 1 

N 

XlXz ^ ^aip^aya 

a = 1 

A dot over a symbol means the time derivative, that is, ±a = dxa/dtj 
etc. For small displacements, Lxa, Ay a, etc., are small, so that Xaj 
yaj and Za can be replaced by aa, and Ca, respectively, these being 
the coordinates of the equilibrium position of the atom a. Under these 
circumstances, 


N 



a-1 
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If these are differentiated with respect to the time, it is seen that they 
become equivalent to the equations obtained when the approximate 
expressions for m*, nty, and in (4) are equated to zero, since 



= Xa 


2-2. Small Vibrations in Classical Mechanics^ 

As a consequence of the conclusions set forth in the previous section, 
the problem of the vibration of a molecule may be treated independently 
of its rotation^ by using a system of coordinates moving with the mole¬ 
cule and satisfying the six conditions of Eqs. (2) and (5), Sec. 2-1. Since 
classical mechanics yields a solution of the problem of small vibrations 
which is easier to visualize than the quantum mechanical solution, it will 
be employed first. 

The kinetic energy is given by 


2T 


-1 [(^‘y+( t)’+(^' y] 


It is very convenient to replace the coordinates Axi^ . . . , by a new 
set of coordinates ^i, . . . , qzN defined as follows 

qi ^ y/rni Axi == \^i Ayi qz — ^4 == y/ni 2 Ax 2 , etc. (2) 

and known as mass-weighted cartesian displacement coordinates. In 
terms of the time derivatives of these coordinates the kinetic energy^ is 

3N 

2T= J ^ (3) 

t-1 

The potential energy will be some function of the displacements and 
therefore of the q^s. For small values of the displacements, the poten- 

' General treatments will be found in the following: 

J, H. Jeans, ‘‘Theoretical Mechanics,” p. 348, Ginn, Boston, 1907. 

E. T, Whittaker, '‘Analytical Dynamics,” 3d ed.. Chap. 7, Cambridge, New York 
and London, 1927. 

For the application to molecules, see the following: 

N. Bjerrum, Verhandl. deut physik Ges., 16: 737 (1914). 

D. M. Dennison, Revs. Mod. Phys., 3: 280 (1931). 

* For a further discussion of the justification of the method used in this section, see 
Appendix II. 

* The subscripts a and jS (running from 1 to N) will be used to enumerate atoms, 
while italic subscripts i, j; k, 1; m, n; q, r; s, t; and u, v will be used to enumerate coordi¬ 
nates and will run from 1 to 3N or from 1 to ZN — 6 or 3W — 5. 
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tial energy V may be expressed as a power series in the displacement 
Qi- 

3N 3N 

2K - 2F. + 2 ^ ^ m + MiSher term. 

t = l ij = l 

3N SN 

= 2Fo + 2 ^/<?i + ^ /iiMy + higher terms (4) 

i-l ij = 1 

By choosing the zero of energy so that the energy of the equilibrium 
configuration is zero, Vq may be eliminated. Furthermore, when all 
the q^s are zero, the atoms are all in their equilibrium positions so that the 
energy must be a minimum for = 0, z — 1, 2, 3, . . . . Therefore^ 




i = 1, 2, . . . , SN 


For sufficiently small amplitudes of vibration, the higher terms (cubic, 
quartic, etc., in the q^s) can be neglected, so that 

3N 

2F = 2 (5) 

0-1 

in which the /,/s are constants given by 


/.. = 

\dqi dq, Jc 


with fij = fji. 

Newton’s equations of motion can be written in the form 

si+S-o . 

since T is a function of the velocities only (in this coordinate system) 
and y is a function of the coordinates only. Substitution of the expres¬ 
sions for T and V given above yields the equations 

3N 

2; + ^ foQi = 0, / = 1, 2, . . . ,SN (8) 

t-1 

This is a set of ZN simultaneous second-order linear differential equations. 
One possible solution is 

qi = Ai cos (X^^ + e) (9) 

* Here again the treatment disregards the fact that th6 coordinates are not all 
independent. For justification of this method, see Appendix II. 
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where Ai, X, and e are properly chosen constants. If this expression is 
substituted in the differential equations, a set of algebraic equations results: 


ZK 

2 Uii - = 0 i = 1, 2, .... SAT (10) 

»-l 


in which 6iy, the Kronecker delta symbol, equals unity if ?' == y and is 
zero otherwise. Equation (10) is a set of simultaneous homogeneous 
linear algebraic equations in the SN unknown amplitudes Ai. 

Only for special values of X does (10) have non vanishing solutions; 
for all other values of X the solution is the trivial one Ai = 0, f == 1, 2, 
. . . , SNj corresponding to no vibration. 

The special values of X are those which satisfy the determinantal or 
secular equation^ 

/ll X /i2 /l3 . . . 

/ 2 I /22 — X /23 ... 

/SAT.I fzN,% SzN,Z . . . fzN,ZN X 


fl,ZN 


= 0 


( 11 ) 


The elements of this determinant are the coefficients of the unknown 
amplitudes Ai in the set of equations (10). When a fixed value of X, 
say Xifc, is chosen so as to cause the determinant to vanish, the coefficients 
of the unknown Ai in (10) become fixed, and it is then possible to obtain 
a solution, Aih^ for which the additional subscript k will be used to 
indicate the correspondence with the particular value of X&. Such a 
system of equations does not determine the Aik uniquely, but gives only 
their ratios: an arbitrary set may be obtained by putting Au = 1. 
A convenient and unique mathematical solution may be designated by 
the quantities Uk which are defined in terms of an arbitrary solution, 
by the formula^ 



i 


( 12 ) 


^ For proofs of the mathematical theorems used in this chapter without proof, see 
the following: 

G. Birkhoff and S. MacLane, “A Survey of Modem Algebra,^’ Macmillan, New 
York, 1944. 

M. Bocher, “Higher Algebra,” Macmillan, New York, 1929. 

R. A. Frazer, W. J. Duncan, and A. R. Collar, “Elementary Matrices,” Cambridge, 
New York and London, 1938. 

* The lik do not depend upon the value assumed for Ai*. Suppose = C; then 


^ik ~ ^Aijf and 




« lik 
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Note that these amplitudes are normalized in the sense that 

^ iSk = 1 (13) 

i 

The solution of the actual physical problem then can be obtained by 
putting 

Aa == K,Uk (14) 

where the Kk are constants determined by the initial values of the 
coordinates qi and velocities qi (Sec. 2-4). 

The secular equation (11) is of such fundamental importance in the 
study of vibration that it merits further attention. It consists of dN 
rows and columns since there are 3N unknowns Ai. Consequently, 
when expanded, it yields an algebraic equation apparently of the SNth 
degree, inasmuch as the first term is ±X*^. It will be shown later, 
however, that six of the roots are zero so that the equation reduces to 
one of the 3N — 6th degree. There are thus 3N — 6$ nonzero roots 
of the secular equation. Each root, X*, corresponds to a set of amplitudes 
Aik and consequently to a solution (9) of the original equations of motion. 

2-3. Normal Modes of Vibration 

Properties. It is of considerable importance to examine the nature of 
the solutions obtained above. It is evident from Eq. (9), Sec. 2-2, that 
each atom is oscillating about its equilibrium position with a simple har¬ 
monic motion of amplitude Aik = Kkhk, frequency X|/27r, and phase eu. 
Furthermore, corresponding to a given solution X* of the secular equation, 
the frequency and phase of the motion of each coordinate is the same, but 
the amplitudes may be, and usually are, different for each coordinate. 
On account of the equality of phase and frequency, each atom reaches its 
position of maximum displacement at the same time, and each atom 
passes through its equilibrium position at the same time. A mode of 
vibration having all these characteristics is called a normal mode of vibra¬ 
tion, and its frequency is known as a normal, or fundamental, frequency of 
the molecule. 

Figure 2-1 shows the three normal modes of vibration of the water 
molecule. The arrows represent the relative displacements of the atoms, 
in a mass-weighted coordinate system, when the molecule is vibrating in 
the particular mode of vibration. From the nature of a normal mode the 
displacements of the different atoms remain in the same ratio to one 
another throughout the motion. The atoms are also constrained to move 
back and forth along straight lines. 

13N — 6 for linear molecules (see Sec. 2-8). 
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Degeneracy, From the discussion of the secular equation, it is seen 
that there are ZN — 6 X’s which are not zero and therefore ZN — 6 modes 
of vibration and frequencies (for nonlinear molecules). However, the 
frequencies are not necessarily all distinct; some of the roots of the 
secular equation may occur more than once. Such frequencies are said 
to be degenerate. When a degenerate value of X is substituted in Eq. (10), 
Sec. 2-2, the resulting equations do not suffice to determine uniquely the 
quantities kk] instead there will be an infinite number of sets of values for 


0 



Vl V2 V 3 


Fig. 2-1. Normal modes of vibration of the water molecule in mass-weighted coordi¬ 
nates. To represent actual relative motions in space, the arrows representing dis¬ 
placements of the oxygen atom should be only one-fourth as long as here shown. 



Pig. 2-2. Normal modes of vibration for equilateral triangular type molecules, (a) 
One choice of the normal modes of vibration, (h) Alternative choice of the normal 
modes of motion for the degenerate frequencies, 2' — 3 + 2, 3' = 3 — 2. 

the likS which will satisfy the equations. These sets are, however, 
related. If \k is doubly degenerate^ i,e,, occurs twice, then there will be 
only two independent sets of coefficients hk and therefore two independent 
normal modes of vibration with this frequency, but there are an infinite 
number of ways in which the two independent modes may be chosen. A 
number of modes of vibration are said to be independent if the motion 
represented by no one of them can be reproduced by superimposing the 
others with any choice of amplitudes and phases. 

An example of a system with degeneracy is a molecule with three 
identical atoms at the corners of an equilateral triangle (the carbon atoms 
in cyclopropane, for instance). Figure 2-2a shows one choice of normal 
modes for this system, the last two modes having the same frequency. 
Figure 2-26 shows another choice for the degenerate vibrations, the first 
being obtained from 2 and 3 of Fig. 2-2a by adding 2 to 3, the second by 
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subtracting 2 from 3. The motion similar to 2 but rotated 120"" is also a 
normal mode, but is not independent of 2 and 3. It is to be emphasized 
that the sum or difference of two normal modes of vibration is itself a 
normal mode only when the two original motions have the same fre^ 
quency; ix., are degenerate. 

If modes having the same frequency are superimposed with different 
phases, the atoms no longer move in straight lines, but in ellipses around 
the equilibrium positions. In special cases the ellipses become small 
circles. Figure 2-3, which may be verified by the reader, shows the motion 
resulting from the superposition of modes 2 and 3 of Fig. 2-2a with a phase 
difference of 7r/2. In this special case, the radii of the circles are all 
equal and depend on the amplitudes of vibration. 

General Solution, If two modes of vibration hav¬ 
ing different frequencies are superimposed, the result¬ 
ing motion is more complicated and is not a normal 
mode of vibration. Since the equations of motion are 
linear differential equations, the sum of two or more 
solutions of the type given in Eq. (9), Sec. 2-2, with 
arbitrary constant coefficients is also a solution. The 
most general solution is therefore given by 



3V 

qi = ^ likKk cos (X^i + €fc) 




Fig. 2-3. Motion re¬ 
sulting from the 
combination, with a 
phase difference of 
ir/2, of the normal 
modes of vibration 
corresponding to the 
(l) degenerate fre- 
quencies of an equi¬ 
lateral triangular 

which has dN arbitrary constants, the amplitudes Kky molecule, 

and the phases ek. In writing the range of A; as 1 to 3Ny it is implied that 
there are 3N sets Ukj whereas there are only SN — 6 normal modes of vibra¬ 
tion. The other six sets la are obtained when the value 0 is substituted for 
Xfc in Eq. (10), Sec. 2-2. Since this root of the secular equation occurs six 
times, there will be six independent sets of kkSy or six independent modes of 
motion with zero frequency. It will be shown that these correspond to the 
three translations and three rotations of the molecule. Equation (1) is the 
mathematical way of expressing the result obtained when the normal 
modes of motion are superimposed with arbitrary amplitudes Kk and 
arbitrary phases €*. 

The values of the K^s and e’s depend on the initial conditions; i.e.y the 
way in which the motion was imparted to the molecule. Since there is 
the proper number of independent arbitrary constants, (1) is the most 
general solution of the problem. 


2-4. Normal Coordinates 

Definitio7i, In order to carry out the quantum mechanical treatment 
of molecular vibrations, it is necessary to introduce a new set of coordi- 
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nates Qfc, = 1, 2, . . . , 3 jV, called normaZ It will be shown 

that there is one normal coordinate associated with each normal mode erf 
motion, and vice versa. The normal coordinates are defined in terms of the 
mass-weighted cartesian displacement coordinates gi by the linear equations 


3N 

^ fc = 1,2, 


ZN 


( 1 ) 


in which the coefficients ZJ.'- have been chosen so that in terms of the new 
coordinates the kinetic and potential energies have the forms 


2T 


SN 



SN 

2V = J kQI 


( 2 ) 


In other words, the potential energy in terms of the normal coordinates 
involves no cross products but only squares of Q’s, while the kinetic 
energy retains its original form. 

It mil now be shown how the Zi' are related to the Uk of Eq. (12), 
Sec. 2-2, and how the constants Xj. are related to the normal frequencies X. 
Note that the indices i and j refer to the q coordinates, while h and Z refer 
to the Q coordinates. 

Linear Transformations, A set of linear algebraic equations connecting 
two sets of quantities such as the g^s and Q^s is called a linear transforrmr' 
tion. If the numerical values of the original coordinates are given, those 
of the new coordinates (the Q’s) can be obtained from (1). The set of 
equations 

SN 

7.- = ^ I'aQk i = 1, 2, . . . , 3iV (3) 

which give the values of the q^s when those of the Q^s are known, is called 
the inverse of the transformation (1). By substitution of (3) in (1), and 
vice versa, it is seen that 

SN SN 



in which 8ki is the Kronecker delta S 3 ^mbdl. 

The notation is often used for the coefficients of the transforma¬ 

tion which is the inverse of the transformation with the coefficients hi- 
Equations of Motion. If normal coordinates are used, the equations of 
motion become 


+ = + = ® A = 1,2, . . . ,3iV (5) 

dQk 

the solutions of which are 

Qt = ic; cos {\'}t + 4 ) fe = 1, 2, . . . , 3iV 


( 6 ) 
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where and e'* are arbitrary constants. The solution in terms of the q^a 
can be obtained by using (3), the result being 




ZN 

^ cos {KH + €i) 


( 7 ) 


Comparison of this form of the general solution witii that given in Eq. (1), 
Sec. 2-3, shows that 

= hk and = \k (8) 

Consequently, the coefficients la which specify the normal modes of 
motion are identical with the coefficients of the transformation from 
the normal coordinates Qk to the original coordinates while the roots 
X* of the secular equation are the coefficients of Ql in the expression for 2F. 

Orthogonality. The transformation to the normal coordinates has a 
further very important property. A transformation which transforms 
the sum of the squares of one set of coordinates into the sum of the 
squares of the other set is called an orthogonal transformation. Since 
the transformation giving the g^s in terms of the Q'b is an 
orthogonal transformation. From (3) there is obtained 

ZN 

^ <71 = }] UiiQkQi = (9) 

t~l i,k,l k 

the equality of the first and last terms being part of the definition of the 
normal coordinates. For (9) to be true, the following relation must hold; 


y kklil ^kl (10) 


Furthermore, by similar arguments involving the transformation giving 
the Qk in terms of the g^ [coefficients ZJ.' == (Z“^);kJ it is found that 

^ = ki ( 11 ) 

k 

Comparison with (4) and (8) shows that 

{l~%i = lik ( 12 ) 

This property of orthogonal transformations is extremely convenient. 
Thus, a table of transformation coefficients such as Table 2-1 serves to 


Table 2 - 1 . Transformation Coefficients fob an Orthogonal Transformation 



Ql 

Qs 

Qz 

. . . Qzn 


111 

ll2 

hz 

. . . ll,ZN 

q% 

hi 

In 

hz 

. . . h,ZN 

qz 

hi 

hi 

hz 

. . . h,ZN 

qtN 

hN.i 

hN»i 

hx.z 

. . . IzN.ZN 
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give both the transformation from the to the Q*& (read down) and the 
inverse transformation from the Q*b to the g's (read across). 

The diagrams which represent normal modes of motion can also be used 
to represent normal coordinates if the arrows are drawn so as to represent 
displacements, not in ordinary units, but in the mass-adjusted scale of 
coordinates qi. Then the component of an arrow along the direction of 
the coordinate qi is proportional to Uu, and since == lik, the diagram 

represents not only the relative amplitudes of the atoms during the 
normal mode of motion k but also the coefficients in the transformation 



( 13 ) 


defining the normal coordinate Qk (see Fig. 2-1, for example).^ 

2»6. Modes of Motion with Zero Frequency 

A Special Set of Coordinates. It has been previously mentioned that 
six of the ZN roots of the secular equation (11), Sec. 2-2, have the value 
zero. This will now be proved. The basis of the proof is that there are 
six modes of motion of zero frequency, namely, the three translations and 
three rotations. The roots of the secular equation are properties of the 
molecule and not of the particular coordinate system used to set up the 
equation. Consequently, a special set of coordinates (Ri, (R 2 , . . . , (SizN 
may be used, having the following properties: (a) it is defined in terms of 
the g’s by an orthogonal transformation; (6) six of the (R^s are 

N 

a«l 

^a(J^€tqza ( 1 ) 

miicaq^a - aaqzo) 
m^(aaqf/a baqxa) 



N 

II 

X 


<x» 1 


N 

(R3 = 313 

Y 


a ■» 1 


N 

(R4 “ 914 

X 




N 

(R5 — 

X 




N 

(Rs = 316 

y. 


a»l 


1 If the quantities involved are complex, the analogous transformation with the 
property 

is called a unitary transformation. It transforms 'Zqii* into ZQiQt. 
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in which qxa = AoJa, etc., and the index a refers to atoms, not coordi¬ 
nates. This notation is merely another way of numbering the regular 
coordinates gi, ^2, • • • , (Izn so as to distinguish those associated with 
the three coordinate directions. c« are the coordinates of the 

equilibrium position of the ath atom. The 3fl^s are normalizing constants 
chosen to make the transformation orthogonal. The above conditions 
do not completely specify the rest of the (R’s but this is not necessary. 
In terms of the (R’s, the kinetic and potential energies will have the forms 

SN 

2T-f 

M == 1 UV 

and the same procedure as in Sec. 2-2 leads to the secular equation 


Ell ~~ X 

F 12 

Fr, . . 

1,3A 



F 21 

/^22 ” X 

F.n 

• • F 2,SX 



F 31 

F32 

Fz-6 X 

Fz,z. 

= 0 

(3) 

F 

F ZN,2 

F ZN,Z . - 

- . F 3A’,3A" X 




Effect of Translation. It will next be shown that an infinitesimal 

translation r of the whole molecule in the x direction changes (Ri into 
N 

(Hi + ffliT ^ ma, but does not affect the other (H’s. The translation r 

at *= 1 

adds T to every Xay and therefore, since q^a = mi AXay it adds mir to every 
qxa^ Then, from the definition of (Ri, 

(Hi = 9fli ^ miqxa miiq^a + m^r) = (Hi + iTlir ^ rria (4) 

at at a 

The transformation defining the (R’s may be written as 

(luaqxa *4" muc^ya “b nuaqza) (5) 

a 

in which the quantities lua, m-ua, and are the transformation coeffi¬ 
cients. Since the transformation is orthogonal, 


(Sil 


2V 




;(Hw(Hv 


( 2 ) 


N 

(lualvct -f -t- thuoinyya) — 0 U ^ V 


oe=» 1 


Insertion of the values of /i®, mio, and n\a taken from (1) gives 


N 

at=» 1 


( 6 ) 


= 0 V 9^1 


(7) 
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Consequently, the translation r in the x direction hss the following effect 
on 61,: 

I \lva (^Qxa "i“ “I” ^vigf^ya *4“ 

a 

= (R, + r ^ mlha = 61, 2? 5*^ 1 (8) 


Therefore, 6li is the coordinate which represents translation in the 
X direction, while the other coordinates are independent of such a 
translation. 

Exactly similar arguments show that 6 I 2 and 6 I 3 represent translations 
in the y and z directions, respectively. By considering the effect of 
infinitesimal rotations about the x, y, and z axes, it is found by similar 
methods that these motions are measured by 6 I 4 , 616, 61$, respectively, and 
that they do not affect the other 6l’s, 

Form of Potential Energy, Since the potential energy depends only 
on the internal configuration of the molecule, it is unchanged by a transla¬ 
tion or rotation. The translation r in the tc direction has the effect 


2F == ^ Fuv^JRv —^ X ^"i” 

u,v tf »»2 

3Ar 

+ y F„i(51„((Ri + T) + Fit{<Six + T)* 

+ ^ F uv^JRv 

= y + 2T y + rWn 


(9) 


where T = 91 it ^ nia- Since 2F must be unchanged by such a transla¬ 
tion, i.e., must be independent of T, no matter what the values of the 
(R's, it mufel be true that 

Fi, = 0 i; = 1, 2, . . . , 3iV (10) 

By identical arguments involving translations in the y and z directions 
and infinitesimal rotations about the x, y, and z axes, it follows that 

Fu = F*. = Fa. = F,, = F 5 . = = 0 t; = 1, 2, . . . , 3iV (11) 

so that in terms of this special coordinate system the secular equation has 
the form 
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0 

0 

Fti — X 

F^s ... 

0 

0 

0 

0 

0 

0 

F 87 

Fs» — X . . . 


0 ( 12 ) 


77 "• X 

F 78 

• • F7,3isr 



F HI 

Fgg — X 

■ . FsaN 

- 0 

(13) 

F ZN,7 

F 3?7,8 

• • F ZN,ZN X 




Consequently, there are six roots with value zero as originally stated, and 
the six (corresponding normal modes of motion are the translations ^^nd 
rotations. Furthermore, (Ri, . . . , (Re are a set of corresponding normal 
coordinates. 

Comparison of (1) with Eqs. (2) and (5), Sec. 2-1, shows that the con¬ 
ditions required to define the translating-rotating system are 

= 0 u — ly 2, 3, 4, 5, 6 (14) 


2-6. Other Types of Coordinates 

The coordinates g* previously introduced are much the most useful for 
theoretical purposes, because of the simple form they give to the kinetic 
energy, and the related fact that the transformation to normal coordinates 
is orthogonal. However, in practical applications, other types of coordi¬ 
nates are frequently more convenient. Thus, it is usually easier to 
use ordinary x, y, z coordinates in place of q^8 with mass-adjusted 
scales. 

Cartesians. For convenience in writing, the symbols ^i, { 2 , > • . , kw 
will be used for Lxiy Ayi, Azxy , ^zn] and will represent the 

mass of the atom to which refers. Then 

ZN 

2T = 2 m.1* Cl) 


2F 


ZN 




and 
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The secuiar equation can be obtained in the same way as before and has 
the form 


/'j — miX 


fiz 

fiz 

f\,ZN 

fz. 


— m2X 

As • * ' 

/2.3.V 

/si 


/L 

/'g - mzX . . . 

/s.SA’’ 

fzN.l 


fzN,2 

“ * 

/SA'.SV 


The constants/y, called the force constants, do not involve the masses of 
the atoms, in contrast to the constants in terms ot the mass-adjusted 
coordinates Qi. The relationship between the two sets of constants is 




f- 


(4) 


General Case, It is not ne(*essary to use cartesian coordinates. Any 
coordinate system in terms of which the kinetic and potential energies are 
homogeneous quadratic forms in the velocities and coordinates, respec¬ 
tively, can be used. In the general case the coefficients Uj hi the kinetic 
energy 

22" = ^ (5) 

ij 

may be functions of the coordinates Tji. The proper procedure in that 
event is to expand them as power series in the coordinates: 

iv = + Yf 


Since the present theory is designed to apply only to infinitesimal vibra¬ 
tions, all but the first term can be neglected. If the potential energy has 
the form 

2V = (7) 

ij 

in which higher terms have been neglected, then the usual considerations 
involving the equations of motion yield a secular equation 

fu - ■ • ■ fu^^' - 

/^l — ^21^ ~ ^22^ • ■ • ~ ^2.3^^ _ Q 

/sv.l ~ /3A,2 “■ ^3Ar,2^ • • • fzN.ZN ~ ^ZN.ZN^ 

This is the most general form of the secular equation. 

Internal Coordinates. In all the coordinate systems so far introduced, 
the six conditions of no rotation and no translation were applied after the 
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solution of the secular equation, by placing the six normal coordinates 
corresponding to translation and rotation equal to zero (see Sec. 2-5). 
In many cases, however, it is more convenient to apply these six condi¬ 
tions at the very beginning, using them to eliminate six of the original 
coordinates (The symbols will be used for the most general set of 
ZN displacement coordinates and will not imply that the coordinates are 
necessarily noncartesian.) This is possible because the six conditions of 
Eqs. ( 2 ) and ( 5 ), Sec. 2-1, are six independent relations among the 3A^ 
coordinates r/v 

The reduction in the number of original coordinates may be carried out 
in two ways. One method is to use the six conditions to express six of the 
Tj/s in terms of the remaining — 6 coordinates. The other method is 
to introduce a new set of — 6 coordinates /Si, > 82 , . . - , Szn-^ which 
are defined by means of the six conditions and ZN — 6 relations connect¬ 
ing the S’s with the ry^s. Such coordinates are known as internal coordi¬ 
nates because they describe the internal configuration of the molecule 
without regard for its position as a whole in space. 

In either case it is necessary to obtain the kinetic and potential energies 
as quadratic forms in the velocities Si and the coordinates Siy respectively, 
using only the constant part of the coefficients as before. The secular 
equation will then have the same form as previously, ( 8 ), except that it 
will consist of only ZN — 6 rows and columns (3A^ — 5 for linear mole¬ 
cules). It is this reduction in the size of the secular equation which 
makes the use of internal coordinates useful, inasmuch as in most applica¬ 
tions of the method of normal coordinates one of the most troublesome 
steps is the solution of the secular equation, a difficulty which increases 
rapidly with the degree of the equation. 

It should be emphasized that when coordinates are used which do not 
have mass-adjusted scales, so that the transformation to normal coordi¬ 
nates is not an orthogonal transformation, the very useful relationship in 
Eq. ( 12 ), Sec. 2-4, cannot be employed. 

2-7. An Illustration 

Description of System. With the elementary methods described in this 
chapter, even as simple a molecule as water is rather too cumbersome to 
be used as an illustration. In later chapters much more powerful 
methods (which are, however, based on those in this chapter) will be 
developed. Until then, an artificial example may prove helpful in 
illustrating the idea of normal vibrations and normal coordinates. Such 
an example is provided by a linear system of two point masses and three 
weightless springs as shown in Fig. 2-4. The springs 1 and 2 are fastened 
to fixed points so that no question of rotation or translation enters. 
Furthermore, only linear motions will be considered. Therefore, only two 
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coordinates need be used, which may be called Axi and Aaij, the displace¬ 
ments of particles 1 and 2, respectively, from their equilibrium positions. 

SoltUion with Cartesian Coordinates. The potential energy of the 
system is given by 

2F = /,(Ar,)* + /i 2 (Ari*)* -|- U{i,r^y (1) 

in which fi, fn, ft are the force constants (Hooke’s law constants) for the 
springs and Ari, Ari 2 , Arj are the extensions of the springs from their equi- 


Wi W2 



Fig. 2-4 Diagram of the linear two-body vibrator discussed in Sec. 2 - 7 . Wi and tos 
are fixed supports. Masses mi and m2 are connected to and W2 through springs 
having force constants fi and /2, and are connected together by a spring having the 
force constant/12. The motion is considered to be restricted to a direction along the 
X axis, and Axi and /\X2 are displacements, in the direction indicated, of mi and m2 
from their equilibrium positions. 

librium lengths. In this case it is st^en that 

Avi = Axi Ar2 == '~Ax 2 Ar^ == Ax2 — Axi ( 2 ) 

so that 


2V = (/i +/i2)(Aa:i)2 - 2 /j2A.Ti Axg + (fi +/i2)(Aa;2;^ (3) 


The kinetic energy is simply 


2T == mi(Aii)^ + m2{Ax2y 
The equations of motion, Eqs. (7), Sec. 2-2, are then 

mi Axi + if I + / 12 ) Axi — /12 Aa :2 = 0 
m 2 Ax 2 — /12 Axi + if 2 + / 12 ) ^X 2 = 0 

The substitution 

A.^’l = AI cos + e) 

Ax2 — A2 COS (X^^ + e) 

leads to the pair of algebraic equations 

ifi + /12 miX)Ai — /i 2^2 = 0 
+ (/2 + /12 m 2 X) ^2 = 0 


(4) 

(5) 

( 6 ) 

(7) 


for the amplitudes Ai and A 2 - The equations have nonzero solutions 
only il the determinant of the coefficients vanishes, if 


fi + /12 ^iX ““/12 

““/12 ft + /12 ^ 2 ^ 


(8) 
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This is the secular equation for the problem. Its roots (there are two of 
them) give the fundamental frequencies of vibration of the system (v) 
since X == Because the determinant here has only two rows, it is 

easily expanded and yields 

— [^l(/2 + /12) + Wt 2 (/l + /l 2 )]X + / 1/2 + (/i + /2)/l2 = 0 (9) 

a quadratic equation in X. This has the two roots 

^ +/i») + »J2(/i +/i*)] 

± {[»*i(/2 +/14) — TO2 (/i +/12)]* + 47niOT2/?2}*^ (10) 

The normal modes of vibration may be found by substituting first one, 
then the other, of the above values of X into (7) and solving for the ratios 
of the amplitudes in the two cases. 


(a) (6) 

Fig. 2 - 5 . Normal modes of motion of the linear two-body vibrator of Sec. 2-7 for the 
special case, nii — m2 and fi « /2. 

A Special Case. It is enlightening to consider some special cases. 
First, let nti = m 2 = rn and/i = /2 = /. Then (10) becomes 

^ (J + fn ± fu) ( 11 ^ 

ub 

and the equations for Ai yield 

^2 for X = 1 (/ + 2 f, 2 ) (12) 

and 

Ai == A 2 for X = —/ (13) 

m'' 

The modes of motion in this case are very simple. For the first (the 
highest frequency, since here fn is necessarily positive as it is the force 
constant of a spring), the two particles are oscillating with the same fre¬ 
quency, equal amplitudes, but with opposite phases (see Fig. 2-5a). In 
the low-frequency motion, the particles have the same phase, as shown in 
Fig. 2-5&. Here the center spring is not stretched during the motion so 
that fi 2 does not enter the expression for X. 

If /12 is reduced to zero, the two modes have the same frequency, which 
is just that of an individual mass attached to the fixed point by its own 
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spring. If on the other hand / is reduced to zero one frequency vanishes 
and the other is given by X = (2/?n)/i2, or in the general case 


X = 


nil + ni2 

mim^ 


/l2 


This is the result for a free diatomic molecule. 

It should be noted that it is not necessary to write down the equations 
corresponding to (5), (G), and (7) for each problem, since it is seen that the 
elements of the secular e(iuatron can be taken directly from the expressions 
for 2T and 2V [see Eqs. (6) to (8), Sec. 2-6]. Note, however, that the 
element in the first row and second column is -“/i2, which is ^ the coeffi¬ 
cient of Axi Ax ’2 in 2F. This is correct because the term — 2/i2 A.Ti Aa:2 of 
(3) is really —/12 Axi Aa;2 — /12 Aaq. 

Use of Mass-iveight^d Coordinates. In this treatment ordinary car¬ 
tesian displacement (‘oordhiates have been used, whereas in the earlier 
part of the chapter mass-weighted cartesian coordinates were employed. 
If qi = (mi)^ Axi and q 2 = (^2)^ Ax 2 y the kinetic and potential energies 
become 


2F 

2T 


+ /ia ^2 


2__ 

(mim2)^ 


Q 1 Q 2 + 


/2 + fl 
m 2 


Ql 


(14) 


so that the secular equation has the form 


fl + fl2 _ ^ — /l2 

mi (mim2Y^ 

— fu _ X 

{mim2Y ^2 


(15) 


This differs from the previous form, (8), only in that each row and each 
column has been divided by (m^)^, i being the number of the row or 
column. The roots X are therefore unchanged. 

Normal Coordinates. Mass-weighted coordinates are particularly suit¬ 
able when it is desired to find the normal coordinates, inasmuch as the 
transformation connecting these two sets is orthogonal. From Eqs. (12) 
and (10), Sec. 2-2, it is seen that the transformation coeflScients kk are 
determined by the equations 

" *“) " 


in which the appropriate root \k has been substituted. These equations 
determine only the ratios of the /^s; their absolute values are fixed by the 
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l!i + lii = 1 1 I 2 + ih - 1 ( 17 ) 

In the special case previously treated where /i = and mi = m 2 , use of 
(11), (16), and (17) leads to the result 

III = l \2 “ ^22 ”= ~‘^21 ~ ( 18 ) 

so that the normal coordinates are 

Qx = 2-‘>(5^i - ^ 2 ) Q 2 = 2“H^i + ^ 2 ) (19) 

In* terms of these coordinates the potential and kinetic energies have the 
forms 

2V - \iQ\ + X 2 QI 2T ^Q\ + Ql (20) 

where Xi and X 2 are the two roots of the secular equation. The reader 


should verify this result for the special case considered above. 


2-8. Linear Molecules 


Throughout the previous sections there have been references to the 
fact that linear molecules (such as CO 2 , C 2 H 2 , etc.) are exceptional in that 
they have only five modes of motion of zero frequency and consequently 
— 5 normal modes of vibration. In a linear molecule, the three con¬ 
ditions on the moving coordinate system given in Eq. (5), Sec. 2-1, reduce 


to the two equations 



( 1 ) 


z 


TH/fxCct 


AXa 


= 0 


if the axis of the molecule is taken as the z direction. This is true because 
the equilibrium positions of all the atoms lie on the z axis so that of the 
coordinates Oa, ba, Ca of these equilibrium positions, only Ca is different 
from zero. There are thus only five conditions altogether and therefore 
only five motions of zero frequency. The condition which drops out is 
the prohibition of rotation about the z axis, since a linear molecule, con¬ 
sidered as made up of point masses, cannot rotate about its axis, unless it 
is distorted. 

However, when the molecule is bent out of line during the course of a 
vibration, it then has meaning to discuss the possibility of rotation about 
its axis. Such a rotation is not forbidden by any of the conditions above 
and may give rise to an angular momentum about the axis. For the 
present, however, the displacements from equilibrium are being con¬ 
sidered as infinitesimal so that this question does not arise. 
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The quadratic terms in the potential energy of a linear molecule do not 
involve any cross products of displacements along the axis with displace¬ 
ments perpendicular to the axis; t.e., terms of the type ^Xa Az^ or Ay a Azfi 
(where a may equal fi). This results from the fact that the molecule and 
its potential energy are both symmetrical about the axis. Therefore the 
coefficient of a term such as Axa Az^ must vanish because such a term 
causes the potential energy to be different when AXa is positive from its 
value when A:>is negative. By a similar argument, it is seen that there 
can be no cross products between Axa and Ay^. The secular equation for 

a linear molecule will thus have many zero 
elements, and if the numbering of the coordi¬ 
nates is chosen so that all the x^s come first, 
then the t/’s and finally the z^s, the secular 
equation will have the general form shown in 
Fig. 2-6, in wdiich the shaded areas indicate 
parts of the equation containing nonzero 
elements, while the unshaded areas indicate 
parts in which all the elements are zero. A 
secular equation which has this form is said 
to be factored^ the shaded blocks being called 
the factors, since when the whole determinant 
is expanded it can be written as the product of 
several factors, each of which is the expanded 
form of one of the shaded blocks considered 
as a small, separate determinant. A secular 
equation which factors in this manner is 
consequently equivalent to a number of sepa¬ 
rate, smaller determinantal equations corre¬ 
sponding to the shaded blocks. * 

Since the secular equation for a linear molecule breaks up into three 
factors, one involving the coordinates Ax^, another the Aya, and the 
third the it follows from the connection between the secular equation 
and the normal modes of vibration (see Sec. 2-2) that there will be three 
directions x, y, and z. Normal vibrations will thus involve displacements 
either along the axis of the molecule or at right angles to it, but never both 
in the same normal mode of vibration. (This, of course, does not prevent 
the molecule from vibrating in such a mixed manner, but such a motion 
is not a normal mode of vibration but a superposition of such modes.) 

Another consequence of the symmetry of linear molecules about their 
axes is that normal vibrations involving displacements at right angles to 
the axis occur in pairs with a common degenerate frequency. This is 
true because of the physical indistinguishability of the x and y directions 
in such a molecule. 



Fig. 2-6. Form of the secular 
equation for linear mole¬ 
cules, using cartesian dis¬ 
placement coordinates. 
This illustrates the factoring 
made possible by the sym¬ 
metry of the potential func¬ 
tion. All nonvanishing ele¬ 
ments fall in the shaded 
areas, and the three blocks 
correspond to the Ax% At/’s, 
and the As^s, respectively. 
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Molecules all of whose atoms lie in a single plane have the property 
that the quadratic part of the potential energy contains no cross terms 
between displacements in the plane and those perpendicular to it, the 
reason for this being the same as for the similar result for linear molecules. 
Consequently, the secular equation for a planar molecule has at least 
two factors, and the normal modes of vibration are motions either in the 
plane or perpendicular to it. A planar molecule does not necessarily dis¬ 
play any degeneracy, however. 

In Chap. 6 it will be shown that factoring of the secular equation is 
connected with the symmetry of the molecule and may occur in molecules 
which are neither linear nor planar. 



CHAPTER 3 


WAVE MECHANICS AND THE VIBRATION OF MOLECULES 


3-1. The Wave Equation for the Vibration of the Harmonic Oscillator 
Model 

In the previous chapter it was indicated that when classical mechanics 
is employed the rotation and vibration of a molecule can be treated 
separately. The proof of this will be given in Chap, 11, where it will 
likewise be shown that rotation and vibration are also approximately 
separable when wave mechanics is used. To this degree of approxima¬ 
tion the total wave function for the motions of the atoms can be written 
as a product of a vibrational wave function and a rotational wave func¬ 
tion il/B] that is, 

^ ^ ^F^i? (1) 

The function i/R, which is a function of the Eulerian angles d, 6, and x 
(Appendix I) describing the orientation in space of the rotating coordinate 
system, is obtained by solution of the rotational wave equation. Some 
results from the rotational problem are summarized in Appendix XVI. 

The vibrational wave function d/v is a function of the internal coordi¬ 
nates (the normal coordinates are usually used) and is a solution of the 
vibrational wave equation. In Sec. 2-4 it was shown that the kinetic 
and potential energies of vibration are given by the expressions 

3i\r-6 

r = F = i^ (2) 

in terms of the normal coordinates Qk^ The vibrational wave equation 
will then have the form^ 

.3iSr-6 SN-6 

where IFf is the vibrational energy and h is Planck's constant. 

^ If the possible complications due to rotation are ignored, the wave equation (3) 
follows directly from the expression (2) for the kinetic and potential energies, either 
by the standard method (see Sec. 11-4) or more naively by treating the problem just 
as if the QkS were ordinary cartesian coordinates. The more exact methods given in 
Chap. 11 show that (3) is correct (to the desired degree of approximation) even when 
rotation is considered. 
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The advantage of using normal coordinates will now be evident, since 
the wave equation (3) in this form is separable into SiV' — 6 equations, 
one for each normal coordinate. Let 

Wv - TF(1) + TF(2) + • • • + W(3N ~ &) (4) 

and 

\[/y = ^(Qi)^(Q2) • • • (6) 

Then it will be seen that the wave equation (3) is satisfied if the functions 
4^(Qk) and the energies Wk satisfy equations of the type 

^ = W(k)m>d (6) 

Each of these equations is a total differential equation in one variable, 
Qk- In fact (6) is the well-known wave equation for the linear harmonic 
oscillator, expressed in terms of the normal coordinate Qk instead of the 
usual linear coordinate x. The solution of the vibrational problem is 
therefore expressible as a product of harmonic oscillator functions \l>(Qk)j 
one for each normal coordinate, while the total vibrational energy Wv is 
the sum of the energies of 3N — 6 harmonic oscillators. 

3-2. Description of the Energy Levels of the Harmonic Oscillator 

Quantum, Numbers and Normal Frequencies, The nature of the energy 
levels will be discussed before that of the wave functions themselves, 
since the former are more important. As is well known^ the energy 
levels of a linear harmonic oscillator are given by the expression 

W + ^)hv t; = 0, 1, 2, . . , (1) 

where v is the quantum number which can take on any positive integral 
value including zero, while v is the classical frequency of the system; h is 
Planck^s constant. Consequently, the vibrational energy of a molecule 
with several classical frequencies Vk is, from Eq. (4), Sec. 3-1, of the form 

W = ivi + ^)hvi + {v% -f- 4 -)Aj'2 + • • * + (V3J^~6 + (2) 

that is, every normal coordinate Qk has associated with it a quantum 
number Vk and a normal frequency Vk, these latter frequencies being the 
classical normal frequencies of vibration. 

Nomenclature, As an illustration, Fig. 3-1 shows the lower energy 

1 The harmonic oscillator is treated in practically all elementary books on wave 
mechanics. See, for example, L. Pauling and E. B. Wilson, Jr., ^introduction to 
Quantum Mechanics,’’ Sec. 11, McGraw-Hill, New York, 1935. The original wave 
mechanical treatment was given by E. Schrodinger, NtjAurwissenschafim^ 14: 664 
(1926). 
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levels of vibration of the water molecule. It will be noted that the lowest 
energy level, called the ground level, for which all the quantum numbers 
are zero, is 4,500 cm”"^ above the zero of energy. This quantity is the 


3N-6 


zero-point energy of the molecule and is equal to ^ Vk. In poly- 
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atomic molecules the zero-point energy may be of considerable magnitude 

and is an important quantity. The energy 
levels for which all quantum numbers are 
zero except one, which has the value unity, 
are called fundamental levels. When only one 
normal vibration is*excited— i,e,, when only 
one vjc is different from zero, but that quantum 
number is greater than one^—the correspond¬ 
ing energy levels are called overtone levels. 
When two or more quantum numbers have 
nonzero values, the resulting levels are known 
as combinaiion levels. It is clear from the 
example of H 2 O that the energy-level diagram 
of a polyatomic molecule becomes increasingly 
and rapidly complicated as the energy is 
increased. Figure 3-1 is calculated from (2) 
and therefore does not show the convergence 
of the energ}^ levels observed in actual mole¬ 
cules where the higher powers of the displace¬ 
ments in the expansion of the potential energy, 
as in Eq. (4), Sec. 2-2, are not negligible. The 
effect of these so-called anharmonic terms and 
other deviations from the simple picture will 
be discussed in Chap. 8. 

By the Bohr frequency rule [Eq. (1), Sec. 
1-5], the frequency of the light absorbed or emitted by a molecule is 

yn”n' = VWn'* = -T- 


Fig. 3-1. Lower energy levels 
of vibration of water mole¬ 
cule, assuming harmonic os¬ 
cillator model with cai =* 
iyi/c) 3,650 cm“*S W 2 * 
1,595 cm“‘, and «« — 3,756 
cm“^. Levels are indexed 
by the quantum numbers 
(ni,n2,n8). 


where Wn’ is the energy of the upper state and Wn" is the energy of the 
lower state. By combination with (2) it follows that a transition from 
the ground state to the state in which o* = 1, all other t>’s zero, will have 
the frequency r*, which is the classical frequency of the fcth normal mode 
of vibration. Such frequencies are known as fundamented frequencies. 
Similarly, transitions from the ground level to overtone levels are called 
overtones, and those from the ground level to combination levels are 
combination frequencies or combinations. In absorption spectra, transi- 
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cions arising from the ground state are the most important because that 
state has, in gene^'a!, the. greatest population, but some transitions will 
start at excited states and end higher. These are known as difference 
frequencies or difference combinations. 

Vibrational Degeneracy. In some molecules there will be energy levels 
to which belong more than one wave function, in other words, degenerate 
energy levels. For example, if the molecule has a doubly degenerate 
normal frequency vk — vij to which therefore two normal coordinates Qk 
and Qi correspond, it is evident that the quantum mechanical energy 
levels corresponding to states in which these normal modes are excited 
(that is, Vk or 0) will be degenerate. The terms in the energy 
formula which depend on Vk and vi can be combined to the single term 

(vk + Vi + l)hvk (4) 

and the energy will depend not on the individual values of Vk and vi (which 
determine but on their sum. The states Vk == 0, = 1, and Vk == 1, 

Vi = 0, have the same energy but different wave functions. The energy 
level for which Vk + Vi = 2 is triply degenerate, since the sets of quantum 
numbers (2,0), (0,2), and (1,1), correspond to it. In general, the level 
with Vk + vi = V will be {v + l)-fold degenerate. In a similar manner a 
triply degenerate classical frequenc.y will contribute the term 

(vk + + §)hvk = (t; + ^)hvk (5) 

to the energy. The level with Vk + vi + Vm ^ v will have a degeneracy 
^(?; + l)(t; + 2). In addition to this type of degeneracy, arising from 
strict degeneracy in the classical frequencies, there is another type known 
as accidental degeneracy. This type occurs when the numerical values 
of the classical frequencies are such as to cause two energy levels to 
coincide more or less closely. The consequences of such an accidental 
coincidence will be discussed in Sec. 8-7. 


3-3. Nature of the Wave Functions 

The solutions of the harmonic oscillator equation, Eq. (6), Sec. 3-1, 
have been described in man}'^ places.^ They are called the Hermite 
orthogonal functions and are of the form 


in which is the noimalizing factor, 


31., 


r(2y_i_i* 


( 1 ) 


( 2 ) 


^ See footnote on p, 35. 
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yu is the quantity 4ir*vt/h, and H,^{y\Qk) is a polynomial of degree e* in 
Qk. The first three polynomials are 

H^{z) = 1 H,(z) = 2z H, - 42* - 2 (3) 

where z — y\Qk- 

The higher polynomials may be obtained from the recursion formula 

H,+i{z) - 2zHr{z) -f 2vH,-iiz) = 0 (4) 

Certain integrals involving these functions will be used later. These 
can be obtained by the methods described in detail in Sec. 11 of Pauling 
and Wilson, “Introduction to Quantum Mechanics.” See also Secs. 
7-3 and 8-6 of the present volume. The normalization integral is 

/_ « ~ 

In Appendix III a number of these important integrals have been 
tabulated. 


3-4. Selection Rules in Wave Mechanics 

The intensity of a spectral line is determined by the probability of the 
transition which gives rise to the line. It has been found* that the prob¬ 
ability An'n" of a spontaneous transition In 1 sec from a higher state 
n' to a lower state n” with the emission of light of frequency 

Wn' - 

Vn'n" = -^- 

is 

An'n" = — [i(Mx)«V'|“ + |(MY)«'n"|* + |(Mz)n'n"|*] (1) 

The coefficient of absorption equals the coefficient of induced emission 
and both are given by the equation 


Bn'n" = 


[|(Mx)»V'|^ + i(Mv)n'»"|* + |(Mz)»'n"!’*] 


In these equations, h is Planck’s constant, c is the velocity of light, and 
(jtx)n'n" is the integral 

(Mx)n'n" = dr (3) 

iSee Pauling and Wilson, “Introduction to Quantum Mechanics,” Sec. 40, for a 
derivation of these results. The quantities An'n" and Bn"n' are called Einstein 
coefficients. 



39 


Sec. 3-5] wave mechanics and vibration of molecules 

in which is the complex conjugate of the complete wave function for 
the state n', dr is the volume element of configuration space, and mx is the 
expression for the X component of the electric moment^ of the system. 
The integration is over the entire configuration space of the system. 

If (Mx)n^n-, (MY)n'n-, and (Mz)n'n- aie all zero for a given transition 
n' n", that transition will not give rise to a spectral line in either 
absorption or emission.^ Rules which specify which transitions can occur 
with the emission or absorption of radiation are called selection rules. 

3-6. Infrared Selection Rules and Intensities for the Harmonic Oscillator 
Model® 

Factoring of the Wave Function. In appl 3 dng the methods of the pre¬ 
vious section to the problem of determining the vibrational selection 
rules, it has to be remembered that in Eq. (3), Sec. 3-4, is the complete 
wave function, while the axes X, Y, and Z are space-fixed axes. The 
complete wave function for a molecule is approximately of the form 

yj/ = (I) 

where ^rj are, respectively, the electronic, vibrational, rota¬ 

tional, and translational wave functions. It is possible to show that 
the electronic wave function does not enter in the problems treated here; 
moreover, the model which is the basis of the discussicms in this book 
(see Sec. 1-4) is one in which the question of the structure of the atoms 
themselves is avoided. Consequently, \f/B will be ignored. 

1 The electric moment if of a system is a vector, defined in the footnote, p. 5. 
Analytically, has the components ftx, my, and mz given by the expressions 



a 


where Ca is the charge and Xa, and Za are the cartesian coordinates (space-fixed 
axes) of the ath particle, the sum being over all the particles. 

* This statement is not strictly true in that there can be radiation due to magnetic 
dipole or electric quadrupole effects, but these are usually weaker by several orders 
of magnitude and hence are at present rarely observed iiji infrared or Raman spectra. 
See, for example, the following: 

G. Herzberg, Z. physik. Chem., (J5), 4 : 223 <1929). 

G. Herzberg, Can. J. Research, (A), 28: 144 (1940). 

H. M. James and A. S. Coolidge, Astrophys. /., 87 : 438 (1938). 

E. C. Kemble, “Fundamental Principles of Quantum Mechanics, Sec. 64^, 
McGraw-Hill, New York, 1937. 

* D. M. Dennison, Revs. Mod. Phys.^ 3: 280 (1931). 
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DerivaiiGu of Translational Selection Rule Aut = 0. The wave func¬ 
tion for translation of the molecule as a whole \I/t does not need to be dis¬ 
cussed in detail for the following reasons. The X component of the 
electric moment jux may be written as 


jy 

MX = ^ ^aX« — ^ ^c(Xo + Xa) 

a ~ 1 or = 1 

N N N 

= Xo ^ ^ ^ e.Xa = nx (2) 


with similar expressions for Mr and mz- Here Xa is the X coordinate of 
atom a in the space-fixed system, Xa is the coordinate of a in a system of 
axes which moves with the center of gravity of the molecule but remains 
parallel to the X, Y, Z set, Xo is the X coordinate of the center of gravity, 
and ea is the effective charge on the ath atom. Since the molecule is 
assumed to be neutral, Sca == 0. The function is a function of Xo, Yo, 
and Zo, the coordinates of the center of gravity, so that the integral for 
MX may be written as 

(Mx)nV' == drvR (3) 

since mx = mx is independent of Xo, Yo, Zo. But the functions are 
mutually orthogonal so that (Mx)n'n'^ vanishes unless V = T", that is, 
unless the initial and final states of the molecule have the same transla¬ 
tional quantum numbers. 

Separation of Rotational and Vibrational Factors. There remains the 
problem of separating the effects due to xj/R and xj/y. To do this, it is 
necessary to introduce the rotating coordinate system discussed earlier, 
Sec. 2-1. This system moves with the molecule in that its origin is fixed 
to the center of gravity of the molecule and also in that it rotates with 
the molecule as previously discussed. It, therefore, has the same origin 
as the moving system X, F, Z but rotates with respect to it. Conse¬ 
quently, there will exist a relationship between the coordinates of a par¬ 
ticle in the two systems of the form 

Xa = ^XxXa 4 " ^XyVa + ^XzZa 

Fa == ^Yx^a + + ^Yz^a (4) 

Za == ^Zx3^a + ^ZyVu + ^ZzZa 

in which Xa, Va, Za are the coordinates of the particle in the rotating 
system, Z«, Fa, Za are the coordinates in the system which is moving but 
not rotating, while the quantities etc., are the direction cosines con¬ 
necting the various pairs of axes. These quantities ^xxy etc., are func¬ 
tions of the angles which define the position of the rotating system of axes, 
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bhe Eulerian angles, but it is not necessary to inquire further into their 
nature at this point, since they determine the rotational but not the vibra¬ 
tional selection rules. The rotational selection rules are summarized in 
A-ppendix XVI. 

From the nature of nx, etc., it is clear that the relation connecting /ix 
and nx (the latter being the electric moment component in terms of the 
rotating axis system) is the same as that connecting X and x‘, that is, 

ilx = 4'AxA‘i + (5) 

with similar expressions for hy and nz. The integral in (3) thus becomes 

drvB = MxlAr" dry 

dTBf4'v'l^v'l'y" dtv + i4'%'^xz4'B" dTB/lAr'MxV'r" drr (6) 

with similar equations for the integrals involving nr and /tz. The conclu¬ 
sion is therefore reached that a transition with the emission or absorption 
of radiation can occur between the vibrational states V and F" if one or 
more of the integrals 

ffy>fixil'v" drr ji>y'Hy^y" dry f\ffy.Hzil/v" dry 

is different from zero. It has been assumed that no change in electronic 
state takes place, and it has been shown that the translational quantum 
number does not change. There may, how'ever, be simultaneous changes 
in the rotational quantum numbers; these are discussed in Appendix XVT. 
Expansion of the Electric Moment. The definition of the electric 

moment previously given, M* = ^ shows directly the dependence of 

a 

/Lt* on the positions of the particles if these particles are electrons and 
nuclei, inasmuch as the charges are then constants. If, however, the 
particles are the atoms themselves, the charges ea must be considered as 
^'effective chargeswhich may vary as the atoms move, inasmuch as 
when the positions of the atoms are changed the electron distribution may 
also change. This does not alter the previous results regarding the 
transformation properties of but it means that the electric moment is 
not necessarily a linear function of the coordinates of the atoms. In 
general, the electric moment can be expanded as a power series in the 
coordinates of the atoms, the normal coordinates are most convenient for 
this purpose, with the result that 

8iV^-6 

= m 2 + y + higher terms (7) 

Similar equations describe My M«* m 2> ^ component of the electric 

moment possessed by the molecule in its equilibrium position, is prac- 
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tically equal to the x component of the permanent electric moment of 
the molecule, is the coefficient of the normal coordi¬ 

nate Qk in the expansion. Very little is known of the relative magnitudes 
of and the higher terms, although it is usually assumed that the latter 
are smaller.^ 

Vibrational Selection Rules for the Harmonic Oscillator, If the higher 
terms in (7) are neglected, and if the vibrational wave function is 
assumed to be strictly of the form described earlier in this chapter, that is, 
a product of harmonic oscillator functions, then the selection rules for 
vibrational transitions are very restrictive indeed. The integral for ju* 
becomes 

3V-6 

dry = fiUK'l'y" dry + V dry (8) 

The first term vanishes unless V' = V" because of the orthogonality of 
the functions Therefore, the permanent electric moment has 
no influence on the intensity of vibrational transitions; it does, however, 
determine the intensity of the pure rotation spectrum. The integral in 
the second term can be split up into factors as shown below: 

drv = f4'vi'(Qi)^vAQi) dQi 

JK'(Q2)^I'vAQ 2) dQ2 • • ^^r.AQk)Qk^l^vAQk) dQk • - (9) 

in which the product-type wave functions of Eq. (5), Sec. 3-1, have been 
introduced for Because of the orthogonality of the functions ^v(Q), 
the integral in (9) will vanish unless v[ = i;'/, v'^ = etc., with the excep¬ 
tion of v'^ and v'A For these quantum numbers, it must be true that 
^k = + 1 or y* — 1 if the factor 

5r.AQk)Qk>P.AQk) dQk 

is to be different from zero (see Appendix III). The net result of all 
these considerations can be stated as follows: If it is assumed that only 
linear terms in the expansion of the electric moment are important, and 
if it is assumed that the vibrational wave functions are products of 
harmonic oscillator functions, then the only vibrational transitions which 
can occur with the emission or absorption of radiation are those in which 
only one quantum number changes and that quantum number changes 
by one unit only. Furthermore, the quantum number Vk which changes 
must be one for which or is different from zero. 

Qualitative Intensities for Real Molecules, In other words, on the basis 
of the harmonic oscillator model, only fundamental frequencies should 

1 B. L. Crawford and H. L. Dinsmore, J. Chem. Phys., 18: 983, 1682 (1950). 

D. F. Eggers and B. L. Crawford, J. Chem, Phys,, 19: 1564 (1951). 
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appear in the absorption or emission spectrum. Not all fundamentals 
will be allowed, but only those associated with normal modes of vibration 
which cause a change in the electric moment of the molecule Mi*’, 
and Mf’ measure this change). Experimentally, i,e., for actual molecules, 
it is found that the fundamental frequencies are usually the most intense, 
but other transitions such as overtones and combinations also appear, 
sometimes quite strongly. It is evident that some of the assumptions of 
the above derivation must therefore be invalid. It is certain from other 
evidence (the convergence of the energy levels) that the harmonic oscil¬ 
lator approximation is not perfect, as indeed is to be expected since the 
cubic, quartic, etc., terms in the potential energy [Eq. (4), Sec. 2-2] are 
not zero, but in addition it is probably true that higher terms in the 
expansion of the electric moment (7) must also be considered. Regard¬ 
less of these complications, it remains true that a fundamental frequency 
will not occur in the absorption or emission spectrum of a gas unless the 
corresponding normal vibration changes the electric moment. 


3-6. Classical Intensities of Radiation from an Induced Dipole 

The greater complexity of the mathematical treatment of scattered 
radiation as compared with ordinary emission or absorption makes it 
worthwhile to carry through in some detail the classical formulation prior 
to the quantum mechanical treatment which will be given in outline in 
Sec. 3-7. Just as a permanent oscillating dipole in a molecule can act as 
a radiator classically, so can an induced dipole, the mean rate of total 
radiation being given, in either case, by^ 


I 


3c^ 


i#2 

Mo 


( 1 ) 


in which v is the frequency of oscillation and of the emitted light, c the 
velocity of light, and mo the amplitude in the expression 

M = MO cos 2Trvt (2) 

If one introduces the nonrotating axes depicted in Fig. I-l, App. I, the 
total radiation emitted per unit solid angle in the X direction is given by 

I = ^8” (^tor + Moz) (3) 

Polarizability Tensor. If the molecule in which an electric dipole is 
induced is isotropic, then the relation between ^ and the electric field 
vector 8 of the incident radiation is simply given by 

(4) 

^See, for example, J. C. Slater and N. H. Frank, ^introduction to Theoretical 
Physics,'* p. 293, McGraw-Hill, New York, 1933. 
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where a is a constant called the polarizability of the molecule. In such a 
case, it is clear that the scattered radiation whose intensity is given by 
(3) would be polarized with its electric vector lying in the direction of the 
projection of S upon the YZ plane. In general, however, for an aniso¬ 
tropic molecule, (4) must be replaced by the more complex expression 


fJLx == OLXX^X “h OLXY^Y “h CtXZ^Z 

fjLY ~ ocYX&x + orrrSr + olyz2>z (5) 

Pz = Oizx^x “h OLZY^Y "b azz^z 

in w^hich the quantities apF' are independent of the components of the 
electric vector, but are dependent upon the orientation of the molecule 
relative to the nonrotating axes, X, Y, Z. The quantities apF' are 
called the components of a tensor^ by virtue of their transformation 
under changes of the coordinate system. In matrix symbolism,^ (5) ma}^ 
be written in the abbreviated form 

y, == ofS (6) 

where multiplication of the vector 8 by a is to be carried out in accordance 
with the rules of matrix algebra. It is evident from (5) that, in general, 
the direction of the induced dipole is not parallel with the direction of the 
incident electric field vector. It can be shown, however, that a set of 
axes in the molecule exists such that the relation between y and 8, when 
referred to these axes, assumes the simple form 


Ml = q;i8i 

M2 = Oi2^2 (7) 

M3 = (xSz 


Such axes are called principal axes of polarizability and the associated 
Oi, i = 1, 2, 3, the principal values of the polarizability.^ For the 
isotropic case, it is apparent that ai = = az — a. These axes are 
clearly the most convenient ones to use in the discussion of induced 
dipoles, and will be used extensively throughout the remainder of this 
section. 

^ A knowledge of tensors will not be required for the understanding of this book, 
but the interested reader will find an introduction to this subject in H. Margenau and 
G. M. Murphy, ^^The Mathematics of Physics and Chemistrj^^^ Van Nostrand, 
New York, 1943. 

* An introduction to matrix algebra will be found in Appendix V. 

* The determination of the principal values of the polarizability requires the solu¬ 
tion of a third-order secular determinant, entirely analogous to the secular deter¬ 
minant described in Chap. 2. 
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Intensity of the Scattered Light in Terms of Polarizability, We desire to 
obtain expressions for the scattered light intensity by the use of (3) and 
substitution of appropriate expressions for etc. The components of 
the electric vector will thus appear, but can later be related to the incident 
intensity. It will now be assumed that the direction of propagation of 
the incident light coincides with the Y axis. If the incident light is plane- 
polarized with the electric vector parallel to the direction of observation. 


Incident 
X- polarized 
Light 

/ / / / Uf 


Incident 
Z- polarized 
Light 

nil 




(obs. 11) 


/ Direction of 
/ Observation 


/j* (obs.x) 


/„ (obs.x) 


/ Direction of 
^ Observation 

Fig. 3-2. Schematic representation of experimental conditions defining It (obs, |1), 
It (obs. ±), and /n (obs. ±). 

i,e.y along the X axis, the scattered intensity will be designated as It (obs. 
|j) whereas the intensity in case the electric vector lies along the Z axis 
will be designated hj It (obs. JL) (Fig. 3-2). According to (3) and (5) 

0^8 ,,4 

It (obs. II) = + <xlx)H (8) 

2ir^v* 

It (obs. JL) = —j~ {<x\z + «lz)8o (9) 

That part of the light which is polarized parallel to S is, in the second case: 

(obs. ±) = (10) 


It is convenient to make use of the relation from electromagnetic theory 


( 11 ) 
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where /o is the intensity of (incident) radiation whose electric vector has 
the amplitude 8o. Substituting (11) in (8), (9), and (10), 


It (obs, II) = 
It (obs. J_) == 
/ll (obs. ±) = 


IOttV 


Iq{oLyx “ f " 

1 


( 12 ) 

(13) 

(14) 


Averaging Over All Orientations. The last three equations are appro¬ 
priate for a single radiator; to obtain the expression for a gas whose 
molecules are free to assume all orientations with respect to the observer's 
axes with equal probability, (12), (13), and (14) should be multiplied by 
the number of molecules and the terms averaged over all orientations 
of the principal axes with respect to the fixed X, F, Z axes. The general 
formulas of transformation for the apF' are of the form 


apF* — 






'Fg^F'g* 


(15) 


where the ^Fg are the direction cosines between the F axes and the g 
axes. In case the g axes are principal axes, (15) assumes the form 


o 

awF’ == ^ a^F^F’i 


(16) 




The quantities are, of course, constants under the averaging process, so 
that the averages required in (12) to (14) are expressible as 


Ot%F' “ 

I 

== ^ + 2 ^ ociaj^F^r^Fj^rj 


(17) 


»<; 


In Appendix IV the necessary averages of the direction cosines are found 
to be 


*2 4 , 2 ,. — 
^Ft^F'x 


II 

1 XT 

F 

^Fi^F'x^Fj^F'j “ 

1 

1 -511 

F = F' 

F ^F' 


Using these results in (17), Eqs. (12) to (14) then yield for the intensities 
scattered by N molecules which are freely orientable in space: 
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Ir (Obs. II) = ^ NIo (2 ^ - 2 ^ (18) 

» i <3 

It (obs. J-) = ^ Nh (4 ^ 

» i <j 

/„ (obs. ±) = ^ NIo (3 5) «? + 2 ^ ata^ (20) 

i i <3 


The two kinds of summations appearing in these last three equations may 
be conveniently replaced by functions of the spherical part of the polar¬ 
izability, a, and the anisotropy, which are defined by 

a = 7(«i + 0(2 + 0 : 3 ) (21) 

= M(«i - « 2 )' + (a 2 - ccoy -f- (a, - ai)*] (22) 

In terms of these quantities, Eqs. (18) to (20) become 


It (obs. II) = 
It (obs. ±) = 
/|1 (obs. X) = 


c* 


NIo 

NIo 


15 

45a2 + 70 ^ 
45 


c* 


NIo 


45a- -+- 40 ^ 
45 


(23) 

(24) 

(25) 


Depolarization Ratios. The quantities most frequently observed 
experimentally are the depolarization ratios, pi or />„, defined as the ratio of 
the scattered intensity which is polarized perpendicular to 8, that is, in 
the direction of propagation of the incident light, to the intensity parallel 
to 8. When linear (plane) polarized incident light is used, and the 
observations are made in a direction perpendicular to 8 (as well as to the 
propagation direction, which has been assumed throughout the previous 
derivations), the ratio of intensities is given by 


_ It (obs. X) - /» (obs. X) _ 3/3® , , 

/|1 (obs. X) 45a® + 4/3® 

If the incident light is natural (unpoiarized), the depolarization ratio may 
be computed by considering the scattered light to represent the sum of 
the intensities of observations made parallel and perpendicular to the 
incident electric vector of a polarized beam. That part of the light from 
the parallel observation, being unpolarized, contributes one-half its 
intensity to the scattered light polarized, respectively, parallel and per¬ 
pendicular to £: 


_ It (obs. ±) — I\\ (obs. ±) + ^It (obs. ||) _ 6/3* 

III (obs. JL) + ^It (obs. II) “ 45a* -f- 7^ 



48 


MOLECULAR VIBRATIONS 


[Sec. 3-7 


Expansion of the Polarizability in the Normal Coordinates, Thus far, 
the components of the polarizability have been assumed to be independ¬ 
ent of the time. For a molecule executing small vibrations, however, the 
polarizability may be expanded in terms of the normal coordinates. Thus 
the principal values could be written as 


a,- = aj + ^ \d^)o ^ higher terms (28) 

k 

just as in the case of the permanent dipole moment [Eq. (7), Sec. 3-5]. 
The corresponding component of the oscillating electric moment would, 
therefore, be of the form: 


Mt == Soi Icos 2Trvot 


+ 



1 i 

2 cos 27r(vo + Vk)t + 2 cos 2w(vo — J'k)t 


(29) 


in which is the amplitude of the fcth normal coordinate; it is apparent 
that the oscillating dipole will contain the shifted frequencies ro ± n as 
well as the incident frequency i/q- Equations (23) to (25) will apply 
separately for the Rayleigh frequency, j' = ro, and for the Raman fre¬ 
quencies, p = j^o ± yjt. It is to be noted that the a®* determine the 
Rayleigh intensities, whereas (doti/dQk)Q determine the Raman intensi¬ 
ties. According to this classical treatment, the intensities of the so-called 
Stokes lines (pq — Vk) to the anti-Stokes lines ( j'o + Vk) should be in the 
ratio 

-I&nti-Stokes (j'o 4- vkY ^ 

■which will certainly not exceed unity. This is in contradiction to the 
experimental findings, which are consistent with the prediction of 
quantum mechanical theory which will be given in the following section. 


3-7. Quantum-mechanical Theory of Raman Intensities 

The rigorous derivation of the intensity formulas for the Raman effect 
or, indeed, for the infrared would require a completely satisfactory 
quantum mechanical theory of radiation, which does not appear to have 
been developed at this time. There seems to be little doubt, however, 
that essentially correct treatments of both these phenomena have been 
obtained, using as a foundation either the Dirac theory of radiation or 
the correspondence principle. There is not space to give the detailed 
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derivation of these formulas here,^ but an attempt will be made to outline 
the principles on which it is based and to summarize the results. 

In Sec. 3-6 the classical equations are given for the emission of radiation 
by an oscillating dipole.^ In order to apply the quantum theory, the 
hypothesis is made (supported by the Dirac radiation theory and by 
many successful applications) that the classical formulas can be converted 
into quantum formulas by replacing fxl by 4!Mn'^n'i^, in which 

|4n"n' = dr (1) 

In the Raman effect, the electric vector of the incident illumination, 
acting on the charges of the molecule, perturbs its wave function. If the 
integrals ^n"n' are calculated using the perturbed wave functions (includ¬ 
ing the time factors), it is found that for n" = n' there are terms of the 
same frequency (vo) as the incident light, but for n" 9 ^ n' there are terms 
with the frequency vq ± The terms with unshifted frequency 

are responsible for the Rayleigh scattering, while those of frequency 
Vo ± Vn"n' give rise to the Raman effect. The intensity of the radiation 
can be calculated by obtaining the terms in of the given frequency, 
multiplying by four and inserting in Eq. (3), Sec. 3-6. 

The formula obtained in this way contains so many quantities which 
are ordinarily not known that it is not directly useful. However, it can 
be shown that under certain conditions, it can be reduced to a relatively 
simple formula, involving the polarizability of the molecule. These con- 

1 The formulas are fully derived by G. Placzek, ** Marx Handbuch der Radiologie,^^ 
2d ed., Vol. VI, Part II, pp. 209-374, 1934. Earlier references on the theory include 
the following: 

J. Cabannes, Trans, Faraday Soc,, 26: 813 (1929). 

J. Cabannes and Y. Ilocard, J, phys. radium^ 10: 52 (1929). 

H. A. Kramers and W. Heisenberg, Z, Physik, 31: 681 (1925). 

C. Manneback, Z. Physik, 62: 224 (1930). 

G. Placzek, Z. Physik, 70: 84 (1931): Leipziger Vortrdge, 71 (1931). 

G. Placzek and E. Teller, Z. Physik, 81: 209 (1933). 

F. Rasetti, Leipziger Vortrdge, 59 (1931). (These articles appear also in English in 
*‘The Structure of Molecules,^' P. Debye, editor, Blackie, Glasgow, 1932.) 

A. Smekal, Naturwissenschaften, 11: 873 (1923). 

J. H. Van Vleck, Proc, Nat, Acad, Sci,, 16: 754 (1929). 

2 For presentations of the quantum theory of radiation, see the following sources: 

G. Breit, Revs, Mod, Phys., 4: 504 (1932). 

P. A. M. Dirac, Proc. Roy, Soc. {London), {A), 112; 661 (1926); (A), 114:243 (1927). 

E. Fermi, Revs, Mod. Phys,, 4: 87 (1932). 

W. Heitler, “The Quantum Theory of Radiation,^' Oxford, New York and London, 
1954. 

G. Placzek, “ Marx Handbuch der Radiologie,^^ 2d ed., Vol. VI, Part II, pp. 209- 
374, 1934. 
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ditions are first, that the lowest electronic state of the molecule must he essen-- 
tially nondegenerate; and, second, that the frequency shifts must be small 
compared with both the frequency of the incident light voj and the frequency 
difference ve — j'o, when ve is the lowest electronic absorption frequency. 

Using the polarizability matrix elements, |(ayx)n"n'P, \{azx)n"n'\^f 
|(arz)n-n'|^ and |(az^)n"n'|^ where 


(aFF')n"n' = dr ( 2 ) 

the intensities corresponding to Eqs. (12) to (14), Sec. 3-6, could be com¬ 
puted, at the same time multiplying by the factor of 4 introduced above. 
Two new considerations enter, however, when one proceeds to compute 
the intensities for a gas consisting of freely orientable molecules, whose 
individual scattering would be given by such formulas. In the first 
place, not all the molecules can undergo the transition Wn'j but 

only a number, Nn"j which are initially in the energy level described by 
the quantum number n". In the second place, one must take account 
of the orientational degeneracy described by the magnetic quantum 
numbert M. The total intensity will depend upon a summation over all 
final magnetic quantum numbers, M', and an averaging over all Qn" degener¬ 
ate initial states characterized by the magnetic quantum number, M"; in 
other words, the intensities will be proportional to expressions of the form 





(3) 


For each pair of magnetic quantum numbers, the tensor {cc)m"m' will have 
a corresponding set of principal axes and principal values, oriented in 
some manner relative to a preferred direction in space. But the physical 
observable, in this case the intensity, must be independent of the direction 
chosen as a preferred’’ one; hence it is legitimate to average over all 
orientations of this direction relative to the observer’s axes. Since it is 
permissible to change the order of the averaging over ail orientations and 
the summation over M" and M\ the averaging over all orientations can 
be carried out for each pair of quantum numbers, ikT" and ilf', followed by 
summation. This is equivalent, however, to averaging over all directions 
of the principal axes in the classical case, since for each given ikf" and M', 
the principal axes are defined only relative to the preferred direction of 
quantization. Thus the quantum-mechanical result, corresponding to 
the classical equations, (23) to (25) of Sec. 3-6, is 

X The magnetic quantum number will be considered in Appendix XVI where the 
rotational energy levels are discussed. 
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r / u _ 647rViV„-. r /2 V ^ 

/r (obs. II) ^ 2^ 

M'^iW 


r / K , ^ 647rV^ AT. 

It (obs. ±) = - 

g 


( X ■*“ 45 X 


M"M' 


M"M' 


T f X , N 647 r^^'^.Vn" r / 'V 
/!,(obs.±) = (^2^ 




Af"M' 


in which 
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(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 


i<j 


and (otOiif^'Af' is a principal value of the tensor Mm^m' whose components 
are to be computed in terms of the nonrotating axes, z,c., 




(9) 


Note that the ratio of the Stokes to the anti-Stokes intensities is now 
given by 

7'_ . /«_ M .. r, . 

( 10 ) 


IStokes _ / ^0 AT n" Qn' 

T^anti-Stokes \^Q “t* Vn"n'/ A^n' Qn” 


( 11 ) 


SO that it may now be expected that the Stokes lines will be more intense 
than the anti-Stokes lines, since the population ratio is given by the 
Boltzmann factor, 

?JL =s p{Wn''-Wn")/kT 

Nn' 

with Wn' > Wn^>, 

The depolarization ratios, corresponding to Eqs. (26) and (27), Sec. 3-6, 
will be 

3 ^ 

P, =-- JillK --- (12) 


45 y (a„.,^,y+4 y 

M^' ATM' 


pn — 


6 y 


45 2 + 7 ^ 


(13) 




M^'M' 


Selection Rules, The conditions under which the quantities au^M' and 
can be non vanishing will now be considered in turn. Although the 
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components of the tensor Mm-'m' are to be referred to the nonrotating 
axes, it is easily shown, as in Appendix XV, that 

aM"M' ~ V ^ {<Xi)lt"U- ~ {oCFr)M"lI' ~ V ^ (14) 

i F a 

in which the last equation shows that it is legitimate to compute aM"M' in 
terms of molecule-fixed axes. To that approximation in which the wave 
function can be written as a product of a rotational function, with 
quantum numbers R (including M) and a vibrational wave function, 
the integral iagg)M"M' is 

(<Xga)M"M' == dTRf\l/yf,agg\l^v' dry (15) 


since agg (in molecule-fixed axes) does not involve the coordinates of rota¬ 
tion. The orthogonality of the rotational wave functions therefore leads 
to the result 

OiM"M' == bB"R'av"V' (15) 


Consequently, is zero unless the rotational states are the same, and 

in addition it will be shown in Sec. 7-8 that it is also zero for all funda¬ 
mental vibrational transitions except those for which the normal coordi¬ 
nate involved has the complete symmetry of the molecule. The vanishing 
of in these cases has important consequences. The depolarization 
ratios of (12) and (13) become pi = f and pn = f if is zero, no 

matter what the value of and may therefore be used as a criterion 

for the symmetry type of the normal coordinate. On the other hand, the 
depolarization ratios will approach zero only if vanishes, which 

occurs if the molecule is isotropic. 

In order to consider the selection rules for the contribution of 
the Raman intensity in more detail, however, it is necessary to consider 
the relations between the integrals of awF' in terms of nonrotating axes 
with those in terms of molecule-fixed axes. This was simple for 
because it was independent of the axes used, but this is not true of 
so that a relation similar to that used in the infrared case [Eq. (5), Sec. 
3-5] is necessary.^ This is 


aFF' 


-l 

gg' 




(17) 


in which ^pg is the direction cosine of the angle between the nonrotating 
axis F and the molecule-fixed or rotating axis g (see Appendix I). 

The quantities agg' are functions of the normal coordinates only while 
the direction cosines are functions of the Eulerian angles, so that the 


^ Equation (8) is appropriate only for the principal value of which must be 

computed, starting with components of relative to the nonrotating axes of the 

observer. 
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integral {aFF')M"M' is a sum of terms, each of which factors into a rota¬ 
tional integral involving a product ^Fg^F'g' and a vibrational integral 
involving an agg\ Consequently, the rotational selection rules will be 
determined by integrals such as 

( 18 ) 

while the vibrational selection rules will be determined by integrals such 
as 

i^r^Oigg'xl/v' drv (19) 

If all such integrals vanish for a given vibrational transition 
that is, if 

{pix^V'^V^ = {oLyy)v*'V' = {otz2)v'^V' == {(Xxy)v^'V' = ioiyz)v*'V' = ioizx)v"V' = 0 

the transition will be inactive in the Raman effect. The symmetry con¬ 
ditions under \vhich these quantities vanish are discussed in Sec. 7-8. 
The rotational selection rules are summarized in Appendix XVI. 



CHAPTER 4 


MORE ADVANCED METHODS OF STUDYING VIBRATIONS 


The basic principles given in the previous chapters underlie all methods 
of calculating vibration frequencies, but the actual procedures described 
so far are too inefficient to be useful for molequles of even moderate size. 
A number of more powerful techniques will be described in the present 
chapter. So far, no one approach has definitely emerged as superior to 
all others. 

One of the most powerful tools in simplifying the treatment of larger 
molecules is the use of molecular symmetry in factoring the secular equa¬ 
tion. This will be developed at length in the next three chapters. The 
methods of the present chapter are, presented in a form suitable for 
application to the molecule as a whole, but it will be seen later that they 
can also be applied to the separate factors of the secular equation which 
can be obtained when there is symmetry. It is the combination of the 
developments of the present chapter with the symmetry considerations to 
be introduced later which provides the most effective approach now 
available.^ 

4-1. Internal Coordinates and Their Relation to Atomic Displacements 

Changes in interatomic distances or in the angles between chemical 
bonds, or both, can be used to provide a set of ZN — 6 (or ZN — 5 for 
linear molecules) internal coordinates (Sec. 2-6), f.c., coordinates which 
are unaffected by translations or rotations of the mblecule as a whole. 
These are particularly important because they provide the most physically 
significant set for use in describing the potential energy of the molecule. 
The kinetic energy, on the other hand, is more easily set up in terms of 
cartesian displacement coordinates of the atoms (Sec. 2-6). A relation 
between the two types is therefore needed. 

Since the whole treatment has so far been restricted to the case of 
infinitesimal amplitudes of vibration, all displacements can be considered 

^ The reader interested in the qualitative enumeration and assignment of vibration 
frequencies rather than their numerical computation in terms of molecular force 
constants may prefer to skip the present chapter or postpone it until after Chap. 6 
and parts of Chaps. 6 and 7. 
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infinitesimal and only first-order or linear terms need be evaluated, so 
that a considerable simplification results. If St represents one of the 
32V — 6 internal coordinates and h one of 3iV cartesian displacement 
coordinates, the relations sought will be of the form 

3N 

i = 1, 2, . . . , 3iV - 6 (1) 

where the coefficients £« are constants determined by the geometry of 
the molecule. Instead of using three cartesian coordinates to describe 
the displacement of an atom, it is convenient to introduce a vector Qa for 
each atom a whose components along the three axis directions are the 
cartesian displacement coordinates ti, ?»', for that atom. Likewise it 
is useful to group the coefficients B,. for a given St into sets of three, each 

«a - - 0 -► *a 

I 2 

Fig, 4“i. Construction of vectors Su and S (2 for the increase in interatomic distance 
between atoms 1 and 2. 

set Bu, Bti', Bh" being associated with a given atom a. These quantities 
can be considered as the components of a vector Sta associated with the 
atom a and with the internal coordinate St. Then (1) above takes on the 
simpler form^ 

N 

St = ^ Sta • &CC (2) 

a“ 1 

where the dot represents the scalar product of the two vectors. This 
form has the advantage that it is now unnecessary to specify any axes for 
the displacement coordinates. Furthermore, simple rules can be worked 
out for writing down the vectors Sta. The physical meaning of the vector 
s<a is as follows: Let all atoms except atom « be in their equilibrium posi¬ 
tions. The direction of Se* is the direction in which a given displacement 
of atom a will produce the greatest increase of St. The magnitude, 
|S(al, of S(a is equal to the increase in St produced by unit displacement of 
the atom in this most effective direction. These statements follow from 
consideration of (2) above. 

The simple types of coordinates in terms of which the potential func¬ 
tions for most molecules are usually expressed will now be worked out in 
detail. 

Bond Stretching. Let St be the increase in the distance between atoms 
1 and 2 (see Fig. 4-1). Clearly the most efficient direction to dwplace 

1 M. Eliashevich, Compt. rend, acad. sci, U.R.S.S., 28 : 606 (1940). 

E. B. Wilson, Jr., J. Chem. Phys., 9: 76 (1941). 
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the end atoms is along the line connecting them, but in directions awa^^ 
from each other. Furthermore, the vectors Sn and St 2 should here be 
unit vectors. For the coordinate Stj all other vectors St«(a 5 ^ 1 , 2 ) are 
zero since displacements of other atoms will not affect aS«. 

It is often convenient to express the vectors s^a in terms of unit vectors 
along certain of the interatomic connecting lines, for example, along the 
chemical valence bonds. Let the unit vector directed from atom a 
toward atom jS be denoted by ea^. When St is the extension of the bond 
between atoms 1 and 2 , one has 


Sfi = 621 = —©12 Sf.2 — 612 (3) 

Valence Angle Bending. Another example is the increase in the angle 
between two valence bonds attached to the same atom 3. Let St be this 

internal coordinate. Then (see Fig. 
4 - 2 ) the s vector for one of the end 
atoms, say Sfi, will be perpendicular 
to the side 3,1 of the bond angle, and 
pointed outward, since this is the 
direction in which displacements of 
atom 1 will be most effective in in¬ 
creasing the bond angle. Further, 
the length of is l/rgi, where r-n is 
the length of the side 3,1, since a unit 
(infinitesimal) displacement of 1 along Sn will increase 0 by an amount 
l/rsi. Similarly, St 2 is a vector of length l/r32 in the plane of 1, 2, and 3 
and perpendicular to 3,2, as shown. To find the s vector for the apex 
atom, use is made of the fact that a rigid displacement of the whole mole¬ 
cule does not alter the angles. Suppose that the apex atom is given a 
certain displacement. Then, by shifting the whole molecule rigidly by 
an equal but opposite amount, the apex atom can be brought back to its 
original position and the end atoms displaced by amounts equal and 
opposite to the original displacement of the apex atom. The effects of 
displacements of the end atoms have already been worked out so that this 
construction enables the effect of apex atom displacements to be deter¬ 
mined, also. The result is that the s vector, Sjs, for the apex atom is the 
sum of the s vectors for the end atoms, with reversed sign, or 

Sf3 = — S|2 (4) 

Clearly the s vectors for all other atoms except those at the ends and apex 
of the angle in question will be zero. 

The s vectors can also be written in terms of unit vectors along the 
bonds. Let 631 and 632 be unit vectors from the apex angle along the 


3 



Fio. 4-2. Construction of vectors Sn, 
Sf 2 , and Stz for the increase in the angle <t> 
formed by two bonds. 
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bonds, 3,1 and 3,2, respectively. Then, a little reflection shows that* 


cos <^>651 — 632 

g ^ — ---- 

rn sm 

cos <^632 — 631 

St2 — -=—"T 

r 82 sin (p 

__ [(^^31 ^32 COS + (r ^2 ~ T il cos (I> )es 2 ] 

~ ' ’ ' nirz 2 sin <j> 

In many cases it is more convenient to use rsi A<p, or r32 A<t>, or (rsirs'i)^ 
instead of A4> itself as the internal coordinate since then the bending force 
constants will have the same dimensions as have the stretching force 
constants. The expressions for Sa, etc., given above would then need to 
be multiplied by rsi, r32, or (r*3ir32)h 

An alternate method of deriving the vectors Sta is illustrated in the case 
of the bending coordinate as follows. The scalar product of unit vectors 
directed outwards from the central atom gives the cosine of the angle 

cos <^ = 63 *' 632 (8) 


(5) 

( 6 ) 
(7) 


The expression for a small variation in 4> roay be obtained by differentia¬ 
tion of (8). 

A cos <t) ~ — sin = 631 • Ae32 + 632 * Aesi (9) 


The small variation of the unit vectors appearing on the right side of (9) 
may be expressed in terms of the arbitrary displacement vectors of the 
atoms 9 i, ^ 2 , and it is clear that we can now obtain the expressions for 
the vectors in 

N 


St = 



S/a: * ^cr 


by substituting appropriate expressions for Aeai and Ae 32 in (9). 
With the use of the definition of a unit vector 


e3a":= 


rza 


a = i, 2 


( 10 ) 


in which iza is the vector from atom 3 to atom a and r^a is the distance 
between the atoms 3 and a, differentiation yields 


Ae.^a 


V 3cr Ar 3a T Za AV Za 


r 


2 

3a 


^ A useful alternative form for these equations is 


(11) 


8a 


©81 X 


©31 X ©38 


j etc. 


rzi sin <t> 
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in which Tza and rza may be given their values at equilibrium. Using a 
prime to distinguish the vector Vza in a displaced configuration (Fig. 4-3), 

^3^ = Tza "I" 98 (12) 

From ( 12 ) it immediately follows that 

Arsc = 9 « ■” 93 (13) 

To obtain Arza one computes the scalar product of each side of ( 12 ) by 

itself, neglecting second-order terms 
in the 9 . 

(rL)^ = (^3a)^ + 2r3«-(9«~93) (14) 

This equation shows that the small 
variation in the square of the bond 
length is 2 r 3 a • (pa — 93 ), or, 



Arza = 


A(r3a)^ 

2r3a 


= e3a*(9a — 93 ) (15) 


Fig. 4-3. Relation between displaced 
and equilibrium tafi vectors. ^ , . . -, s , , v . , . 

Substitution of (15) and (13) mto (11) 

gives the small changes in 631 and 632 in terms of the equilibrium values 
of the eza and of the displacements 91 , 92 , 93 , of the atoms, whereupon sub¬ 
stitution of (11) into (9) and collection of the vectors which act as scalar 
product multipliers of the p^s gives the result: 


S ^ cos en - 

\ rsi sin 0 / ^ \ rz 2 sin 0 / 


92 


rzi sin 0 / ^ \ rzz sin <t> 

j~ (r3i — rz2 cos 0)631 + (^32 — ^31 cos <l>) ez^ 


+ 


93 (16) 


r 3 ir 32 sin 0 

The vectors Sta may be immediately identified in (16) and are found to be 
identical with the expression previously obtained, (5) to (7). 

Angle between a Bond and a Plane Defined by Two Bonds, Another^ 
useful type of internal coordinate is the angle formed by a bond 4,1 and 
the plane of the three atoms 2, 3, and 4, all four atoms being in one plane 
in the equilibrium position (see Fig. 4-4). An example is the angle 
between the C==C bond and the plane of a CH 2 group in ethylene. From 
the general rules, the s vectors for all the atoms will be perpendicular to 
the equilibrium plane. The length of S41 is also seen to be l/r4i. The 
effect of displacements of the other atoms 2, 3, and 4 can be found by 
applying rigid rotations and translations to the whole molecule so as to 
bring 2, 3, and 4 back to their original positions, vrith a consequent cal¬ 
culable additional displacement of atom 1, the effect of which is now 

1 The reader may prefer to skip the rest of this section and refer to it only when he 
has occasion to use the material in it. 
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known.* The result of this procedure turns out to be, for the absolute 
values Sia, of the vectors, 


Su 


.S /,2 




^t4 


^'end atom” 


sin </>2 
r 42 sin (f>i 
sin <f )3 
7*48 sin 4>1 


anchor atom” 
‘‘anchor atom” 


1 sin (p 2 _ sin 03 

r 42 sin (pi r^s sin <j)i 


“apex atom” 


(17) 


In case the four atoms are not coplanar, a generalization of the formulas 
for the s vectors may be made. The computation may be carried out in a 



Fig. 4 -4. Internal coordinate measuring bending of bond out of plane, top and side 
views. In the latter, the position marked 1" is the location atom 1 would occupy if 
the distorted molecule is subjected to rigid rotations and translations which restore 
atoms 2, 3, and 4 to their original plane. 

fashion similar to the second method applied to the valence angle bending 
coordinate. The basic definition of the angle involved may be given as 


sine = 641 (18) 

sin (pi 

The coordinate St is taken as and, by differentiation and use of the 
previous formulas (11) and (16) for Aei. and A<^i, respectively, the follow¬ 
ing rather complicated results are obtained: 

1 Formally this invariance to rigid translations and rotations is expressed by the 
conditions 

2 Sa = 0 ^ R„ X s„ = 0 

in which Ro is the vector from an arbitrary origin to the equilibrium position of atom a. 
See R. J. Alalhiot and Salvador M. Ferigle, J. Ckem. Phys., 22: 717 (1954). 
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1 / 642 X 643 

g.. SSS - I -;- - 

r 4 i \cos 6 sin <t>i 

1 f 643 X 641 

S<2 ~ :- " 

r42 [cos 6 sin <t>i 

S j = JL ^41 X 642 

^43 loos 6 sin 4>i 
Si4 ~ Sfi — St2 — Si3 


tan ^641 

> 

tan 6 X 
sin^ <l>i 
tan 6 X 
sin^ 01 ^ 


(042 ~ cos 01643 ) j 
(643 — cos 01642 ) j 


If ^ = 0 (the planar case), the above expressions show that the Sta 
are all perpendicular to the plane, Sf 4 being directed in the sense opposite 
to that of the other three, and since expressions of the form 

(642 X 643 ) 

sin 01 

etc., are unit vectors, the lengths are readily seen to be as given in (17). 
^ Even when $ ^ 0, the expressions 

^ i (19) can be shown to be equivalent 

y—^ ^ /to vectors ol lengths: 

/A 

2 V-—2,3/ r 

\ \ J = <^2 ~ cos 08 

yA ^^2 cos 6 sin^ 0i 

^ \ cos 01 cos 03 — cos 02 


Fig. 4-5. Definition of the torsion 
angle, t. 


r43 COS 6 sin^ 0 i 


angle, t. The direction of Sa is perpendicular 

to the bond 4,1 and in a plane 
perpendicular to the plane 2, 4, 3 while the directions of Sa and Sj 3 are 
each perpendicular to the plane 2 , 4, 3. The positive sense of each vector 
must be chosen coni^istent with the convention defining the sense of the 
angle d (Fig. 4-4). 

Torsion, Another type of internal coordinate which may be useful 
is the change in the dihedral angle, r, between the planes determined by 
atoms 1, 2, 3 and 2, 3, 4, respectively, when atoms 1 to 4 are bonded in 
sequence (Fig. 4-5). The magnitude of the dihedral angle may be 
determined in accordance with the following convention: let r be restricted 
to the interval — tt < r < tt; then let r be positive if, viewing the atoms 
along the bond 2,3 with 2 nearer the observer than 3, the angle from the 
projection of 2,1 to the projection of 3,4 is traced in the clockwise sense. 
The analytical definition of r can be given as 

cos r = ^ ^ (20) 

Sin ^2 sm ' 
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since (ei 2 X 623 )/sin <^>2 and (023 X es 4 )/sin (t>z are unit vectors perpen¬ 
dicular, respectively, to the planes 1, 2, 3 and 2, 3, 4. Then by methods 
previously illustrated, one finds s vectors for the internal coordinate 
St = Bt 


012 X 023 

S,. =: — -;--- 

ri2 sin* <^2 


( 21 ) 

„ ^23 — ^12 COS ©12 X 023 

COS ©43 X ©82 

( 22 ) 

^ 23^12 sin <t >2 sin <t >2 

r23 sin <^>3 sill <t>z 

Sa = [(14)(23)]s« 


(23) 

s «4 = [(14)(23)]sn 


(24) 


where the expressions in brackets in (23) and (24) indicate that the 
latter vectors can be obtained by permutation of the atom subscripts 1 
and 4, and 2 and 3 in the expressions for the first two vectors. 


4-2. Construction and Properties of the G Matrix^ 

In what follows frequent use will be made of the set of quantities 
Gtt' defined by the equations^ (in the noncomplex case) 


3N 

Gw = y ir BtiBt'i <, <' = 1, 2, . . . , 3iV - 6 (1) 

in which rrii is the mass of the atom to which the subscript i refers and 
the coefficients Bu have previously [Eq. ( 1 ), Sec. 4-1] been introduced to 
relate the internal coordinates St with the cartesian displacement coordi¬ 
nates or 

SN 

-s, = 2 Buii < = 1, 2, . . . , SiV - 6 (2) 


Instead of the SN coefficients Bti (for each St), it is more convenient to 
use the N vectors .Sta, one for each atom, described in the last section. 
In terms of these 


Gtt' 


«=»] 


flaSta • Sf'a 


(3) 


where the dot represents the scalar product of the two vectors and 
Ha = l/nia, the reciprocal of the mass of atom a. 

^ No knowledge of matrix algebra is required for the understanding of this section, 
but the simple principles given in Appendix V will be found very useful and eventually 
indispensable for the serious student of molecular dynamics, 

* E. B. Wilson, Jr., J. Chem. Phys., 7: 1047 (1939). 

M. Eliashevich, Compt. rend, acad, sci. U.R.S.S., 28: 605 (1940). 

A. G. Meister and F. F. Cleveland, Am. J. Phys., 14: 13 (1946). 
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It is seen that there is one element Gu' for each pair of internal coordi¬ 
nates St and St'^ No coordinate axes are needed to compute these 
quantities if the s vectors' are available. Further, the results of the 
previous section give expressions for the s vectors in terms of bond vectors 
and other simple unit vectors so that the scalar products of s vectors 
required can be reduced to a sum of scalar products of certain unit 
vectors, particularly bond vectors, within the molecule. In practice, 
therefore, one would construct a table of scalar products of these unit 
vectors as part of the calculation procedure for a given molecule. 

It is also possible to tabulate the elements Gu' which are of common 
occurrence. For example, if St represents the extension of a bond 

between atoms 1 and 2 , Eq. (3), Sec. 
4-1, and (3) show that(?«is + M 2 . 
Similarly if St is the extension of the 
bond which forms the side 3,1 of a 
simple valence angle <t> and if St' is 
the increase in Eqs. (3), (5), and 
(7), Sec. 4-1, and (3) show that Gtf is 
given by — (ms sin ^)/r 32 . When¬ 
ever such internal coordinate com¬ 
binations occur, these results can be 
used. Appendix VI lists a considerable number of G matrix elements. 

The quantities (?«« are closely related^ to the expression for the kinetic 
energy of the molecule in terms of the internal coordinates St. They 
may therefore be used to construct certain forms of the secular equation 
(Secs. 4-3 to 4-5). Note that(T«' = Get. If the coordinate St happens to 
be orthogonal to Sr (see Sec. 2-4), then Gtr == 0. This will clearly be 
the case if the set of atoms for which 9 ^ 0 and the set for which 
Si'r ^ 0 contain no atoms in common, and may be true under other ciiv 
cumstances as well. 

As an example, the quantities Gtr for a nonlinear triatomic molecule 
1, 3, 2 Will be evaluated (see Fig. 4-6). The three internal coordinates 
to be used are ;Si, the increase in the length of the bond 3 , 1 ; S 2 , the 
increase in the length of the bond 3 , 2 ; and Sz, the increase in the an^e 
The two unit bond vectors 031 and 632 are shown in Fig. 4-6. The s 

^ Actually the numbers Gtr form a matrix G such that the vibrational kinetic energy 
T is given by 

2r = ^ 
a 

= ^ (4) 

tr 

where G“^ is the matrix reciprocal to G and P* is the momentum conjugate to St (see 
Appendix VII). 



1,3,2. 
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vectors can be expressed in terms of them, according to the rules derived 
in the previous section. 


Sii Csi Si3 = —631 S 12 = 0 

S 2 I ~ 0 S 23 “ —©32 S 22 ~ ©32 

c ~ COS 0631 - ©3 2 

Tbi sin <l> 

cos 0632 “ ©31 
S 32 -: - 

^32 Sin 0 

[ (^31 - rz 2 c os 0)631 + (^32 - ^3 1 cos 
r3ir32 sin 0 

Furthermore, 631 * 631 = 1, ©32 • © 3 *. 

Gii = Ml + Ms G 

Q . XX2 . / 1 


~ 1, 631 • 632 
22 “ M2 + Ms 


^33 


^ , M2 

r2 » 


^32 


Gn = Ms COS (jb 

^ —M3 sin 

tT23 ~- 


Ms 






1 


• -|_ -i. - 

• -.9 


0) ©3 2] 

COS 0. Then 

2 COS 


31 


' 32 


2 COS 0\ 

^31^32 ) 


— fxz sin 0 


(f>) 


( 6 ) 


4-3. The Secular Equation in Terms of Internal Coordinates 

In Appendix VII, it is shown that the kinetic energy of vibration can 
be written in terms of internal coordinates in the form 

2r = ^ (1) 

where the coefficients (G~'^)u' are related to the numbers Gu' introduced 
in the previous section by the equations^ 

^ {G-%'Gn" = S«” (2) 

t' 

and 

GttiG-^W = Ser (3) 

where is unity if ^ and is zero otheiwise. These equations can 
be solved (usually numerically^) for the coefficients if the values 

of the Gt't" are given. 

^ In matrix language, the matrix is the inverse of the matrix G. But note that 
the number is not usually the reciprocal of the individual element 

* The numerical methods are fairly tedious for large values of N but are routine 
and often used. See, for example, H. A. Frazer, W. J, Duncan, and A. ft. Collar, 
**Elementary Matrices,’’ Macmillan, New York, 1946, 
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If the potential energy is expressed in the same internal coordinates 
so that 

2V = (4) 


the Fu' being the force constants, the vibrational problem leads to a 
secular equation 


Fn - (G-OiA Fii - (G-‘)i2X ... Fin 

Fii — (G“*)2iX jF’22 — (G~*)22X . . . Ftn 

Fnl - (G-l)»lX Fni - (G- 0 »*X ... Fnn 


((?-‘)i»x 

(G“*)*»X 


= 0 


(5) 


(G-‘)-nX 


Here X = 4jr*v* as usual and n is the number of internal coordinates, 
3 jy^ _ 0 (or 3iV^ — 5 for the linear case). This equation follows directly 
from the considerations of Sec. 2-6. Symbolically it can also be written 


as 

|F - G-'Xl - 0 


(6 


This form of the secular equation has the advantage of using force 
constants Fu' of direct physical significance in terms of bond dis¬ 
tances and angles, or interatomic distances). These force constants 
also appear directly in the elements of the equation and thus do not need 
any preliminary algebraic treatment before use. On the other hand, it is 
often inconvenient to have the unknown X appear off the principal 
diagonal (especially when numerical solution is employed) and the job of 
inverting the G matrix to get G"”^ is somewhat tedious. 

Another form of the secular equation can be obtained from the above 
by multiplying it through by the determinant of G; that is, by 


Gi2 • • • Gin 

jQ.j — ^21 G 22 • • • G2n 

Gnl Gn2 • • • Gnn 

using the known rules for the multiplication of determinants.^ This 


yields the equation 






^GitFti ~ X 

^2iFtl 

^GuFti ■ . . 

"SGuF 12 ~ X ... 

T^GitF tn 
^G^tF tn 

’= 0 

(7) 



S(?««Fh 

^ruFtn - X 



or symbolically 

IGF - EXj = 0 



(8) 


1 Which are the same as for the multiplication of matrices. 




Sec. 4-4] advanced methods op studying vibrations 65 

where E is the unit matrix. Because of the relation between the quan¬ 
tities Gtt* and given in (2) and (3), the off-diagonal X’s have been 

eliminated and the diagonal X^s have unit coefficients.^ Because 
both F and G are symmetrical (that is, = F^t), rows and columns in 
(8) can be interchanged to yield another form which can be written as 

|FG EX| - 0 (9) 

These forms of the secular equation have the advantage of not requir¬ 
ing the construction of the inverse G""^ Further, X occurs only on the 
diagonal. However, they are in general unsymmetrical, i.e., usually, 

^ F ^ ^ ^ 

Furthermore, the force constants Fa' do not enter the terms as simply as in 
the form (5). 

By multipbdng through the secular equation in form (7) by the deter¬ 
minant whose elements satisfy the equation^ 

( 10 ) 

e 

another form symbolically represented by 

iG - F-^Xl - 0 (11) 

can be constructed.^ This is usually simpler to obtain than (5) because 
the approximate potential functions often used may contain few off- 
diagonal elements (f.e., few force constants with t) and the 
problem of finding the numbers is in this case easier than that of 

getting the elements {G~^)w needed for (5). 

4-4, A Form of the Secular Equation Convenient for Machine Solution 

Another form of the secular equation^ is 


<r 

0 

0 

Fn 

Fu 

... Fin 

0 

cr 

... 0 

F 21 

F22 

... Fin 

0 

0 

... <r 

Fm 

F n 2 

V 

. . • * nn 

Gil 

Gi2 

. . . Gin 

a 

0 

... 0 

G21 

G22 

... G 2 n 

0 

a 

... 0 

Gnl 

Gn 2 

. . . Gnn 

0 

0 

... fT 


^ In matrix language (see Appendix V) GG“^ » E, whence 
|G|1F - G-iXl « IGF - EX| « 0 

* That is, the form a matrix reciprocal to the matrix F. 

* W. J. Taylor and K, S. Pitzer, J. Research NaU, Bur. Standards, 88: 1 (1947). 
^E. B. Wilson, Jr., J. Chem. Phys., 16; 736 (1947). 
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in which cr = 2 tv^ the are the force constants in terms of some set of 
coordinates and the Gttf are the coefficients described in Sec. 4-2, for the 
same coordinates: Usually, internal coordinates would be used. Sym¬ 
bolically, (1) could be written 


(tE 

G 


F 

crE 


- 0 


( 2 ) 


E being the unit matrix. 

This form of the secular equation has twice as many rows and columns 
as the usual forms. This is a very serious drawback for numerical solu¬ 
tion as is the fact that it is unsymmetrical, F appearing in one comer and 
G in the other. However, the fact that the force constants and the 
elements Gn' appear directly is an advantage. Furthermore, the unknown 
cr occurs only on the principal diagonal. In Sec. 9-10 an electrical 
machine will be described which can handle this form of the secular 
equation. 

The equation as written has 2n instead of n roots but actually these 
occur in pairs ±<r, that is, if +cr is a root, so is -~<r. This is proved by 
multiplying the first n rows and the last n columns of (1) by —I. The 
negative values are of course without physical meaning. 

To show that (1) is indeed equivalent to the other forms of the secular 
equation, such as Eq. (8), Sec. 4-3, multiply (1) by the same equation in 
which -~<T replaces +o’. The result can be written as 



FG - 

0 

= 0 

(3) 


0 

GF - <r=*E 

This factors into two equations 





|FG - 

1! 

o 


(4) 

and 

IGF - 

o 

!l 

b 


(o) 


which are identical with Eqs. (9) and (8), Sec. 4-3, since = X. 

Another way of deriving (1) is to start with the equations of motion in 
Hamiltonian form, using the result of the footnote to Sec. 4-2 that 


2T 



PiPe 


the P’s being momenta conjugate to the S’s. 
of motion 


Pi = 


Si 


Then Hamilton’s equations 

dJH 
dPt 


m 

dSt 


( 6 ) 
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become 


1 

II 

< 


(7) 

St GuPf 

w 


(8) 

since the Hamiltonian function is here 



H - r 4- V 


(9) 

Substitution of 



Si “ A f cos icft f) 


(10) 

and 



Ft — AJ sin {jyt -4- e) 


(11) 

leads to the 2n simultaneous equations 



4- y iiV/ir --- 0 (-1,2,.. 

w 

l' 

. , n 

(12) 

V Gu'A[f 4- crAt 0 f. = 1, 2, . . 

. ,n 

(13) 




The equation of compatibility of these 2n equations in the 2n unknowns 
At and At is the secular equation (1). Furthermore (12) and (13) 
together can be used to obtain the coefficients AJ and At, once a suitable 
value of <T is inserted. ^ There are still other forms of the secular equation, 
some of which may be useful for special purposes. For example, for solu¬ 
tion by the inductance-capacity electric network (Sec. 9-10), it is necessary 
(for practical reasons) to have the secular eciuation in a form which is 
symmetrical and has t he unknown occurring only on the principal diagonal 
and with unit coefficient. This is the form which Eq. (5), Sec. 4-3, would 
take if the internal coordinates used were mutually orthogonal and properly 
normalized, because then Details of the orthogonalization 

procedure are given in Sec. 9-2. 

Various other forms of the secular equation have been proposed and 
sometimes used. For them the reader is referred to the original papers.^ 

^ Actually the coefficients and At are not independent but are connected by the 
relation 

A', ^ -<r ^ (14) 

, 

See Appendix VIII. 

2 For example, see the following: 

O. Redlich, Z. physik. Chem., (B), 28: 371 (1935). 

O. Redlich and H. Tompa, J, Chem. Phys., 6; 529 (1937). 

E. B. Wilson, Jr., and B. L. Crawford, Jr., J. Chem. Phys., 6: 223 (1938). 
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4*6. Direct Expansion of the Sectdar Equation 

The form of the secular equation [Eq. (1), Sec. 4-4] is convenient to use 
ih showing how to get the secular equation in expanded form/ that is, in 
the form of an ordinary algebraic equation in the unknown quantity X. 
A determinant is expanded by forming the sum of all products, with 
proper signs, constructed by selecting one ana only one element from 
each row and column. One such product is obviously cr®”, made up of the 
elements on the principal diagonal. All other terms in the expansion are 
obtained by substituting for two or more of these <r^s one or more F«'^s and 
one or more Gt/s. Consider the terms in One of them is obtained 

by replacing the first or by Fn, say. Then the (n + l)st dr must be 
replaced by On in order to satisfy the rule that one and only one element 
from every row and column must appear. In this way, one builds the 
whole coefficient of namely, 

-^Gu'Ftr ( 1 ) 

In other words the coefficient of (or is obtained by sumlming 

(with minus sign) over all force constants each multiplied by the 
corresponding Gu>- 

One term in X”~^ (or is obtained by replacing the first and second 
<r^s by Fii and F 22 ] then Ohe must replace the {n + l)st and (n + 2)nd by 
Gn and G 22 or by Gn and Gn, Likewise F 12 and F 21 could have been used 
instead of Fn and F 22 . Generalization of this, including consideration of 
the rule for signs, shows that the whole term is 

Xn-2S(?<2)F<2) (2) 

whereis any two-rowed minor of |G| and is the corresponding two- 
rowed minor of |F|. The sum is over all such two-rowed minors. 

This can be carried further to give the rule for any term, namely, 

(~1)«X«“«S(?<«>F(^> (3) 

where denotes any s-rowed minor of the determinant of G, F/> is the 
corresponding s-rowed minor of |F|, and the sum is over all possible such 
s-ro-wed minors. In general, there will be [n\/{7i — s)!s!]2 s-rowed 
minors of F (oi* G) and therefore terms in the sum above. However, 
many will be duplicates because of the symmetry of F and G (they must 
be all counted, however) and often many wall be zero. 

It should be pointed out that by the above rule the constant term in 
the expansion, Le., the coeffident of X°, is 

|G||Fi 

z.e., the product of the determinant of G and the determinant of F. 

^ See E. B. Wilson, Jr., /. Chem, Phys., 7; 1047 (1939), where a different proof is given. 
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This method of expansion provides a very convenient way of handling 
the secular equation when n is small, say not over four or five. The 
number of minors which have to be evaluated rises very rapidly with n, 
however, so that the labor and danger of error soon become impractically 
great. 

A Modification, It will be seen that every term in the expanded 
secular equation contains a factor of degree s in the reciprocal masses as 
well as and a factor depending on the molecular geometry. It is 
convenient to extend the analysis further so as to have a system for 
calculating the geometric factors separately. If one defines the 
quantities 

= Sta • (4) 

then Eq. (3), Sec. 4-2, yields the expression 


or, in matrix form 



(5) 

( 6 ) 


Furthermore, any s-rowed minor of 1G| can be written as 


Gtt Git' • ■ ■ 

Gi’i Gi'i' • • • 

II 

Hifp • • • 

Hfi^ ■ ■ ■ 


1 a,a' • • - 1 



(7) 


from the properties of determinants. Here the sum is over all sets of a^s 
including permutations thereof. 


4”6. An Example: The Nonlinear Triatomic Molecule 

The G elements have been worked out in Sec. 4-2 for the case of the 
nonlinear molecule 1, 3, 2 shown in Fig. 4-6. These can therefore be 
used to give the expanded form of the secular equation for this molecule. 
The G matrix elements of Eq. (6), Sec. 4-2, give the result below 


Ml + Ms 

Hz cos 0 

fi3 COS 4> 

M* + /<8 


(It sin 4t 

rtt 

Ms Bin 0 

rti 


M 3 sin 

fiisax 0 

T A 

^ -i. 1 

+ Ms i -r + •'T ■ 

2 cos 4>\ 

rn 

^31 

•Z\ '32 


TziTz2 / 
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From this one writes for the matrices etc., the following 



1 

0 

0 1 


0 

0 

0 1 

H”> = 

0 

0 

0 ! 
-ill 

jiii) = 

0 

1 

0 i 
1 

^32 


0 

0 


0 

0 


where 


H(^) 


1 

C 


c 

1 


Tzt 


+ ^§2 2ryir32 cos 4> 


rz2 

S 


^81 


rn 


( 2 ) 


(3) 


the square of .the distance 1/2 and C — cos <p, S — sin <i>. 

To simplify the example, a valenc'e-type potential function witiumt 
interaction teiTns will be used, ns,, 


2F - Fu^i Fo,8l 4- F,,Sl (4) 

where 5i - Ar;u, 8^ ^ Ara 2 , and Sz ^ The determinant of the force 
coustaiits is therefore^ 

\Fn 0 0 ; 

|F| - I 0 F,, 0 I (5) 

! 0 0 F,,\ 

and because of the zeros many of its minors will he zero. By taking Qiwh 
of the nonzero minors of jF| and construetiiig the appropriate minors of 
iGi, Eq. (3), Sec. 4-5, gives the expanded secular equation. The result 
is given in tabuiai form in Talile 4-L 

In the table the entries are the coefficients of the mass factors above the 
entry and of the force constant factor on tiie left for the X factor indi- 
cated. The sum of all these terms equated to zero is the final equation. 
If a more general type of potential function were used, additional minors 
of jFj would have been nonvanishing and would therefore have brought in 
additional terms. Furthermore, the minors of jFj used above would have 
had additional terms. 

This example illustrates the need for great care and system in writing 
down the terms to be sure that all are (*,orrectly included. Thus the 
coefficient of X^'FiiF 22 F 3 smiM 2 M 5 the sum of three contributions, cor¬ 
responding to the six possible terms of Eq. (7), Sec. 4-5, namely 123, 213, 
132, 231, 312, and 321. Three of these (213. 231, and 312; give zero 
contributions because of the columns of zeros in and 
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By setting up the secular equation in cartesian coordinates, one sees 
that in general a reciprocal mass Ma for a given atom could never occur to a 
power higher than 3 and that in the present case where the atoms are 
limited to motions in a plane is the highest power for any atom. With 
these general rules in mind the zeros under juf, /xf, and nl in Table 4-1 
would have been obvious without calculation. 


T,4bi.e 4-1. Expanded Seoulak Equation 


Term in 




1 


Terms in 

■ 

X*: 


M2 H 


fu 




\ 0 1 






0 1 1 


Fu 




A A 

^31 ^32 ^ 31^32 


Terms in X 






Ml 




M 3 Mi 

FilF 42 

0 

(1 


1 1 

1 

F 23F u 

0 

1 

rlt - 


1 



Ai^'a2 

A. 

F zzF 11 

1 

0 


1 1 r; 

12 "t ^32 

^31 



^ 31^82 

Terras in 







/ 

A M2 

Ms M?M2 

M2MI M?M 3 « 2 M 3 


F iiF %2.F z'h 

1 

/ 

0 0 

0 1. 

Ai 

1 1 1 










At 

^12 

All 4- rf, + r^j) 



\ 

rlAt 


r'lin. 



In Chap. 9, further illustrations of the expansion of secular equation 
are given. 

4-7. Determination of Normal Coordinates 

So far emphasis has been placed on the calculation of the normal fre¬ 
quencies of vibration rather than the normal modes or normal coordi¬ 
nates. In some problems, for example in the study of infrared and 
Raman intensities (Sec. 7-9), it is necessary to know the coefficients of 
the transformation from some set of known coordinates, such as internal 






MOLECULAR VIBRATIONS 


72 


[Sec. 4-7 


coordinates, St, to normal coordinates Qk- These can be found with any 
of the schenaes (Inscribed in Sec, 4-3 or 4-4, as ‘will be shown below. 

The secular equation always arises as the condition of compatibility for 
a set of simultaneous, homogeneous, linear algebraic equations (see, for 
example, Sec. 2-2). The coefficients of the unknowns in these equations 
form the elements of the secular equation. The unknowns themselves 
are either the desired amplitudes of the internal coordinates in the normal 
modes or are related to them. 

Consider first the case which leads to the secular equation [Eq. (6), 
Sec. 4-3], 

|F G~^X| - 0 


The kinetic and potential energies which gave rise to this equation were 
shown in Sec. 4-3 to have the forms 


2T = 2 (1) 

tt' 

2F = y Fu'SiSf (2) 

Application of Newton^s equations of motion in the Lagrange form and 
substitution of a trial periodic solution of the form 

St — At cos + €) (3) 

leads, as in Sec. 2-2, to the following set of conditions on the Ats: 

[Fn - ((7-^)nX]Ax + [F^2 - {G~^)i 2 X]A 2 + * * “ 

+ [-^In (G“0lnX]An = 0 
[7^21 — (^“OaiXjAi -f- [F 22 (G~^)22X]A2 + • • ♦ 

+ [7^2n — ((?“'02nX]An ~ 0 (4) 


f^nl — (G ^)nlX]Ai + [7^n2 — (G ^)n2X]A2 + * • * 

+ [Fnn - (G~%n\]An = 0 

If a value of X has been obtained, these equations may be solved for the 
amplitudes At, or rather for their ratios, since the equations are homo¬ 
geneous. As shown in Sec. 2-4, these amplitudes are also, except for a 
constant undetermined factor Kk, the coefficients connecting the internal 
coordinates St and the normal coordinates For each root \k of the 
secular equation, there will be a set of solutions for the amplitudes A<. 
Therefore, a second subscript k can be added to A« to distinguish these 
solutions. Consequently, one can write 
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The normalizing factor %k can be found by using the fact that this expres¬ 
sion fdr St must lead to a potential energy, in terms of the normal coordi¬ 
nates Qkf of the form 

2F = V X*Q| (6) 

T 

so that from the substitution of (5) in (2), 

m,iyFuA,,A,,.^\k (t) 

The solution of the simultaneous equations (4) and the normalization of 
the resulting amplitudes Atk by means of (7) therefore yield both the 
normal models of motion and the relation between the internal coordinates 
St and the normal coordinates Qk- It must be ehaphasized that this rela¬ 
tion is seldom orthogonal so that if the inverse transformation is desired, 
giving Qk in terms of the /S<'s, it is necessary to solve^ the equations (5) as 
n equations in the n unknowns Q*. 

Equatio7i8 in GF qt FG form. It is more usual not to evaluate the ele¬ 
ments but to use the secular equation in some other form, for 

example, the form given in Eq. (8), Sec. 4-3: 

IGF -- EX| - 0 (8) 

The homogeneous equations (4) for the amplitudes Aty ot for thU normal¬ 
ized amplitudes L«, can be transformed, by multiplication of the ^'th 
equation by addition of all the resulting equations, and use oif the 
property that [see Eq. (3), Sec. 4-3] 

^ (9) 

t* 

into the form 

— X)Li + ('EGit'Ft*2)L2 -f- • • • + (^Gu'Ft'n)Ln — 0 
('S 62 t'Ft'i)Li + (EG2t'Ft'2 ^ X)L2 + • • • -f* (^2tFi'n)Ln =* 0 


(EGntFt^l)L, + (EGntF,2)L2 + • ‘ * + (EGruFt^n - \)Ln « 0 

These equations, for a given value of X which sMisfies (8), say X;fc, can be 
compactly written in symbolic or matrix notation as 

(GF - EXib)fcjfc = 0 (11) 

where L* is the fcth column of the matrix \\Ltk\\ == L and 0 is a zero matrix 
of n rows and one column. Solution of thei=ie equations for the normalized 

^ This is equivalent to finding the reciprocal of the matrix formed by the coefficients 
in (5). 
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htk can then hi} carried out as befiw. The results should be the same, 
out by using (il) instead of (5), the quantities Gu , instead of are 

employed. 

If the inverse transfoiTnatioii from St to Qk is desired, it is possible to 
get it directly by solving the equations 

(FG E\k)(L-%^ - 0 (12} 

or, written out, 

(^FuGfi - r (XFuGe2)(Tr^)k2 + — 

+ {2Fu€e^)(L-%n - 0 

i^F2Aft'i)iL^^)ki + {^F2tGt'2 — \k)(Iy^^)k2 + ' 

-4“ (Xt 2*Gf^n)iL~^^)kr ^ 0 (13) 

{XFnt^ei)(L~~^)k\ d" iXF^Art'2){L'~^)k’2 * 

iXFnAhn - W(L~hkn - 0 

The proof ol this result is most easily given in matrix language and is 
found in Appendix VIII. Ihe resulting transformation coeiReionts raij 
be nortnaiUMnl b^ the procedure shown in Appendix VTIl. It should 1 e 
noted that, because of the symiiietdy of F and 6, indi\ddualiy the coeffi¬ 
cients of the unknowns in (13j are the same numbers as appear in 

(10), if one simply interchanges rows for columns in (10). 

The F and G Form, The form of the secular equation described in 
Sec. 4-4 also arises from a set of equations [Eqs. (12) and (13), Sec. 4 4] 
whose solution gives the normal modes. The coefficients At are the 
same quantities defined above in (4). It will be noted that there are 2n 
equations [Eqs. (12) and (13), Sec. 4-4] instead of -n and that there are 2n 
amplitudes, the A/s and the A'/s. As stated in the footnote to Sec. 4-4, 
these quantities are connected. The amplitudes A[ are proportional to 
the coefficients m the inverse transformation from internal coordinates to 
normal coordinates (see Appendix VIII). If the resistance-type machine 
(Se^, 9-10), is used to solve the secular equation, the amplitudes At (and 
also AJ) will be obtained as by-products, 

4-8. Approximate Separation of High and Low Frequencies. ’^ 

In rnanj^ molecules there will be some fundamental frequencies of 
vibration much higher than the rest. Hydrocarbons provide an illustra¬ 
tion since these will have modes of vibration in which the hydrogen atoms 
vibrate along the direction of the CH bonds without much other motion 
in the molecule. Because of tne small mass of the nydrogen atom these 
modes will have frequencies considerably higher than the other modes. 

1 B. L. Crawford, Jr,, and J. T. Edsali, J. Cheri, Phys., 7: 223 (1939). 

E. B, Wihoa Jr., X Chem, Phys,, 7; 1047 (1939); 9; 76 (1941). 
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Under these circumstances, it is possible to reduce the degree of the 
secular equation by the number of such frequencies and have left an 
equation of lower degree which gives good approximations for the lower 
frequencies. 

One way of carrying out this approximation is to set the force constants 
mainly responsible for the high frequencies equal to infinity. (In the 
example of the hydrocarbons these would be the force constants for the 
stretching of the CH bonds.) This is equivalent to preventing any 
change in the corresponding coordinate. Therefore one could merely 
drop these coordinates out of the expressions for the kinetic and potential 
energies, Eqs. (1) and (4), Sec. 4-3. If the secular equation in the form of 
Eq. (6), Sec. 4-3, 

IF - G-“^X| - 0 (1) 

is used, one simply drops out the appropriate rows and columns and solves 
the equation which is left for the low frequencies. It is similarly easy to 
make this approximation when the secular equation is written in the 
expanded form of Sec. 4-5. 

When the forms of the secular equation which use G instead of G”^ 
are desired (Sec. 4-3), further considerations enter. What is needed is 
the reciprocal of that part of G which remains after dropping out the 
appropriate rows and columns. Appendix IX shows that one should 
drop the appropriate rows and columns from F, and use, instead of the 
elements Gw, the smaller set G% where 

G%, =Gw - (2) 

sa' 

where the subscript 5 covers the coordinates to be held rigid while the 
elements satisfy the equation^ 

^ Xgg*Gg*g*' — Bgg*' ( 3 ) 

a' 

If there is only one coordinate S, to be dropped out, X„ = 1 /G„ and the 
sum in (2) reduces to a single term. 

This approximation is an excellent one when carbon-hydrogen stretch¬ 
ing vibrations (which occur at about 3,000 cm~‘) are the ones eliminated 
and all the other frequencies are below 2,000 cm“*. Since this treatment 
is equivalent to applying a constraint to the vibrations, it can be shown 
that the frequencies calculated in this way will always be higher than the 
exact solutions.^ In some cases, this separation of the high frequencies 

‘ In other words X is the matrix reciprocal to the matrix containing only 

the rows and columns for the coordinates to be held fixed. 

* E. T. Whittaker, “Analytical Dynamics,” Cambridge, New Yorkj 1937. 
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can i)e used to break the problem down to individual frequencies as a 
good first approximation. 

Similarly, the higher frequencies can be approximately calculated by 
setting certain force constants equal to zero, namely, those wliich govern 
the low frequencies. If tlie form 


IFG ™ EX| - 0 (4) 

oi the secular equation is employed, the effect of setting certain force 
constants equal to zero can be actiieved by merely leaving out the rows 
and columns of F and G* corresponding to the coordinates whose diagonal 
force constants vscds’n This follows from ♦he expanded form of the 
secular equation diBcussed hs Hec. 4-5. If, say, two rows and columns of 
F vanish, the constant terra in will vanish in the expanded equation, by 
the rule oi Eq (3;, Sec, 4 5. Therefore two zero roots can be factored 
out and the remaining erms will r>e just those wEich would have been 
obtained if the given rr 'Ct.: coiunins had never been used in F and G. 



CHAPTER 5 


SYMMETRY CONSIDERATIONS 


Many common molecules, for example, water, ammonia, methane, 
etc., possess some symmetry. In calculating the normal modes and fre¬ 
quencies of vibration, symmetry considerations can reduce enormously 
the labor of the calculations. In addition, without any other information 
whatsoever, the symmetry and geometry of a molecular model can be 
used to determine the number of fundamental frequencies, their degen¬ 
eracies, the selection rules for the infrared and Raman spectra, the 
degrees of the factors of the secular equation, the number of independent 
constants in the quadratic part of the potential energy function, the 
splitting of overtone levels, the possibility of perturbations due to 
resonance, the nature of the rotational structure of the infrared bands, 
the polarization properties of the Raman lines, and other useful informa¬ 
tion. It is, therefore, of great importance to master the simple technique 
which enables this information to be obtained most easily. The theorems 
on which this method depends are not as easy as the method itself, so 
that many of them have been put in Appendixes X and XI. The reader 
who desires to study the subject more thoroughly should consult some 
of the standard treatments of group theory.^ 

1 A few of these are: 

E. Wigner, “Gruppentheorie,*' Vieweg, Brunswick, 1931. (Reprinted Edwards, 
Ann Arbor, Mich., 1944.) 

S. Bhagavantam and T. Venkatarayudu, ^‘Theory of Groups and Its Application 
to Physical Problems,” 2d ed., Andhra University, Waltair, India, 1951. 

A. Speiser, ^^Die Theorie der Gruppen von endlicher Ordnung,” Springer, Berlin, 
1927. (Reprinted Dover, New York, 1945.) 

F. D. Murnaghan, “The Theory of Group Representa'tions,” Johns Hopkins Press, 
Baltimore, 1938. 

I. Schur, “Die algebraischen Grundlagen der Darstellungstheorie der Gruppen,” 
Frey and Kratz, Zurich, 1936. 

D. E. Littlewood, “The Theory of Group Characters and Matrix Representations 
of Groups,” Oxford, New York and London, 1940. 

H. Weyl, “The Classical Groups; Their Invariants and Representations,” Univer¬ 
sity Press, Princeton, 1939. 

Discussions of the application of group theory to the treatment of molecular vibra¬ 
tions may be found in the following: 

J. E. Rosenthal and G. M. Murphy, Revs. Mod. Phys.j 8: 317 (1936). 

E. Wigner, Nachr. Ges. Wiss. G^iiingen^ p. 133 (1930). 
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6-1. The S 3 rmmetry of Molecules 

It is first necessary to have a definite method of classif3ring and describ¬ 
ing the symmetry of a given molecule. The method which is used will 
be introduced by the discussion of an example—ammonia. This mole¬ 
cule has the shape of a regular triangular pyramid, the nitrogen atom 
occupying the apex and the three equivalent hydrogen atoms being 
located at the corners of the equilateral triangle which forms the base. 
If the molecule is rotated^ by 120° about the axis passing through the 
apex and the center of the base, it assumes a position indistinguishable 
from its original position, unless some kind of distinguishing label is 
attached to the hydrogen atoms. This illustrates the concept of equiv¬ 
alent configurations; two or more configurations of a molecule are said to 
be equivalent if they are indistinguishable when atoms of the same kind 
are considered to be indistinguishable. It is evident that the rotation 
described above carries the NHs molecule into a configuration equivalent 
to its initial configuration, since an observer who had seen the molecule 
only before and after the rotation could not tell whether or not the mole¬ 
cule had been moved. 

A second rotation of 120° brings the molecule to another position 
equivalent to the other two, so that there are three equivalent configura¬ 
tions related by rotations about the axis through the apex and the center 
of the base. Such an axis is one illustration of a symmetry element As 
will be shown, the symmetry of a molecule is best described by listing 
the symmetry elements it possesses. 

The particular symmetry element described above is called a threefold 
proper axis of symmetry^ or merely a threefold axis. Molecules may also 
possess twofold axes (example H 2 O), fourfold axes, etc. In general, a 
molecule with an n-fold axis possesses n equivalent positions obtainable 
one from the other by rotations about this axis. Crystals can possess 
only 2-, 3~, 4-, and 6-fold axes, but in molecules the value of n is not 
limited to these values; 5-fold, 7-fold, and higher axes are piesumably 
rare. 

The operation of rotating a molecule about an axis from one equivalent 
position to another is an illustration of a symmetry operation^ which is 
to be carefully distinguished from a symmetry element^ the latter in this 
case being the axis of rotation. 

Another possible symmetry element is the plane of symmetry, the 
corresponding symmetry operation being reflection of the molecule 
through the plane. The H 2 O molecule possesses two planes of symmetry 
(Fig. 6-i), one the plane of the molecule itself, the other the plane per- 

^ Three-dimensional models are very helpful in following many of the arguments of 
this chapter. 
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pendicular to the plane of the molecule and passing through the oxygen 
and the mid-point of the line joining the hydrogens. 

A third possible symmetry element is the center of symmetry. If there 
exists a point within the molecule such that for every atom a straight 
line can be drawn through the point connecting this atom with an equiv- 
atent atom at an equal distance from the point, then this point is called 
a center of symmetry. Carbon dioxide (OCO, linear), benzene (plane 
hexagon), ethylene, and SFe (octahedral) each possesses a center of sym¬ 
metry on the basis of the present view of its structure. Methane, 
although it has a carbon atom at the center of gravity of the molecule, 
does not possess a center of symmetry. Mole¬ 
cules which do possess a center of symmetry may 
have an atom at the center (SFe) or they may 
not (benzene). 

There remains one more type of symmetry 
element, called an alternating axis of symmetry 
best illustrated by an example. If a methane 
molecule (Fig. 5-2) is oriented so that two 
hydrogen atoms are in one horizontal plane 
and the other two hydrogen atoms are in 
another, lower, horizontal plane, then there 
exists a vertical fourfold alternating axis of 
symmetry through the carbon atom. If the 
molecule is rotated one quarter of a revolution 
about the axis and then reflected through a plane 
passing through the carbon atom and perpendicular to the axis, it will 
attain a position equivalent to the original position. In general, an 
n-fold alternating axis is an axis with which are associated n equivalent 
positions of the molecule so related that the molecule can be shifted from 
one position to the next by a rotation of 2ir/n about the axis, followed 
by a reflection through a plane perpendicular to the axis. An alternating 
axis of even order implies the presence of an ordinary rotation axis 
of half that order, and one of odd order implies the presence of an ordi¬ 
nary rotation axis of the same order. A molecule with an alternating 
axis does not necessarily possess a plane of symmetry perpendicular 
to the alternating axis, an illustration being methane (Fig. 5-2). Another 
molecule which possesses a 4-fold alternating axis is allene (CHjj—C= 
CH 2 ), if the model based on the tetrahedral carbon atom is accepted. 
Benzene possesses a 6-fcld alternating axis^. which illustrates the fact 

^ This is also called a rotary-reflection axis, or an improper axis. In some applioa- 
tiors, notably E. Wigner, Ges. Wiss, Gottingen, p. 133 (1930), a different definition is 
used in which the molecule is first rotated and then inverted through a center, rather 
fchan reflected in a plane. The two definitions are closely related. 



Fia. 5-17 The planes of 
symmetry possessed by 
the water molecule. 
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that a molecule possessing a plane of symmetry perpendicular to an 
n-fold alternating axis also possesses an ordinary n-fold axis. 

These symmetry elements are given symbols, Cn in referring to an 
71-fold rotation axis, a to a, plane of symmetry, i to a center of symmetry, 
and Sn to an n-fold alternating axis. Closely related symbols are used 
for the symmetry operations as distinct from the symmetry elements. 

Thus CJ means a rotation by 27rfc/n about an 
n-fold rotation axis. <r is the symbol for a 
reflection through a plane of symmetry as well 
as for the plane itself. Likewise i is used for 
both the operation of inversion through a center 
of symmetry and for the center itself. refers 
to the operation in which k successive rotations 
of 27r/n about an alternating axis are carried 
out, each rotation being followed by a reflection 
in the plane perpendicular to the axis. If k is 
even, /SJ is equivalent to (7*. Another symbol, 
jB, is used for the trivial operation of leaving a 
molecule in its original position. It is called 
the identity operation. 

Methane is a good molecule to use as an 
illustration of the concepts of this section. It 
possesses the following elements of symmetry: 
four threefold axes of rotation along the CH 
bonds, three twofold rotation axes bisecting the 
pairs of CH bonds, six planes of symmetry and 
three four-fold alternating axes. These ele¬ 
ments generate twenty-four different symmetry 
operations: E, ((7|)^ CIS (Cp)S Q", (Q")S 
CVy iCV)\ C 2 , C' 2 , C|', (tS (r“, (r»S (T^S S 4 , 
Sly Sly (/S^S S'/y ( 84 )^. Primos and Roman 
superscripts distinguish operations generated 
by different elements of the same kind. Operations such as which 
equal other operations included in the list (in*this case C 2 ) are omitted. 
Other molecules which may be used as illustrations by the reader are 
SFe, C2H4, CeHe, CsHe (cyclopropane). 



Fig. 5-2. Alternating axis 
of symmetry: illustrated 
by an S 4 axis of methane. 
The arrows show the path 
of one of the hydrogen 
atoms for the operation 
described as rotating 
about the vertical axis, 
by 2^/4, then reflect¬ 
ing through the horizontal 
plane containing the car¬ 
bon atom. 


6-2. Groups of Symmetry Operations 

When a molecule is subjected to two symmetry operations in succes¬ 
sion, it reaches a position which could have been obtained by the use 
of some one symmetry operation. For example, if a carbonate ion (plane 
model) is reflected through the plane of symmetry €r!J (the subscript v 
indicating that the plane is vertical, i.e., parallel to Cn) and then rotated 
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counterclockwise a third of a revolution (Q) it reaches a position obtain¬ 
able in one step by reflection in the plane of symmetry (ri (see Fig^ 5-3). 
This statement can be written symbolically by the relation Cl<r'J = 
The operation which is equivalent to the successive application of two 
or more symmetry operations is called the product of those operations. 
The analogy between algebraic products and products of symmetry oper- 



Fig. 5-3. Illustration of a product of symmetry operations, CsV,,", for the carbonate 
ion. 


ations is complete except for one point—the order in which symmetry 
operations are applied is usually important. Thus, in the exarnple just 
given = (ri, but (ri'CJ = <Tv (see Fig. 5-4). The convention will be 
adopted that the last operation to be applied is written to the left in the 
expression for a product. Another convention employed in this chapter 
is that in labeling symmetry operations and symmetry elements^ they will 
be regarded as fixed in space. Thus, in 
Fig. 5-3, (j'f interchanges the atoms 1 and 
2 in the first application but if applied to 
the molecule after C\ it would exchange 3 
and 1, as in Fig. 5-4. 

It is evident that for every symmetry 
operation possessed by a molecule there is 
some operation, either the same one or a 
different one, which undoes the work of the 
first. That is, if an operation R changes 
a molecule from the position I to the 
position II, then there is an operation 
which shifts the molecule from II to I. Such an operation is called the 
inverse of the original operation and is written as R~'^. Symbolically, 
R’-^R = JB, since the symbol E represents the identity operation, which 
leaves the molecule unaltered. Since also, RR^^ = R'^^R. 

In the example of the carbonate ion, the inverse of C\Sb C|, while the 
inverse of <Tv is itself. 

The set of symmetry operations possessed by a molecule forms an 
example of what is known to mathematicians as a group, A group of 
operations is defined as a set of operations with the following properties: 
(a) The product of two or more operations is defined in such a way as to 


3 1 



flTy ' O'*, Ol’ 

Fig. 5^4. Example showing that 
the products of symmetry oper¬ 
ations may depend upon the 
order of application of the oper¬ 
ations, 7^ CaVr", for the 

carbonate ion (see Fig. 5-3). 
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obey the associative law of multiplication, (b) The product of two or 
more operations of the set is equivalent to some member of the set. (c) 
The set pos.sesses an identity operation, (d) Every operation possesses 
an inverse which is a member of the set. It is evident that the set of all 
the symmetry operations of a molecule, including the identity operation 
E, satisfies the above requirements. The operations of a group are not 
restricted, however, to symmetry operations. Thus, in Chap. 6 groups 
will occur which consist of permutations. 


5-3. The Symmetry Point Groups 

One of tdie advantages of the method described in this chapter is that 
it cna'oles the symmetry of the hundreds of thou.sands of possible mole¬ 
cules to be classified in a small number of groups, according to the number 
and natuifc of the symmetry elements. These groups are called the 
symmetry point groups because they are composed of symmetry opera¬ 
tions which form a group in the mathematical sense and because some 
point b) the molecule is not altered by any of the operations.' 

The simplest point group^ is that to which molecules wdth no symmetry 
whatever belong. It consists of but one operation, the identity E. The 
symbol for this trivial group i.s Ci. It wdll be noted that the symbols 
for the point groups are closely similar to those for the symmetry opera¬ 
tions To prevent confusion, distinctive script type will be used for 
Ihe group symbols. A more important group is one made up of the n 
operations associated with an n-fold rotational axis C„; that is, the opera¬ 
tions E, Ci, C'i, Such a group is given the symbol C„ (see 

Figs. 5-5 and 5-6). As previously remarked, there is no limit to the pos¬ 
sible values of n for molecules, in contradistinction to the case of crystals, 
where only n = 1, 2, 3, 4, and 6 are pos.sible. However, there are very 
few' molecules with n = 5, 7, or higher. 

Another group is one differing from e„ only in the presence of n two¬ 
fold axes at right angles to the principal symmetry axis Cn. Such a 
group is called the group £)„. 5)2, which has three equivalent twofold 

axes at right angles to each other, is usually called 1). If in addition 
there is added a plane <Th at right angles to (\, a new group SDn* is produced 

^ In studying crystals, another kind of symmetry group is often used, called a space 
group. This includes operations which translate the whole crystal in one direction. 
Point groups are also important in crystal studies, the thirty-two crystal classes being 
the thirty-two possible point groups for crystals. 

* For longer discussions of the material in this section, see A. M. Schoenflies, 
‘‘Theorie der Kristallstruktur,’’ Borntraeger, Berlin, 1923; P. Niggii, '"Geometrische 
Kristallographie des Diskontinuums,” Borntraeger, Berlin, 1919; the article by P. P. 
Ewald in the “Handbuch der Physik,’’ Vol. 24, p. 191; F. Seitz, Z. Kristy (A) 88 : 433 
(1934); J. E. Rosenthal and G. M. Murphy, Revs. Mod, Phys.^ 8: 317 (1936). 
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(the subscript h on <t indicates that the plane is horizontal, t.e., perpen¬ 
dicular to Cn). However, <rh cannot be introduced without bringing the 
alternating axis Sn with it, since (thC^ = == C^<Th hi this case) for 

k odd; n vertical planes of symmetry <rv through Cn also appear. The 
special case when n == 2, 5 ) 2 ^, is called *0^. The symbols and *0 come 
from the German Diedergruppe and Vierergruppe, respectively. 



Fig. 5-5. The symmetry elements of some groups containing a threefold axis of S 3 rm- 
metry. Compare these figures with the corresponding parts of Fig. 5-6. 


Starting again with the group Cn, one may add the plane perpen¬ 
dicular to the axis Cn. This generates also the alternating axis Sn- The 
resulting group is given the symbol Cn^. ^ih, the special case in which 
n == 1, consists of the identity E and the plane (th and is usually called 
e,. Another group derived from Cn is Cnt,, which consists of the axis 
Cn plus n vertical planes of symmetry through the axis. The ammonia 
molecule belongs to the group Cs*. 


84 
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§„ denotes the group with the elements E, S^, SI, .. . , Only 

when n is even are these groups new, since g„ = Gnh if n is odd. When 
n = 2, $2 — Gi, a group with the two operations E and >S| = i. 

Another series of groups arises when to S)„ is added a set of vertical 
planes o-d through the axis (7r. bisecting the angles between the twofold 



Fig. 5-6. The effect of the group operations on a representative point in geometrical 
figures possessing symmetries corresponding to point groups derived from a threefold 
proper axis of symmetry. The symbol labeling each point designates the operation 
which carries the point E to that position. Compare with Fig. 5-5 to identify the 
symmetry dements, 

axes. The symbol for such a group is the subscript d deuoting that 
the planes are diagonal. When n = 2 , this group is called Aliene 
is presumably an illustration of the group Vd, since it probably has the 
symmetry operations E, 84 , C 2 , ^ 4 , C'g, era, and o-^. is illustrated 
b}^ the model of ethane in which the two methyl groups are turned about 
the carbon-carbon bond so that they make an angle of 60'^' with one 
another; i.e., the staggered” configuration. 
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The remaining seA^en possible point groups do not fit into a series. 
They are 3, 3d, 3;,, 0, 0/„ and The group 3 contains all the rotation 
axes which are possessed by a regular tetrahedron, while 3d contains the 
planes, etc., of a regular tetrahedron as well. The operations of 3d have 
already been listed in connection Avith methane. In a similar manner 0 
contains the rotations and 0;^ all the elements possessed by a cube. The 
other groups 3;^, and are not very important but are described in 
Appendix X. Detailed information on all the point groups is also con¬ 
tained in Appendix X. 

To summarize this s ctiori: Every molecule may be assigned to one 
of the point groups Cn, ^nh, ^nh) ^nvj ^ 

These point groups consist of certain definite symmetry operations (hav¬ 
ing a certain definite arrangement in space) and no other symmetry point 
groups are possible using the operations described. 

6-4. Symmetrically Equivalent Atoms and Subgroups 

Once the over-all symmetry of a given molecule is determined, it is 
easy to classify the atoms constituting the molecule into symmetrically 
equivalent sets. The atoms equivalent to any arbitrarily selected atom 
are all the atoms into vrhich the given atom can be sent by operations 
of the symmetry group. All atoms of a symmetrically equivalent set 
are of course of the same chemical species, but it does not follow that 
all atoms of a given species fall into a single set. In ethane, the two 
carbon atoms constitute one set, the six hydrogen atoms a second set; 
cn the other hand, in propane, assuming a bonded chain of the form 
H—C—C—C—H to be in a plane (Cgt, symmetry) there are five sets of 
symmetrically equivalent atoms composed of one carbon (the central 
one), two carbons (the end chain atoms), cwo hydrogens (lying in the 
same plane as the carbons), four hydrogens (bonded to the end chain 
carbon atoms), and two hydrogens (bonded to the central carbon). 

It is clear that the number of atoms in a symmetrically equivalent 
set cannot exceed the order (i.c., the number of operations) of the group 
of over-all symmetry; the number may, however, be less than the order 
of the group, since it is possible that more than one symmetry operation 
may send a given initial atom, into the same final atom. A trivial exam¬ 
ple of such a set is the single carbon atom of methane which is sent into 
itself by all twenty-four operations of the group 3^. For any sym¬ 
metrically equivalent set, the collection of operations from the over-all 
symmetry group Q which send a given atom into itself constitute a sub¬ 
group of 9 which will be designated by the symbol 3C in the following 
discussion; this is easily seen in terms of the four group postulates, which 
are satisfied by any collection of operations having in common the prop¬ 
erty that they leave a given atom invariant. Suppose now that 3C does 
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not contain every operation of g; then there necessarily exists another 
atom equivalent to the arbitrarily chosen one. Let be some element 
of 9 which sends atom 1 into atom 2. Then the set of group operations, 
will also send atom 1 into atom 2, since each operation of leaves 
atom 1 fixed, and the subsequent transformation by R 2 sends 1 into 2. 
Every member of the set R^SK^ is distinct, i,e., there are as many opera¬ 
tions in R^ as in 5C = for if one supposes the contrary, then 

R2R[ = R 2 R 1 ( 1 ) 

with 

R[ 9 ^ R[' (2) 

(fl'i and Ri distinct members of 5C) leads immediately to a contradiction, 

since multiplication of (1) on the left by R^^ gives R[ == R^. More¬ 
over, no group operation outside the set R 23 C can send atom 1 into atom 2. 
Suppose, on the contrary, that R 2 is such an operation. Then the set 
{R 2 )~^{R 2 ^) sends atom 1 into itself and must, by definition, be equiv¬ 
alent to 3C : 

{R'2)~'^Rt^ = 5C (3) 

so that, multiplying on the left by flg, 

R^ = (4) 


which establishes a contradiction. 

This sort of argument may be extended to include the operations 
which send atom 1 into each of its other equivalent atoms, z.c., until the 
operations of g are exhausted. One may then formally express the 
operations of g by the sum 

g = Ri3C R 2 SQ -|- • • • 4" Rn^ (5) 

Since each term in the sum represents a collection of h group operations,^ 
it is clear that 

nh == g (6) 

i,e,y that the number of atoms in a symmetrically equivalent set is 
always a divisor of the order of the group, since g and h are integers. 

Several examples will now be given to illustrate the subgroup associ¬ 
ated with each symmetrically equivalent set of atoms in a molecule. 
For ethane (the staggered configuration), g = 3 ) 3 ^; the subgroup associ¬ 
ated with the carbon atoms is3C = (5zv since the following operations of 

^ Small italic letters corresponding to the group symbols will be used to designate 
the order of the group.. 
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SDsd send one of the carbons into itself: JS, Q, C|, <r„, The values 

n == 2, A = 6, and ^ = 12 clearly satisfy (6). For the hydrogen atoms 
of ethane on the other hand, the appropriated is 6^, since a given member 
of the set is sent into itself by E and o-t,. For methane, Q — (g = 24); 
the d associated with the single carbon atom is 3d, whereas the d corre¬ 
sponding to the symmetrically equivalent set of four hydrogen atoms is 

e3^,. 

In group theoretical language, the collections of operations iZ.d of 
(5), for i > 1, are called the cosets of g determined by the subgroup 
d = iSid. In summary of this section, it is to be noted that the atoms 
of any molecule may be classified in symmetrically equivalent sets, each 
of which is associated with some subgroup d (which may in extreme 
cases be either g itself or consist merely of the identity element) which 
is determined by those symmetry operations which send an arbitrarily 
chosen atom of the given set into itself,^ 

Figure 5-6, Sec. 5-3, provides further illustrations of these concepts. 
Taking the group as an example, the largest possible set of equivalent 
atoms, for which d consists of the identity only, is seen to be one dis¬ 
tributed exactly like the labels giving the names of the twelve symmetry 
operations. On the other hand, another possible set, consisting of three 
atoms lying on the twofold axes, is seen to have a subgroup comprising 
E, C2, cFk with cosets Q, C'/, a-'', SI and C|, Cg, >S|. 

6-6. Symmetry of the Potential and Kinetic Energies 

In classifying a molecule according to its symmetry, the equilibrium 
configuration is used, whereas in the study of vibration it is the dis¬ 
torted molecule which is of most interest. A given distortion of a 
molecule may be described by giving the vectors which represent the 
displacements of the atoms from their individual equilibrium positions. 
The components of the displacement vector for the atom a are the dis¬ 
placement coordinates AXa^ Ay ay and Aza previously introduced (Sec. 2-1). 
If a molecule which is in a given distorted configuration is acted upon 
by a symmetry operation belonging to the undistorted molecule, a new 
configuration will result which may be different from the old one but 
which will always be equivalent to the old one in the sense that the same 
interatomic distances and angles will occur in both configurations. 

In dealing with such symmetry operations, it is most convenient to 
regard the operation as one which interchanges and transforms the dis- 

1 There are some subgroups which never occur in this connection for any molecule, 
for example, 63 as a subgroup of 631 ., since an atom left invariant by the threefold 
rotations is liecessarily also left invariant by the planes of reflection, so that 5C becomes 
equal to g. 
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placement vectors of equivalent atoms without permuting the atoms 
themselves. That is to say, the atom i may exchange displacements 
with atom 2, but the atoms themselves do not exchange positions. This 
distinction is illustrated in Fig. 5-7, in which the central molecule repre¬ 
sents a distorted molecule of carbon dioxide. The molecule on the right 
shows the result of a symmetry operation (reflection in a plane per¬ 
pendicular to the axis), while the molecule on the left shows the result 
of pei-rnuting the oxygen atoms 1 and 2. The effect of permutations is 
important in connection with the rotational intensities,^ but not in the 
vibrational problem. 

From the assumption that the potential energy V of the molecular 
model is a function only of the distances between the atoms, it follows 
that it must be unchanged by the symmetry operations of the equi¬ 
librium configuration. This means that a molecule in a given distorted 

0 C 0 

^ 4 *-• » .. 

2 11 2 1 2 

(a) (b) (c) 

Fig. 5-7. The effect upon a distorted carbon dioxide molecule (b) of reflecting the 
displacements in a plane perpendicular to the axis (c) and of permuting the oxygen 
atoms (a). 

configuration will possess the same numerical value of the potential 
energy in each of the equivalent configurations which result from the 
application of the symmetry operations of the molecule, acting in the 
sense just described. 

The kinetic energy of a molecule possesses similar properties, except 
that it is a function of the velocities instead of the positions of the par¬ 
ticles. At any instant the kinetic energy is determined by the values of 
d(AXa)/dt, d(Aya)/dtj d{Aza)/dt, These quantities may be thought of as 
components of velocity vectors, one for each atom. The effect of a 
symmetry operation is then to transform these velocity vectors in just 
the same way as the displacement vectors are transformed. Therefore, 
the kinetic energy will have the same numerical value in any two states 
of motion which are symmetrically related, 

6-6. Representations 

The effect of a symmetry operation on a distorted molecule may be 
represented analytically by a linear transformation connecting the new 
values Ay'^^ Az!^ of the displacement coordinates with the old values 
Axa, Ay ay and Aza. For example, the operation cr' of the carbonate ion, 
shown in Fig. 5-8, is represented by the linear transformation 


IE. B. Wilson, Jr., J. Chem. Phys,, 3: 276 (1935). 
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Axi —» Aa:'j = •+• i S^Ays 

Ayi -♦ Aj/'j = i S^Axa - ^Aya 
AXi —>■ Ax's = •i-Ax2 + I- 3 JAj/2 
Aj/2 —^ Ay '2 = ^ 3iAx2 — ^Aya 
Axs —> Axj = l-Axi -f -j- 3*Ayi 

Aj/a Ay'a = i 3»Axi - ^Ayi (1) 

Ax 4 -♦ Ax '4 = iAx4 -f I 3iA2/4 
Ayt Aj4 = Y 34Ax4 — ^Ayt 
Azi —> A/j = Aza 
Aza —> Azj = Aza 
Aza —» Az'a = Azi 
Az 4 —> Az'a = Azi 

These equations enable the numerical values of the coordinates for the 
final configuration to be obtained from the numerical values (Ax*, etc.) 



Fig. 5-8. The effect of the symmetry operation on a set of cartesian displacement 
coordinates of the carbonate ion. 

for the initial configuration. The reader will find it helpful to write out 
the transformation which corresponds to the operation C|. 

The potential energy of the initial configuration is V{Axi, . . . ,Azn), 
whereas that of the final state is V(Ax[j . . . A^n)' expressions 

for Ax^, etc., given in (1) are substituted in V{Ax[, . . . A^n)^ the result¬ 
ing function of Axa^ etc., will be found to be identical with V(Axiy • • • > 
Azj^)^ the initial potential energy. This is the analytic expression of the 
idea that the potential energies of the two configurations are identical. 
For illustrative purposes in testing the above statements, the reader may 
use the following approximate form of the potential energy for the 
carbonate ion: 

V = ^iKAyi — Ay^y + f(Ax2 — Ax^y + i-(A|/2 — Ay^y 

i{Axz — Ax^y + 1(A2/3 - Ay^y] + if2[(Axz — Ax2y 
+ i(A.X3 - Axiy + |(A2/3 - Ayiy -f i(Ax2 - Axiy 

-H I(A2/2 - ^Viy] 

in which fi and /2 are force constants. A function such as V which is 
unchanged in form by a given transformation is said to be invariant 
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under that transformation. The kinetic energy T is also invariant under 
the transformation of velocities having the same coefficients as (1). 
As previously stated, T and F are assumed to be invariant under all the 
transformations representing the symmetry operations of the equilibrium 
configuration of the molecule; i.e,, the operations of the point group of the 
molecule. 

The result of applying two linear transformations such as (1) in suc¬ 
cession may be described by a third linear transformation, which is called 
the product of the first two. Thus, let 


x] = ^ ajiXi y = 1, 2, 3, . . . (2) 

i 

be the first transformation and 

^ huiX] A = 1, 2, 3, . . . (3) 

j 


be the second, 
it is seen that 


with 


Then by substituting the first expression into the second 


^ CkiXi k •— 1 , 2 , 3 , 



J 


(4) 

(5) 


The transformation with the coefficients c&t is the product transforma¬ 
tion. ^ If the first two transformations represent symmetry operations 
of the molecule, the product transformation must also represent a sym¬ 
metry operation of the molecule. Therefore, the linear transformations 
which represent the symmetry operations of a point group have the same 
multiplication properties as the corresponding operations themselves, and 
multiplication is evidently associative. The product of tw^o or more 
members of this set of transformations is therefore also a member of the 
set. Furthermore, there exists an identity transformation 


AX'^ = AXa At/1 = A^l = AZa 


correlated with the operation E. Finally, each transformation possesses 
an inverse transformation (see Sec. 5-2). Consequently, since this set of 
linear transformations possesses all the required properties, the trans¬ 
formations, as well as the corresponding symmetry operations, may be 
said to constitute a group. 

The group formed by the physical symmetry operations themselves 
and the group formed by the linear transformations correlated with these 


1 Note that c ~ ba, using the rules of matrix multiplication. 



SYMMETRY CONSIDERATIONS 


91 


Sec. 5-6] 

symmetry operations are evidently closely related. Each of the mem¬ 
bers (known as elements) of one group is correlated to one of the members 
of the other, and the multiplication properties of the two groups are the 
same. Two groups which are related in this manner are said to be iso¬ 
morphic and in particular the group of linear transformations is said to be 
a representation of the other group. The coordinates Aa^i, A^/i, . . . , ^Zn 
in terms of which the transformations are written are said to form the 
basis of the representation. 

The set of coordinates in terms of which the linear transformation of 
(1) is described was arbitrarily chosen, and it is evident that similar 
results would be obtained if, for example, the orientation of the x, t/, z 
axes were selected differently. The coefficients in (1) would then be 
different, but all the general remarks which followed would be equally 
true for the new transformations. Since it is frequently helpful to use 
several coordinate systems for a single molecule, it is important to study 
the effect of a change of coordinates. Suppose that the new coordinate 
system is obtained from the old one by a linear transformation 

BN 

^ aij^j = 1, 2, . . . , SN (6) 

3=1 

This change of coordinates is more general than a mere rotation of axes, 
which is a special case. The inverse of (6) may be written as 

BN 

^ (7) 

i — 1 

while the effect of any symmetry operation R upon the coordinates fy is 
described by the transformation 

BN 

^<, = 2 ( 8 ) 

i = 1 

The three equations (6), (7), and (8) may now be combined to give the 
new transformation which represents the effect of R upon the new 
coordinates rji. The result is 

f i'j 

“ X ( Z Vi (9) 

i fj 

When two representations of a group differ only in that the basis coordi¬ 
nates of one are linear combinations, as in (6), of the basis coordinates 
of the other, the two representations are said to be equivalent. Equiv- 
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alent representations may be recognized by the fact that corresponding 
transformations in the two representations have the same characters^ 
the character of a transformation being defined as follows. If the trans¬ 
formation [for example, the one in ( 8 )] is written out in full, 


— Rll^l + Ri2^2 ^1,3.V^3.Y 

$2 “ + R22^2 +•••"{“ R2,ZN^ZN ( 10 ) 


“ RzN,lil + R3N,2^2 + * * * + RdIf,ZN^dN 

the character of the transformation is by definition the quantity 


3 N 

Xfl = ^ Rio ~ Rn + R 22 + * • ' + Rzn.zn (11) 

i = 1 

The subscript R on x denotes the transformation to which x belongs. 
As an illustration, the character of the transformation representing the 
effect of cr'^ on the displacement coordinates of the carbonate ion is 2 , 
which is obtained by inspection of ( 1 ). The only equations in that set 
which do not have Rn = 0 are the 3d, 4 th, 7th, 8 th, lOth, and 12th, for 
which the diagonal coefficients are — I, ~i, 1 , 1 , which add up to 2, 
as stated above. 

To prove that corresponding transformations of equivalent representa¬ 
tions have the same characters, use is made of (9), which shows that the 
character of the jiew transformation of the 77 ’s is 


XpX'^) ~~ ^ ^ Rj'j (^ 

i' J'j’ fJ i' 

= 2 = y (12) 


in which the equation ^ = 8 jf, Eq. (4), See. 2-4, has been 

i 

employed. Use has also been made of the fact that the quantities any, 
etc,, being ordinary numbers, can be wnitten in any order. 

A suggested exercise for the reader is to obtain the transformations 
and their characters for some of the symmetry operations of H 2 O. 
Then, by orienting the x, y, z axes differently, setting up the new trans¬ 
formations, and determining their characters, one may test the above 
theorem. 


6-7. Symmetry of Normal Coordinates 

The whole method of applying group theory to vibrational problems 
depends upon the fact that the normal coordinates and normal modes 
of vibration of symmetri{*al molecailes have certain special symmetry 
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properties. For example, Fig. 5-9 shows the normal modes of the 
carbonate ion, point group SDsa, determined by the methods of Chap. 2. 
The first mode has as much symmetry as the undistorted molecule itself: 
that is, the figure is unchanged by all the rotations, reflections, etc., 
which make up the point group SDsa 

The second mode is unaltered by the threefold rotations (7| and C\ and 
by reflection in the vertical planes and (x'J. However, each of the 

other operations, for example the 
horizontal plane o-^, reverses each of 
the arrows, thus changing the sign 
of the corresponding displacements. 

In general, it will be shown that 
nondegenerate normal modes ofvibra- 
tion are always either symmetrical 
{unaltered) or antisymmetrical 
{changed in sign) with respect to a 
given symmetry operation of the point 
group of the undistorted molecule. 

The behavior of degenerate vi¬ 
brations is illustrated by the modes 

3 and 4 of Fig. 5-9, since these have 
the same frequency. Both are 
symmetrical with respect to an but 
C\ changes 3 into a new mode which 
is found to be a combination of the 
original modes 3 and 4. Likewise 

4 is changed into a combination of 

3 and 4. This is the general result: Qs Qe 

A symmetry operation of the molecule Fig. o> 9. Normal modes of COs*. 

will transform a member of a degenerate set of vibrations into a linear 
combination of the members of the degenerate set. 

The above conclusions can be analytically expressed if normal coordi¬ 
nates are used instead of normal modes. The components along various 
coordinate directions of the arrows in the diagrams of Fig. 6-9 are meas¬ 
ures of the coeflBicients Uu in the equation 

Qa == 2 lik^i (1) 

i 

which defines the normal coordinate Qk in terms of the displacement coordi¬ 
nates qi (see Sec. 2-4). Therefore, what has been said about the symmetry 
properties of the normal modes applies equally well to the Q\s. Thus 

+Qi 




(2) 
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under the influence of every symmetry operation R of the molecule, 
whereas 


Q2 +Q2 


(3) 


for R' = E, Cl Cl a., al a'J, 


but 


Q2-> -Q 2 (4) 

for i?" = (Thi SI SI C 2 , Cl C'l. The degenerate coordinates Qz and Qi 
transform as follows under the influence of Cl 

Cs* 

C32 

Q4 ^ ~~ ^Qi 

It will be evident later that the symmetry properties of the normal 
coordinates are of great practical importance; it is therefore useful to 
have a compact way of tabulating them. For the nondegenerate coordi¬ 
nates this is simple as it is only necessary to make a table showing whether 
a given symmetry operation changes Q into +1 times itself or into — 1 
times itself. The rows of Table 5-1 labeled Qi and Q 2 show the results 
for the’ nondegenerate vibrations of the carbonate ion. It is not as 
easy to tabulate the complete transformations involving the degenerate 
normal coordinates, but it is not necessary to do so. All that is ordinarily 
needed is the character of the transformation. 


Table o-l. Symmetry Properties of the Normal Coordinates of C0“ 


1 

! 

E 


Cl 

(T -y 

f 

! 

ft 

(Th 



C 2 

c. 

c;' 

i 

Qi 

1 

1 

1 

1 

i 

1 

1 

1 

1 I 

1 

1 

1 

Qs 

1 

1 

1 

1 

1 

1 

-1 

-1 

-1 

-1 

-1 

-1 

Qzj Qi 

2 

-1 1 


0 

0 

0 

2 1 

-1 

-1 

0 

0 

0 

Qs, Qb 

1 

2 

-] 

-1 

0 

0 

0 

2 1 

-1 

-1 

0 

0 

0 


Evidently, the character of the transformation (3) is 1, that of (4) is — 1, 
and that of (5) is — 1. Table 5-1 lists the characters for the transforma¬ 
tions of tha normal coordinates of CO^. 

If the transformations which represent the effect of the symmetry 
operations upon the whole set of normal coordinates of the molecule are 
examined, it is found that they form a representation of the symmetry 
group in the same sense that the transformations of the displacement 
coordinates form a representation. This statement is true whether 
the normal coordinates of translation and rotation are included or 
excluded. An illustration is provided by the transformations, corre- 
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spending to the two operations C\ and <t^ (vertical plane), of the COj 
vibrational normal coordinates: 


Qi Qi 

Q 2 

+Q 2 


Qz 

-\Qz ~ 



+i3*Q3 — ^Q4 


Cz^ 

Qz 

— 2 Q 5 

- i3iQ, 

c%-^ 

Qz 

4'i3^Q5 

~ hQi 


Qi +Qi 

+Q 2 

o-p 

Qz —^ ~-Qz 

+Q 4 

crv 

Vv 

Qz 


-Qz 


+ Q6 


( 6 ) 


(7) 


An important difference exists between the representation of the sym¬ 
metry group formed by transformations of the displacement coordinates 
and that formed by the normal coordinates Qk, If the general form of 
one of the transformations involving the {^s is written out in full, it is 


f'l == Rll^l + Ri2^2 + • * • + Ri,ZN^ZN 

^2 = + R22^2 -f- * * • + R2,3y^ZN (8) 


^ZN — RzN,l^l + RzN,2^2 + * * * + RzN.ZN^ZN 

By changing to a new set of variables 77 , in the manner described in the 
last section, it is possible, if the rj’s are chosen properly, to simplify the 
form of the transformation which represents R, In fact, it can be shown 
that the new coordinates can be chosen in such a manner that the trans¬ 
formation representing any single symmetry operation R takes on the 
extremely simple form, called the diagonal form, given below: 

Vi — RiiVi 

rjz = R 22 V 2 (9) 

Vz — RuVz 

etc. 

In other words, every coordinate is transformed into some multiple of 
itself; different coordinates rji and vj do not mix. 
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But it is not always possible to find a single set of coordinates rji which 
will simultaneously reduce every transformation of the group (that is, the 
transformations representing all of the symmetry operations) to the 
simple form of (9). Each transformation can be reduced to diagonal form 
by some set of coordinates, but it may not be possible to reduce all by the 
same change of coordinates. However, it is usually possible to find a 
single change of coordinates which will greatly simplify the transforma¬ 
tions; furthermore, there is a certain maximum simplicity which may be 
obtained in many ways but never exceeded. By this reduction the 

transformations of the group are 
simplified in that the variables 'nh'n 2 , 
etc., can be separated into sets 
which do not mix with one another 
in any of the transformations. 
When the coordinate system has 
been found such that it is impossible 
to break the coordinates down into 
any smaller nonmixing sets, the 
representation for which these co¬ 
ordinates form the basis is said to 
be completely reduced. 

It will be shown (Sec. 6 - 2 ) that 
when the transformations repre¬ 
senting the symmetry operations of 
a molecule are written in terms of 
the normal coordinates [see ( 6 ) and 
( 7 )] the representation will be com¬ 
pletely reduced. 

When the representation of formed by the transformations of the 
displacement coordinates of CO 7 is completely reduced in one of the 
many possible ways, the transformation representing cr' has the form 
below [compare Eq. ( 1 ), Sec. 5-6] 



Fig. 5-10. Form of the completely re¬ 
duced representation for the plane equi¬ 
lateral triangular model of the carbonate 
ion, COs", an example of the group 
The symbols indicate the irreducible 
representation corresponding to each 
nonmixing block. 


Q[ = Q 

O'. = 

= 

Q't = 

Qi = 

Q'lO = 

Q'n = 
Qi% == 


O 2 

-iSiQa - 

iQb — 

-iSJQs - 

©9 

—— ^Qn 


( 10 ) 


— Qia 
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The structure of this transformation (and of all other transformations of 
the reduced representation) is shown in Fig. 5-10. There are twelve 
coordinates because the translational and rotational coordinates are still 
included (Qt — Q 12 ). 


6-8. Irreducible Representations 

One further and very remarkable theorem needs to be introduced 
before the method of applying group theory to molecular vibrations can 
be stated. Since the coordinates which form the basis for a completely 
reduced representation separate into sets which do not mix with one 
another, the equations involving the members of any one set can be con¬ 
sidered by themselves as making up transformations which form a repre¬ 
sentation of the group. As an illustration, consider the coordinates Q 3 
and Q 4 of the carbonate ion. Sec. 5-7. As seen in Eqs. ( 6 ) and (7), Sec. 
5-7, they form a nonmixing set in so far as the operations Cl and (Tv are 
concerned, and it will be found that this is still true when all the sym¬ 
metry operations of the group are considered. A few of these other 
transformations are given below. 


<Th 

Qs Qd 

<rh 

Qi—^ Qi 


Ci 

Qs — Qs 

Ci 

Qi Qa 


Qs “b 

Qa iSiQg — ^^4 


( 1 ) 


No change of coordinates can reduce such a representation any further; it 
is therefore called an irreducible representation.'^ A completely reduced 
representation is evidently made up of a number of irreducible representa¬ 
tions, each of its noncombining sets of coordinates forming the basis for 
one irreducible representation. 

In order to give the concept of an irreducible representation a more 
concrete reality for the reader, the transformations* of normal coordinates 
have been used throughout as examples, but the concept itself is quite 
independent of the idea of normal coordinates or the problem of molecular 
vibrations. It arises whenever a set of linear transformations has the 
properties of a group, no matter what the meaning of the transformation 
variables. Later, it will be necessary to regard the transformations of a 
set of wave functions as forming a group, and the present theory will be 
applied. 

The fundamental theorem concerning irreducible representations states 
that for each point group there are only a definite small number of non- 
equivalent irreducible representations possible. As previously mentioned, a 
representation is characterized by the characters of its transformations, so 
that the important properties, for our purposes, of the irreducible repre¬ 
sentations of any point group can be presented in tabular form by giving 
the characters corresponding to each symmetry operation for each 


^ In the molecular application the term symmetry species is used. 
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irreducible representation. These tables have been obtained for all of 
the symmetry point groups, ^ by methods described in treatments of group 
theory.2 Such a table for the group is given below. 

Appendix X contains tables similar to Table 5-2 for each of the point 
groups. These tables are derived by methods which have nothing to do 
with the problem of molecular vibrations; as stated earlier, they are much 
more general than this application. 

The numbers in Table 5-2 lead to the following conclusion: Any repre¬ 
sentation of the S 3 ^mmetry group ^zh can be reduced by a change of 


Table 5-2. Characters of the Irreducible Representations of ©sa 


SDs/i 

E 

C \ 

Cl j c . 

c ; 

L 2 



SI 


r 

n 

r'o = a' 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

r <« = a " 

1 

1 

1 


1 

1 

-1 

-1 

-1 

-1 

-1 

-1 

ro) = A'„ 

1 1 

1 

1 

-1 

~1 

-1 

1 

1 

1 

-1 

-1 

-1 

r<« = A'f 

1 

1 

1 

-1 

-1 ; 

-1 

-1 

-1 

-1 

1 1 

1 

1 

r(5) =. E ' 

2 

-1 

-1 

0 

0 

0 

2 

-1 

-1 

9 1 

0 

0 

p(6) s = E" 

2 

-1 

-1 

0 ! 

0 

0 

1 

-2 

1 

1 

1 

0 1 

0 

0 


coordinates to a completely reduced form in which none of the nonmixing 
sets of basis functions contains more than two functions, since each of 
these nonmixing sets forms the basis of one of the irreducible representa¬ 
tions in the table, all of which correspond to one- or two-coordinate 
transformations. ( The mmher of basis functions for any transformation is 
evidently equal io the character of the transformation representing E.) 
Furthermore, it is easy to find the number of times a given irreducible 
representation appears in the completely reduced form of a given reducible 
representation. Suppose that the character for the transformation 
representing the symmetry operation R is xb for the original reducible 
representation. Since the process of reduction consists in a mere change 
of coordinates, the completely reduced i-epresentatiou, taken as a whole, is 
equivalent to the original repre-sentation and will therefore have the same 
characters (see Sec. 5-6). The character xn for the completely reduced 
representation will, however, be the sum of the characters of the various 
irreducible representations of which it is composed. Equation (10), 
Sec. 5-7, and Fig. 5-10, Sec. 5-7, illustrate this. If the representation 

1 H. Betlie, Ann, Physik, S: 133 (1929). 

E. Wigner, Nachr. Ges. TTm. Gottingen, p. 133 (1930). 

L. Tisza, Z, Physik, 82: 48 (1933). 

R. S. Mulliken, Phys. Rev., 43; 279 (1933). 

G. Placzek, ^*Marx Handbucli der Radioiogie/^ VoL VI , Part IT , p. 209, 1934. 

J. E. Rosentlial and G. M. Murphy, Reva. Mod. Phys., B: 317 (1936). 

* See the reference given cn p. 77. 
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r'"'* occurs times in the completely reduced form of the original 
representation, then 

Xs = ~ ^ (2) 

7 

for each operation R, Xk’’ being the character of the irreducible representa¬ 
tion for the, operation R. Since the quantities x* can easily be 
obtained by inspection of the original reducible representation, while the 
x'b^'’s are given in the tables of which Table 5-2 is an example, it is there¬ 
fore possible to solve the set of g equations (2) for the unknowns 
etc. In fact, it is possible to show that the solutions have the form 

(3) 

R 

in which g is the number of operations in the symmetry group and the sum 
is over all these operations. The asterisk denotes the complex conjugate. 

Most of the applications of this simple formula will be reserved for the 
next chapter, but one will be given here. The characters xn for the 
transformations of the displacement coordinates of CO" are given in 
Table 5-3. 

Table 5-3. Chabactebs fob the Repbbsbntation op 3>8/i Fokmbd by 
Tbansfobmations of the Displacement Cookdinates op C0“ 


R - 

; E 


Cl 

c. 



CTh 

S\ 


(Tv 

t 1 

! 

tt 

Xr = 

12 1 

0 

0 

1 

2 

1 i 

— 9 1 

-2 

4 

„o 1 

i 

-2 

1_ 

2 

0 

1 i 

2 


One of these (R = av) has been found already, and the others can be 
determined in the same way, or by far simpler methods given in Chap. 6. 
By inserting these values of xn in (3), together with values of Xr^ taken 
from Table 5 2, the result is obtained (as may readily be verified) that the 
reduced representation contains the irreducible representation A[ once. 
A 2 once, A 2 twice, E' three times, and £?" once (see Fig. 5-10, Sec. 5-7). 
But since it has already been stated that the normal coordinates form the 
basis of a completely reduced representation, there must be one normal 
coordinate which transforms like A[, one like ^ 2 ? three pairs like JS', etc. 
Referring to Fig. 5-9 and Table 5-1, one sees that Qi is of symmetry A\y 
Q 2 of S 3 nmmetry A.^ and the pairs Qs, Qh and Qb, Oe are of symmetry E'\ 
The other six coordinates represent translation and rotation. 

6-9. Classes of S 3 mimetry Operations 

There is one more concept which simplifies still further the application 
of group theory. This is the observation that in each point group, the 





100 


MOLECULAR VIBRATIONS 


[Sec. 5-9 

symmetry operations can be divided up into classes with the property 
that the members of any one class always have the same character x* 
Therefore, it is not necessary to find the character for each operation but 
merely for a sample operation in each class. Furthermore, in the tables of 
irreducible representations in Appendix X, the characters for each class, 
rather, than for each operation, are given. If gj is the number of opera- 


3 2 



Fig. 5-11. Illustration of a set of operator products which demonstrates that cv', 
and cTv' belong to the same class (see also Fig. 5--3). 

tions in the jth class and xs is the character of each operation in that 
class, then Eq. (3), Sec. 5-8, becomes 



i 


in which the sum is oyer all the classes of the group. As before, g is the 
number of operations in the group, Xj refers to the reducible representa¬ 
tion, x^^ to the 7 th irreducible representation, and is the number 
of times the irreducible representation appears in the reduced 
represenfation. 
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The fundamental definition of a class is as follows. If A, J5, and X are 
operations of the group, and if 

X~^AX = B (2) 

or, by multiplying on the left, by X, 

AX = XB (3) 

for some operation X of the group, then A and B are said to belong to the 
same class. As an illustration consider the three vertical planes of sym¬ 
metry <Tv) 0 -', of the group ‘Ds/^. It is seen that (Fig. 5-11) 

y.Ci - Ci<T. (4) 

and 

K'Cl - CK (5) 

so that <7t,, <r', and belong to one class. The plane <7^, however, does not 
belong to this class; in fact, it forms a class by itself, since <ThX = Xan for 
every operation X of the group. 

If in a given representation of the group, the coefficients of the trans¬ 
formations A, B, X, and X~i are A^y, B^y, X^y, and (X"i)ty, respectively, 
then the character of B is 

= ( 6 ) 

i 


By applying the rule for the product of transformations given in Eq. (5), 
Sec. 5-6, it is seen that 

Xx~^Ax = ^ {X~^)ijAjkXki 


ij,k 


= ^ XK(X-i)iy) 

j,k i 

= ^ Ajj = XX 


(7) 


since by Eq. (4), Sec. 2-4, ^ Equation (2) shows that 

t 

XX^^AX = so that, finally, 


Xa = Xb 


( 8 ) 


Therefore, operations in the same class have the same character. The 
classes for all the point groups have been worked out and are included in 
the tables of irreducible representations given in Appendix X. 



CHAPTER 6 


APPLICATIONS OF GROUP THEORY TO THE 
ANALYSIS OF MOLECULAR VIBRATIONS 


In the previous chapter certain concepts and theorems of group theory 
were introduced in an intuitive and descriptive manner, while the reader 
was referred to Appendix XI for proofs of the theorems. In the present 
chapter, these ideas will be applied to the problem of the vibrations of 
symmetrical molecules. It will be possible in this chapter to be some¬ 
what more rigorous and complete than in the preceding one. 

The material of this chapter falls into two main categories. Sections 
6-1 through 6-3 treat the vibration problem qualitatively in the sense that 
they provide the reader with a rapid method of deducing the number and 
degeneracies of the normal modes of vibration and the size of the factors 
of the secular determinant. The remaining sections (6-4 through 6-8) 
are devoted to detailed methods of carrying out the factoring of the 
secular determinant in order to make quantitative evaluations of the 
normal frequencies. These latter sections may be omitted by the reader 
who is interested only in the general inferences concerning molecular 
structure and symmetry which may be drawn from a qualitative study of 
the vibration spectrum. 

6-1, Determination of the Characters jj* 

Ill Chap. 5 it was indicated that the number of normal coordinates with 
given symmetry properties can be obtained when the characters of the 
transformations of the displacement coordinates are known. These may 
be obtained directly by writing out the transformations, but much easier 
methods can be used. By definition 

= X (1) 

t 

in which Ru is a diagonal coefficient in the transformation 

3N 
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(2) 
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which corresponds to the symmetry operation R, ^ 2 , . • . , ^zn are 
the displacement coordinates Axi, Ai/i, . . . , before application of 
the symmetry operation, while the primed letters represent the coordi¬ 
nates after the transformation. If a given operation R replaces atom 1 
by atom 2 when applied to the molecule in its equilibrium configuration, 
then, when applied to the distorted molecule, it will replace the displace¬ 
ment of atom 1 by that of atom 2. Consequently, in the transformation 
(2) the new coordinate for atom 1 will involve the old coordinates for 
atom 2 only, so that Ru = 0 for all ^’s which refer to atom 1 (see Fig. 6-1). 
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Fig. 6-1. Transformation of displacements in linear symmetric triatomic molecule by 
the inversion operation, i. Note that shifted atoms (1 and 2) make no contribution 
to X* ~ —3. 

Therefore in finding the character of a transformation, one need consider 
only those atoms whose equilibrium positions are not altered; i.e,, all 
atoms for the identity operation, and those atoms which lie on a plane or 
on an axis of symmetry, etc., as the case may be, for the other group 
operations. Thus in the example of the carbonate ion (Fig. 5-8, Sec. 5-6) 
one need consider only AX 4 , A 2 ^ 4 , A 2 : 4 , the coordinates of the carbon atom, 
when obtaining the character for C\, since C\ moves the displacement of 
1 to 2, 2 to 3, and 3 to 1. Furthermore, for the plane through atoms 1 
and 4, only the coordinates of 1 and 4 need to be considered. 

Another very useful simplification results from the theorem, proved in 
Sec. 5-6, that the character of a transformation is independent of the 
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choice of coordinate orientation. Consequently, in each case one may 
use the most convenient set of coordinates for the operation under con¬ 
sideration. Thus if reflection in a plane of symmetry is being treated, let 
the X and y axes lie in the plane and the z axis be perpendicular to it. 
Then the effect of the reflection on the coordinates of any atom lying in 
the plane (only such atoms need be considered) is given by the equations 

A< = ^Xa Ay a = Ay a = -AZa (3) 

The values of Ru for these three equations are +1, +1 and ~1, respec¬ 
tively, their sum being +1. Consequently, the character x/?, when i2 is a 
reflection in a plane of symmetry a, is +1 times the number of atoms 
whose equilibrium positions lie in the plane of symmetry. 

Similarly when R is an inversion through a center of symmetry the 
character xr is zero unless there is an atom located at the center of sym¬ 
metry. If there is, its coordinates evidently transform as follows 

A< = -AXa Aj/' = -Ay a Az' = -Aza (4) 

The character xr ior R = i is consequently equal to —3 if there is an 
atom at i, and is zero otherwise. 

Another simple case is the twofold axis C 2 . Let z be along C 2 , x and y 
perpendicular to € 2 - Then, for each atom located on C 2 , 

A< = -AXa Ay'^ = -Ay a A 2 ' = AZa (5) 

so that such an atom contributes — 1 to XRf Atoms not on C 2 contribute 
zero. 

The same choice of axes for the threefold rotation yields the equations 


A< = - ^ AXa - ~ Ay a 

^y'a = + “ I (6) 

A2' = AZa 


The contribution to the character is — ^ + 1 == 0, so that the 

character for C] for any molecule is always zero. The same result is 
obtained for (7|. In general for the rotation the transformation is 
(see Fig. 6-2) 

, 2irk . . 2irk . 

Ax' = cos — AXa — sin — Ay a 
n n 


Ay'a 


2irk 2Trk . 

sin — AXcc + cos Ay a 


n 


n 


(7) 


Az 


/ 

a 


AZa 


SO that each atom on the axis contributes 1+2 cos (2xA;/n) to the 
character. 
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The only remaining type of operation is the rotary reflection. 
Since this operation first rotates the system about an axis, then reflects 
it through a plane perpendicular to the axis of rotation, xr will b® 
unless there is an atom located at the intersection of the axis and the 
plane. For such an atom, the equations of transformation for Ax and Ly 
are the same as in (7), but As' = — A^:. Therefore the contribution to 



Fig. 0-2. Effect of rotation of a displacement by 
Ax = OP cos a 
Ay = OP sin a 

Ax' « OP' cos 


27r/b 

OP cos cx cos — 
n 


OP sin a sin 


2Trk 


2irfc 27r/b 

= Ax cos-— Au sin- 

n n 


Ay' ~ OP' sin -f 


• ^tt/c , 2 Trk 

~ OF cos (X sin — -f OP sm a cos — 
n 71 


, 2irk 

« Ax sin —- 


n 


2Trk 

4- Ay cos -— 
n 


the character is —1 + 2 cos (27rfc/^)- At this point, the reader may 
observe that the character of E is a special case of that for CJ obtained by 
putting n = 1, and that the characters of a and i are special cases of those 
for obtained by putting n = fc = 1 and fc = 1, n = 2, respectively. 
The general types of operations C\ and /SJ are sometimes referred to as 
^‘proper” and ‘^improper” operations, respectively. 

Table 6-1. Contbibution to Charactek per Unshifted Atom 


Proper operations 


R 

XR 

Cl 

14-2 cos {2Trk/n) 

E 

3 

c\ 


Cl, Cl 

0 

Cl, Cl 

1 

Cl, Cl 
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Improper operations 


R 

XR 

SI 

— 14-2 COS (2irk/n) 

(T = S{ 

1 

i = SI 

-3 

SI, SI 

-2 

«1, SI 

-1 

SI, SI 
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The character for the identity operation E is of course equal to the 
number of coordinates. This quantity is known as the dimension of the 
representation. 

To summarize this section: To find the chmacter, xri for the transforma¬ 
tion R of the displacement coordinates of a molecule^ first count the number of 
atoms which are not shifted when the symmetry operation R acts on the 
atoms of the molecule. Then multiply this number by the appropriate factor 
characteristic of the operation R, these factors being listed in Table 6-1. 

To obtain directly the character, Xbj terms of the internal coordinate 
representation of dimension SN — 6, treat improper operations exactly as 
above but for proper operations multiply the appropriate factor of Table 
6-1 by two less than the number of imshifted atoms. ^ 


6-2. Symmetry and Degeneracy of the Normal Modes 

In Sec. 5-8, it has already been indicated how the number of normal 
modes of motion of each possible symmetry can be obtained. This sec¬ 
tion will treat the problem more thoroughly.^ The fact that the trans¬ 
formations of the displacement coordinates of the atoms of the molecule 
form a reducible representation of the symmetry point group of the 
molecule has been discussed in Sec. 5-6. It follows directly from this that 
the 3iV normal coordinates (including translation and rotation) also form 
a basis of a representation of the group, since the normal coordinates Qk 
are linear combinations of the displacement coordinates (see Sec. 2-4). 

This normal coordinate representation is at least partially, and usually 
completely, reduced, in that the transformations do not mix normal 
coordinates corresponding to different frequencies. Suppose that this is 
not true so that, for example, the transformation representing the opera¬ 
tion R mixes the coordinates Qk' and Qk" corresponding to two different 
frequencies \k' and \k"; that is, 

n R 

Qk' —> Qk' = eiQk' + bQk" Qk" Qi" ™ cQy + dQk" (1) 

in which a, 5, c, d are the transformation coefficients. 

By definition of the normal coordinates 


2r = ^ Ql 


k 



( 2 ) 


If a particular state of motion of the molecule is specified hy Qk = Qk — 0 
for k ^ k' and Qk' = = 1, (2) gives 


r = I V =^k\k' 


(3) 


U. E. Rosenthal and G. M. Murphy, Revs. Mod. Phys., 8: 317 (1936). 

A. G. Meister, F. F. Cleveland, and M. J. Murray, Am. J. Phys.y 11: 239 (1943). 
2 The original application of group theory to the vibrational problem was made by 
E. Wigner, Nachr. Ges. GdUirgerif p. 133 (1930). 
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After the operation of R, the kinetic and potential energies become 

T = 

7 == + c^X/o'O 

in which ( 1 ) has been used; note that the transformation by ( 1 ) should be 
applied firsts followed by substitution of = 1. Therefore, 

a 2 + = 1, by comparison of the kinetic energy in (3) and (4). The 

corresponding comparison of the potential energy expressions shows that 
^ 2 ^^, _j_ — \k'- For these conditions to be compatible, either 

Xfc' = Xfc" or = 0 , == 1 , The latter alternative is equivalent to no 

mixing of the coordinates Qk' and Qy', when Xy ^ Xy'- 

Consequently, the normal coordinates corresponding to nondegenerate 
frequencies will form the basis of one-dimensional (and hence irreducible) 
representations of the group of symmetry operations while the d coordi¬ 
nates corresponding to a d-foid degenerate frequency will form the basis of 
a d-dimensional representation. There are two possible types of degen¬ 
eracy leading to equal or degenerate frequencies. The first type arises 
because of the presence of threefold or higher axes of symmetry in the 
molecule and is quite independent of the numerical values of the force 
constants or masses. The second type is called ^^accidentaP^ degeneracy 
and arises only when the force constants and masses of the molecule have 
certain special numerical values which cause two or more of the normal 
frequencies to be approximately equal. The higher dimensional repre¬ 
sentations formed by the degenerate normal coordinates are irreducible if 
the degeneracy is due to molecular symmetry, but reducible if the degen¬ 
eracy is accidental. 

Therefore, barring cases of accidental degeneracy,^ the representation 
formed by the normal coordinates is a completely reduced one. It is con¬ 
sequently legitimate to apply the equation [Eq. (1), Sec. 5-9] 

to find the number of normal coordinates of each symmetry species, that 
is, in each irreducible representation. The methods given in Sec. 6-1 
may be used to determine while the values of Qj and taken 

from the appropriate table of Appendix X. 

As an illustration consider the ammonia molecule (NHs). The char¬ 
acter table for its point group, 63 ,,, is given in Appendix X. There are 
three classes: E (which is always a class by itself, since ER = RE), C\ 
and C\ (written as 2 C 3 in the tables), and ctv, <ri, orj,' (written as 3 < 7 t,). The 

^ This exclusion is not really necessary since even in this exceptional case the normal 
coordinates can be chosen so as to form a completely reduced representation. 
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character for E is ZN = 12, the number of coordinates. The character 
for Cs is zero (see Table 6-1) while that for <rt, is 2 (the number of atoms in 
the plane times 1, the character for each such atom, from Table 6-1). 
Therefore = 12, xc, = 0, x^, = 2. Also = 1, gc, 2, = 3. 

Substitution of these in (5) together with appropriate values of x^^* 
taken from Appendix X leads to the result that 

= (i)(l •l-12-f-2-l-0 + 3- l-2)=3 
= (i)(l • 1 • 12 -h 2 • 1 • 0 + 3 • -1 • 2) = 1 (6) 

= (i)(l *2*12 + 2- -l*04-3*0-2)=4 

There are thus three totally symmetrica! normal coordinates (Ai), one 
coordinate with symmetry species A 2 , and four pairs of coordinates 



Hx Ry Rz 

Fia. 6-3. Translational and rotational normal modes for NHs. 


with the symmetry species E. In other words, the structure of the 
representation formed by the cartesian coordinates of ammonia is 
r = 3Ai + ils + AE. 

These twelve coordinates include, of course, the three coordinates 
representing translation and the three representing rotation (see Sec. 2-5). 
If it is desired to find the number of vibrational normal coordinates with 
each symmetry, the symmetry of the translational and rotational coordi¬ 
nates may be obtained and the proper numbers subtracted from the 
total values of n^'^K Figure 6-3 shows these motions for NHs. By 
inspection it is seen that the translations along the x, y, and z axes will 
transform like a:, y, and z and therefore the first two wiU belong to E and 
the third to A\. Likewise the rotations about the x and y axes form a 
degenerate pair and belong to E while the rotation about the z axis is 
symmetrical to Cs but antisyinmetrical to cr„ and therefore belongs to 
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Az-t There are left two normal coordinates in none in A 2 ) and two 
pairs in £, these being now vibration coordinates. 

It is not necessary to carry out this process for each molecule inasmuch 
as the symmetry of the translations and rotations is always the same for 
all molecules with the same point group, so that the number of such zero 
frequency motions for each symmetry may be readily determined from 
the symmetry species of the translations {Tz,Ty,Tz) and rotations 
(RzjRyjRz) which are included in the tables of Appendix X. 

The -vibrations of Ai are nondegenerate unless they accidentally 
coincide, but any two vibrations forming a pair of species E must have 
the same frequency because they are ''mixedon transformation. 
There are two such pairs in ammonia. Consequently, the group-theoret¬ 
ical treatment predicts that NH 3 will have four normal frequencies^ two 
single and two doubly degenerate. 

Use of Internal Coordinates. The reader should now have no difficulty 
in carrying out such an analysis for any molecule using the methods 
described above. There is, however, an alternative approach with cer¬ 
tain advantages. This uses internal coordinates, such as a suitable set of 
changes in valence bond lengths and interbond angles (Sec. 4-1), instead 
of cartesian displacements. First assume that ZN — 6 {ZN — 5 for 
linear cases) independent internal coordinates have been chosen. In 
NH 3 , for example, these could be the extensions of the three NH bonds 
{rf) and the increases in the three interbond angles (««). The increases in 
the HH nonbonded distances could be used instead of the angles. Any 
distorted configuration of the molecule can be described by a set of 
values of these internal coordinates (except for the position and orienta¬ 
tion of the molecule as a whole) so that if a symmetry operation is 
applied to a generally distorted configuration, a new configuration will 
result which can be described by new values of the internal coordinates. 
The transformations of these coordinates, therefore, also form a repre¬ 
sentation of the point group of the molecule, which is reducible, and can 
thus be reduced by the construction of suitable linear combinations. 
Since for infinitesimal displacements the internal coordinates are linearly 
related to the cartesian displacements and to the normal coordinates, and 
since they do not involve translation or rotation [i.e., are orthogonal to 
(Ri, . . . , (Re of Eq. (1), Sec. 2-5] the structure of the representation 
formed by 3A-6 independent internal coordinates must be the same as 
that from the 3A-6 normal coordinates. The internal coordinates can 

X The strict analytical method of carrying out this process is to examine the expres¬ 
sions for (Ri to (Re given in Eq. (1), Sec. 2-5, and to find their characters, the (Ri, etc., 
being considered as the basis of a reducible representation. Substitution of these in 
(6) will give the same results as obtained above by inspection. 
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therefore be used as the basis of an alternative method of finding this 
structure. 

The procedure is, as before, to find the characters for the reducible 
representation and then to substitute them in the basic equation [Eq. 
( 5 )] for It is immediately seen that the internal coordinates can be 

chosen so that they divide into sets such that the members of each set 
transform only among themselves. In many cases the situation is even 
simpler in that the internal coordinates simply permute among their 
own kind, i.e., without needing to be expressed as general linear combina¬ 
tions of the original values. In NH 3 this is clearly so; a threefold rota¬ 
tion may replace ri by ri, rj by rs, by rj, ai by a*, ««by as, and as by aj. 
Under these conditions, the characters are obtainable separately for each 
set of equivalent^ internal coordinates, and the character for the whole 
transformation is the sum of these separate contributions. Further, if a 
given internal coordinate St is transformed into some other member 
9 ^ t) of the set under an operation R, St will contribute nothing to 
the character xk, since Ru = 0. Only those coordinates which are trans¬ 
formed into themselves (sometimes with reversal of sign) will contribute. 
The process of determining the character thus consists, for each equiv¬ 
alent set of coordinates, of selecting one operation R from each class in the 
group, counting the number of internal coordinates of the set which are 
not permuted into others by R, and multiplying by — 1 if reverses the 
sign of these unpermuted coordinates. Each set of equivalent coordinates 
forms a representation which can be reduced separately, and the structure 
of the normal coordinate representation can be found by summing the 
contributions from the different sets. 

Ammonia provides a simple illustration of this method. Table 6-2 
shows the steps inyolved. 

Table 6-2. Symmetry Speoies fob the Vibrations op Ammonia 



The first four rows and columns form the standard table of characters 
for the irreducible representations of Cb., taken from Appendix X. The 
row labeled xj(t) gives the characters for the reducible representation 
' Equivalent coordinates are defined as coordinates which are permuted by one or 
more symmetry operations of the point group. 
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formed by the NH extensions ri, r 2 , and rs. Since there are three of 
them, xe{t) = 3. Cz permutes them all; thus xc,W = 0. Each plane of 
symmetry, contains one bond, but the reflection interchanges the 
other two r’s; therefore x<r.(r) = 1. Similar considerations apply to the 
angles a, whose characters are given in the last row. These happen in 
this case to be identical with those for the r^s. The column labeled 
gives the structure of the representation for the r’s obtained by substi¬ 
tuting the xy(^) in (5) 



3 


in which as usual g is the number of group elements (six), gj the number of 
elements in the jih class (1,2,3), x^^ character for class j and irreduc¬ 
ible representation as given in the upper left part of the table, and 
Xj is the character for the reducible representation for any operation in 
class j (3,0,1). These values of (1,0,1) mean that the representation 
formed by ri, r 2 , Vz has the structure 

r(r) = + J? 

as does also that formed by ai, a 2 , az. 

The last column gives the structure of the normal coordinate repre¬ 
sentation, and is the sum of the previous two. In this case there are 
two normal frequencies of species Ai and two of species E, the latter 
species being doubly degenerate and therefore having two normal 
coordinates each. 

One advantage of this approach arises from the fact that the normal 
frequencies are sometimes largely determined by the type of internal 
coordinate which is most strongly involved in the given mode. Thus, in 
hydrocarbons certain modes are mainly CH stretching vibrations, and 
their frequencies are little changed from molecule to molecule. The 
number of such frequencies of each symmetry is readily determined by 
the above method. Even where one type of internal coordinate does not 
dominate all others in a given normal mode, it is often convenient to label 
a mode in terms of its principal component, so that one might speak of a 
degenerate ‘^bending” mode for NHg, even though no mode consists 
exclusively of the angle changes ai, a 2 , as. Another important advantage 
will appear when the factoring of the secular equation is treated. 

The reader is warned that the method just described requires that the 
internal coordinates employed form complete sets of independent sym¬ 
metrically equivalent coordinates. This is not always possible because 
redundancies may occur. 

Treatment of Redundancy. In CH4, the complete set of symmetrically 
equivalent angular coordinates consists of six HCH angle increments. 
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Geometrical considerations show that these are not all independent; their 
sum always equals zero. These coordinates are said to form a redwndani 
set, with one redundancy condition connecting them. If the four obvi¬ 
ously independent CH extensions are also used as internal cooMinates, 
the total is ten, or one more than SiV - 6 *= 9, thus indicating the pres¬ 
ence of redundancy. 

It is possible to exclude one of the angles arbitrarily and to modify the 
treatment of the previous subsection to accommodate situations in which 
not all the members of a symmetrically equivalent set are used, but it is 
usually more convenient to retain complete sets and cope with the 
redundancy later. The procedure then follows exactly that of the pre¬ 
vious subsection, except that the total number of combinations of internal 
coordinates will exceed the number of normal coordinates by the number 
of redundancy conditions. These redundancy conditions, or suitable 
linear combinations of them, will fall into the various symmetry species, 
and when these species are identified, the number of combinations of 
internal coordinates of each species can be suitably diminished to give 
the number of normal coordinates of each species. More formal methods 
of treating this problem will be given later (Sec. 6-8), but the problem can 
often be handled by inspection. 

Table 6-3. Symmetry Species for Normal Coordinates of Methane 
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« Redundancy condition. 

The case of methane is tabulated in Table 6-3. The arrangement is 
exactly the same as that of Table 6-2, which should be consulted for an 
explanation. Now, however, is not always the sum of and n^^\ 
but the sum minus the number of sets of redundancy conditions of the 
given species. Since here the redundancy condition, i.e., the sum of the 
angle increments equals zero, is by inspection completely symmetrical 
(species Ai), the unity under n^^^ opposite Ai represents this condition 
and is rejected. 

In general, it is best to determine the symmetry species for the normal 
coordinates by the cartesian method, since, in more complicated cases, it 
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is not always easy to recognize the redundancies in advance. However, 
the analysis of the internal coordinates just described is a necessary 
preliminary step in setting up the factored secular equation in terms of 
internal coordinates, and it is therefore convenient to carry out sym¬ 
metry analyses of both cartesian and internal coordinates at an early 
stage in the consideration of a symmetric molecule. 

A Special Case: The Regular Representation, The twelve CCH angles 
in cyclopropane provide an example of a set of equivalent coordinates of 
special interest. If every operation R of the group (except the identity) 
transforms each coordinate of an equivalent set into a different member of 
the set, the representation is called a regular representation. There is 
then no operation except the identity which transforms a coordinate into 
itself. The characters of a regular representation are clearly all zero 
except which equals the order of the group, which must be the number 
of coordinates in the set. Then (5) yields 

i ^ = d, 

R 

SO that each species is represented by dy sets, where dy is the degenerac}^ or 
dimension of the species. Thus there will be two pairs for a species E 
and three triplets (nine coordinates) for a species F. 

No equivalent set of coordinates can give any larger values of n^'^^ than 
the above type. For example, suppose that for each coordinate there 
is one operation (besides identity) which sends the coordinate into itself 
so that the set contains g/2 coordinates. A set with the same trans¬ 
formation properties as this could be obtained by taking g coordinates 
forming a regular representation and constructing the sums of pairs of 
coordinates so that each pair was symmetrical to the appropriate sym¬ 
metry operation. Since this process essentially has selected a subset of 
the original set of g coordinates, or of linear combinations of them, the 
subset cannot have any greater than that yielded by the regular 
representation. Thus the CH stretch coordinates in cyclopropane trans¬ 
form identically with appropriate combinations of the CCH angles (see 
Fig. 6-9, Sec. 6-7). 

Therefore in the reduction of the Tepresentation formed by a single 
complete set of equivalent coordinates, a nondegenerate species (A) can 
occur at most once, a two-dimensional species (E) can occur no more than 
twice, and a three-dimensional species (F) can occur at most three times 
(see also Sec. 6-8). 

6-3. Factoring of the Secular Equation 

As shown in Chap. 2, the determination of the normal frequencies, 
normal modes, and normal coordinates depends upon the solution of a 
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secular equation, Eq. (11), Sec. 2-2. In Sec. 2-8 it was shown that 
for linear and planar molecules, the secular equation can be factored if 
the proper choice of coordinates is made. In this section it will be shown 
that this phenomenon is not limited to such molecules, but occurs when¬ 
ever the molecule possesses any symmetry. 

For example, consider the simple case of the water molecule. If ri, r 2 , 
and a are, respectively, the extensions of the first and second OH bonds 
and the increase in the bond angle, a simple approximate potential 
energy expression is 

2V = Fr{r\ + tI) + FaOi^ (1) 


where Fr and Fa are force constants, while the kinetic energy is found to 
have the form 


2T - Mr{fl + r|) + Maa^ + 2Mrrfin + 2Mra{h + (2) 

in which the iif ^s are certain reduced masses which constitute the inverse 
G matrix^ and fi is the time derivative of ri, etc. The reader can readily 
verify that the coordinates" 


S — (X. 

Ss 2“4(ri + r?) (3) 

$3 = 2-Hri - fz) 


on substitution of the inverse relations in (1) and (2), lead to 


27 = F„Sf + F.SI + F,S| (4) 

and 

2T = + 2 a/2 + {Mr + + {Mr - -Wrr)S? (5) 

The secular equation, Eq. (3), Sec. 2-6, in terms of the S’s then becomes 


Fa - Ma\ - V'2 Mar\ 0 

— AforX Fr — {Mr 4* il/rr)X 0 

0 0 Fr ~ {Mr - Mrr)\ 


( 6 ) 


This clearly factors into one linear and one quadratic factor because 
of the absence in the potential and kinetic energies of cross terms con¬ 
necting $3 with either Si or S 2 . 


> The M’s may be evaluated by using the inverse of Eq. (1), Sec. 4-6, with hi “ m, 

781 « 732 . 

2 Sans serif type is used to indicate coordinates, potential energy constants, etc., 
when referred to the basis w^bich accomplishes the maximum factoring of the secular 
equation possible by symmetry. 
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The coordinates Si, etc., used above are illustrations of symmetry 
coordinatesi,e. coordinates in terms of which the secular equation is 
factored to the maximum extent made possible by the symmetry. In 
Appendix XII it is proved formally that coordinates are symmetry 
coordinates if (a) they" form the basis of a completely reduced unitary^ 
representation of the point group of the molecule; ( 6 ) sets of coordinates 
of the same degenerate symmetry species have identical transformation 
coefiScients. 

In other words, in order to factor the secular equation, the coordinates 
are formed into linear combinations such that each combination (or new 
coordinate) belongs to one of the symmetry species of the molecular 
point group. In the water illustration, Si and S 2 are of species Ai while 
S 3 is Bi. When only real one-dimensional species occur, the proof is 
immediate that no cross terms will occur in either the kinetic or potential 
energies between two coordinates, S^'^^ and S^^'^ say, of different symmetry 
species and There will always be some operation R of the 

group for which 

S(7) -> 4-S<'r) 

and 

R 

5(7') 

so that 

R 

$(7)S(V) » __ $(7)5(7') 

Since this reversal of sign is incompatible with the fundamental 
property that the kinetic and potential energies must be unchanged by 
an operation of the group, such cross terms must have zero coefficients. 
The vanishing of all cross terms coupling coordinates of two different 
species clearly puts zeros in the secular equation which break it up into 
separate factors, one for each species. 

In cases of degeneracy, where two- or three-dimensional species occur, 
the above argument may often still suffice, but in any event the general 

1 The term symmetry coordin-ate has been used differently by different authors. See, 
for example, the following: 

J. B. How^ard and E. B. Wilson, Jr., J. Ckem, Phys., 2: 630 (1934). 

C. Manneback, Ann. soc. sd. Bncxellcs, 56; 129 (1935). 

J. E. Rosenthal and G. M. Murphy, Revs. Mod. Phys., 8: 317 (1936). 

O. Redlich and H. Tompa, J. Ckem. Phys., 6: 529 (1937). 

It seems desirable to use this term for all the coordinates which factor the secular 
equation fully and to add special designations for the special types described later in 
this section. 

* A unitary representation is a set of unitary matrices which have the same multipli¬ 
cation table as the group operations. In many cases, the representation will be real, 
which means that the elements of the matrices are real numbers, so that the 
matrices are orthogonal matrices (see Appendix V). 
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proof of Appendix XII covers all cases. But it is then necessary to 
observe requirement (6) above. The symmetry coordinates of a two- 
dimensional species will occur in degenerate pairs such that an operation 
R of the group will transform one coordinate into a linear combination 
of the two. If there are tvro pr more pairs of the same species, unless 
all pairs transform exactly alike under all operations, the full symmetry 
factoring will not be achieved. This requirement will not be auto¬ 
matically satisfied because each set can be chosen in an infinite variety 
of ways. If all sets of degenerate symmetry coordinates are to have the 
same transformation coefficients, the choice for the first set may be made 
arbitrarily, but once it is made, the proper choice for all other sets is 
completely fixed. When correctly chosen, symmetry coordinates of a 
degenerate species will not only show no cross terms in T or V with 
coordinates of other species, but also no cross terms between different 
components of the degenerate sets, that is, if So, $&, Sc and S', S^, S' are 
two triply degenerate sets identically oriented,there will be no terms 
of the type S^S^, S^S^, etc., but only terms of type S^, S„S', S^, etc. See 
Table 6-4. Furthermore, if dy is the dimension of the species the 

Table 6-4. Force Constants in Symmetry Coordinates for the E Factor 

OF NHs'" 



Sra 

Saa 

Srb 

Sab 


frr 

fra 

0 

0 

Sao 

fra 

Faa 

0 

0 

Srb 

0 

0 

frr 

F.a 

Sab 

0 

0 

fra 

Fota 


® The Frr, etc., are appropriate linear combinations of the potential energy constants 
in terms of the valence coordinates ri and <xi. 

secular equation in terms of symmetry coordinates will not only show 
dy factors corresponding to this species, but also these d^ factors will be 
identical (see Appendix XII). 

Finally, therefore, if symmetry coordinates are used, the secular equoiion 
will factor, there being dy equal factors for each species {irreducible 
representation) which occurs in the structure of the representation formed 
by the coordinates. The degree of a given factor is the number of symmetry 
coordinates involved in the factor, i.e,, the number determined in Sec, 6-2. 

As an example, consider again the case of ammonia, NH 3 . In the 
previous section it was found that the representation formed by the 
cartesian displacement coordinates could be reduced to give the structure 


3Ai -j- A 2 *4" 4£? 


(7) 
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where translational and rotational inodes wiftre included. Accordingly, 
the secular equation, if expressed in terms of symmetry coordinates, will 
have one cubic factor (3Ai), one linear factor (A 2 ), and two identical 
quartic factors (AE), 

Some of these factors will contain zero roots. When these are taken 
out, as was done in Sec. 6-2, the representation has the structure 

2Ai + 2E (8) 

which corresponds to one quadratic factor (2Ai), involving the two 
totally symmetric normal coordinates, ahd two identical quadratic factors 
(2E)j each involving one member of each of the two pairs of degenerate 
normal vibrations. 

6-4. Construction of Internal Symmetry Coordinates 

In order to carry out in practice the factoring of the secular equation 
described in the previous section, it is first necessary to construct the 
symmetry coordinates.^ 

There are several useful types of symmetry coordinates; one of the 
simplest consists of linear combinations of internal coordinates, 
changes in interatomic distances and angles within the molecule. These 
combinations are chosen so as to conform to the requirements of Sec. 6-3 
and therefore serve to factor the secular equation to the maximum extent 
possible from symmetry. The coordinates used in the water example of 
Sec. 6-3 are internal symmetry coordinates. 

Symmetrically Cdmplete Sets, It is easiest to construct each internal 
symmetry coordinate out of equivalent internal coordinates, i.e., internal 
coordinates which are exchanged by the symmetry operations of the 
molecules, such as the four CH bond extensions in CH 4 . Then the con¬ 
struction of the S 3 mimetry coordinates for a given molecule breaks down 
into separate problems for the different equivalent sets. Further, it is 
very desirable to utilize symmetrically complete sets; t.e., sets containing 
all the coordinates resulting from the application of the symmetry opera¬ 
tions of the molecule to an arbitrarily chosen coordinate. Thus the six 
HCH bond angles in CH 4 form such a set ahd should all be used, even 
though only five are independent. This use of redundant coordinates 
will introduce zero roots into the secular equation, but they are most 

1 Alternative methods of constructing symmetry coordinates have been described. 
See the following sources: 

B. L. Crawford, Jr., J. Chem. Phys., 21: 1108 (1963). 

J. E. Kilpatrick, /. Chem. Phys., 16 : 749 (1948). 

J. R. Nielsen and L. H. Berryman, J. Chem. Phys., 17: 659 (1949). 

T. Venkatarayudu, Proc. Indian Acad. Sci.^ (A) 17: 75 (1943). 

E. Wigner, Nachr. Ges. Gottingen^ p. 133 (1930). 

E. Wigner, ^‘Gruppentheorie,” p. 123, paragraph 2, Edwards, Ann Arbor, Mich., 
1944. (Reprint.) 
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easily removed after the factoring of the secular equation has been 
accomplished. 

It should be noted that there are two kinds of internal coordinates, 
those which are permuted with unchanged sign and those which change 
sign under some operations of the group. The first kind includes changes 
in interatomic distances and simple bond angles while the second includes 
the angle between a bond and plane initially containing the bond {e,g.y 
between CO and the plane O'CO" in COj*) and the angle between two 
planes (twist angles, such as between H 2 C and CH 2 in ethylene). The 
distinction between these two types should be kept in mind during the 
following sections. 

A Simple Ride for Nondegenerate Coordinates, Non degenerate internal 
symmetry coordinates are very easily written down by the use of a rule^ 
involving the characters foi* the given species What is desired 

is a method for determining the coefficients in the equation 


s<7) = ^ 
i 


( 1 ) 


For the nondegenerate symmetry coordinates, the effect of a symmetry 
operator R is 

S(T) SW = (2) 

But R also transforms the internal coordinates Sii 

sA S', = 2 Ru'Si' = RiA- (3) 


in which the elements Ru' vanish except for the one element Rij because 
the S'8 simply permute (with possibly a change of sign). Therefore 
Rij = ± 1 when the operator R moves a displacement at Sj to the position 
Si, Comparison of these ways of expressing the effect of R leads to the 
relation 

3 

= ^ urs', = ^ (4) 

% iJ 

The coefficients of Sj must be the same in the two expressions; thus, for 
the particular value, i = 1, 


^E. Wigner, “Gruppentheorie,’^ Chap. 12; see also iNTac^r. Oes. Wiss. Gottingenyp. 133 
• (1930). 

H. Eyring, J. Walter, and G. E. Kimball, “Quantum Chemistry,’^ Chap. 10, Wiley, 
New York, 1944, 
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If the internal coordinates are of the first kind, Rn is +1 for the coordi¬ 
nate S'i to which R moves the displacement 8 i and zero otherwise; then 


^ when Si ^ S', - Si (6) 

since is arbitrary except for normalization. A compact and easily 
remembered form of this equation is 


= 91 



(7) 


in which the notation RS\ stands for the coordinate to which the dis¬ 
placement of Si is transferred by the operation 22. The sum need be 
taken only over those operations R required to generate all the St, 
although a correct result will be obtained if all the group operations are 
used. 91 is a normalizing factor. 

This equation will also apply when Si is a coordinate of the second 
kind, provided that 12Si is taken with the appropriate sign. Here 
Rii will sometimes be — 1, but in just these cases 22Si gives a minus sign. 

Modified Rule for Degenerate Cases; Orientation. A very similar rule 
permits the construction of degenerate symmetry coordinates. In cases 
of degeneracy, pains or triplets of symmetry coordinates of the same 
species and from the same internal set will occur, but since the different 
degenerate components give rise to identical factors of the secular 
determinant (see Appendix XII), it is unnecessary to consider more than 
one representative of each degenerate set. It may also happen that a 
given internal coordinate set may contribute more than one (but never 
more than dy) degenerate sets to a given species, as described in Sec. 6-2. 
However, a consideration of such cases > 1) will be postponed until 
Sec. 6-7, since, as will be shown there, they can always be reduced to 
several separate problems in each of which n^'*^ < 1. 

In case only one internal coordinate set contributes to a given degen¬ 
erate species, (7) needs no modification whatsoever. If, however, several 
internal coordinate sets contribute to the same degenerate species, (7) 
can be used with some single internal coordinate set, but in general 
must be modified for the other sets, aSJ/, etc. This modification con¬ 
sists in replacing a single 5^ or 5'/ in (7) by a properly “oriented'' linear 
combination. Proper orientation has the following meaning: the linear 
combination is to be chosen so as to exhibit exactly the same symmetry 
properties as the Si used for the generation of the first set. A general 
proof of the validity of this method will be given later; it is first illus¬ 
trated with some examples. 

Consider the doubly degenerate symmetry coordinates of species E in 
ammonia. According to Table 6-2 the three NH stretches, ri, rg, and rz 
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and the three H—N—H bendings, a^, ^23, oczi each contribute one degen¬ 
erate set to E. Suppose that (7) is applied to vi: 


S«> = 91 Y xTRr, = 6-K2ri - r, - r,) 


In order to get the bending symmetry coordinate, one must operate 
upon a linear combination of the a^s which has symmetry properties 
identical with ri. Perhaps the simplest such 
combination is the single angle opposite ri, namely, 
0^23* This is easily grasped by geometric intuition, 
2 but is demonstrated explicitly by noting that 
identical sets of group operations, namely, E and 
Ctj send vx into itself and also send 0:22 into itself. 
The desired representative symmetry coordinate 
is therefore: 

ST = 91 y xTRctn = 6“H2a23 - ^31 - ai2) (8) 

R 

^ Asa second, slightly more complicated example, 

Fig 6-4 The valence consider the four stretches and six bending 

coordinates n and a*/ coordinates of methane (Fig. 6-4). Only the a 

for CH*. get is involved in the doubly degenerate species, so 

that it is permissible to construct the symmetry coordinate according 

to the formula 



S® = 91 ^ 


— 12 ^(2ai2 — (Xu ~ (Xu 0:23 «24 + 2a34) 


(9) 


The triply degenerate (F2) coordinate can also be constructed by operat¬ 
ing upon 0:12: 

sr’ = 91 ^ xr^«i2 = 2 -h«i2 - au) (10) 

R 


A symmetry coordinate of species F2 constructed from the bond 
stretches is also reciuired. Evidently one cannot simply operate upon 
fi, since n is symmetric with respect to E, C3, C|, cru, cru, and <ri4 (63^), 
which are not identical with the operations which leave an invariant 
(62t;). However, a simple linear combination, namely, vi + r2, has the 
desired property: it is sent into itself by E, C2, 0-12, and (^34, just as is ai2. 
Therefore 

Sr’ = 91 ^ xr-R(ri + r,) 

R 

~ 4 - n — rz — Ti) 


(H) 
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It was not necessary to choose au in ( 10 ). An equally satisfactory 
procedure would employ 


and 


= 31 

= 31 


2 xT'Rn 

R 

^ x« ”-K(ai2 + ai3 + au) 


( 12 ) 

( 13 ) 


since each of these combinations is invariant under the same group operar 
tions: Ey Cs, C\, <712, cis, an. 

Note that the summation over R need not be carried out literally in 
evaluating ( 11 ) or ( 13 ). All that is necessary, say, in ( 11 ), is to write 
down the same function of Vi + r2, ri + rg, etc., as (10) is of 0:12, ^13, etc. 
This point is of great importance in factoring the secular determinant 
(Sec. 6-6) and is also a considerable shortcut in large molecules, since 
it reduces all the symmetry coordinates of a given species to a standard 
form. The normalization constant, of course, may be different. 

The Correlation Theorem,^ A remarkable theorem can be proved con¬ 
cerning the number of times, a given species y will occur in the 
reduction of the representation generated by a complete equivalent set 
of coordinates, Su S2, . . . , . . . . The operations of the complete 

point group 9 which are such that 


Si-^ ±Si ( 14 ) 

for any one particular coordinate -Si of the set form a subgroup 3C of 9. 
Furthermore, Si will belong to some nondegenerate species 17' of Any 
irreducible representation of 9 will also be a representation of but not 
necessarily an irreducible one. It can, however, always be reduced. 
Suppose that of g, when reduced on 3 C, has the structure 

V 

in which is an irretlucible representation of g, one of 3C. Then it 
will be proved that 

nW = (15) 

in which is the special, nondegenerate species of Si described above. 
The proof is as follows: from Eq. ( 3 ), Sec. 5-8, 

R 

^See A. Speiser, ''Die Theorie der Gruppen von endlicher Ordnung,” Springer, 
Berlin, 1927. The application to the molecular problem was made by C. Lippman. 
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Rii being a diagonal element in the transformation of the equivalent 
coordinates. But these coordinates simply permute, possibly with 
change of sign. Thus 

Rii = 0, or ± 1 

Then 






and, for a given i, the terms will vanish except for operations R which 
do not permute Si with other coordinates. These operations form a 
3 Q group w^hich is the same as JC, except for orientation. 

/ Z*' For such operations 

^ character of the special species of 5 C. Thus 


Fig. 6-5. Corre¬ 
lation table be¬ 
tween 9 = 3d The inner sum will be the same for ail values of i because 

and 3 C * qH coordinates Si are equivalent and each is left 

unpermuted by a group 3Ci differing from 3C only in orientation in space. 
Thfere are g/h coordinates Sij where h is the number of operations in 3C. 
Therefore 

gh L( 


ll 


Xr Xr 


Xb Xr 




where the last result is simply the application of the basic formula, 
Eq. ( 5 ), Sec. 6-2, to the representation of 3 C formed by the coordinates 
of species y of g. Since is certainly a real quantity it is legitimate 
to replace Xs^’^xk”'’ by its complex conjugate 

This theorem will now be illustrated and its implications discussed. 
Consider first the CH stretches r,, r,, r,, and r, of CH,. Here g is 
3 d; 3C is Cs.. The special species of 3 C is Ai. The correlation table is 
shown in Fig. 6 - 5 . From this it is seen, for example, that 


and 


pUi) of g = of X 

of g = -f- of x 



Sec. 6-4] advanced applications of group theory 123 

Then the theorem above states that there is one combination of r's in 
Ai of 3d and one degenerate set of three in F 2 , since Ai and F 2 are con¬ 
nected with the special species Ai of 5C. If properly oriented, one 
combination of the F 2 set will be in Ai of Q-sc, the other two in E of 
Proof of the Modified Rule for Degenerate Cases. Degenerate symmetry 
coordinates Sa, Sb will transform according to the formula 

S'-^> ' ^ R^SiV ( 16 ) 

a' 

If 7 is a triply degenerate species, an additional term must be 

included. As in the non degenerate case: 

i ij 

= 1 ( 17 ) 

a' a',j 

Here Rij is ± 1 when Si is the coordinate which receives the displace¬ 
ment of Sj v/hen R is applied. Rij is zero for other values of j. Since 
the coefficient of a given Sj must be the same in the two expressions 
above for it follows that 

2 = X (1*) 

i a* 

Now put J = 1 and let i designate the index of the single coordinate which 

R 

receives the displacement aSi when R is applied {Si-^ >S'- == aSi), so that 

= (19) 

a' 

In Appendix XIII it is proved that 

X R’£' = Saa' X (20) 

coset i coset i 

when the summation is over all the group operations which transfer 
the displacement aSi to Si (this set of operations is called coset f; see 
Sec. 5 - 4 ). Since there are h such operations, upon summing over these 
( 19 ) becomes 

X = hUiV = X X 

ooset % coset t a' 


= X (X = X X 

o' coset i 7 coset t 



coset t 
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This last equation shows that the desired coefficients are propor¬ 
tional to the sums of the characters of the group operations which transfer 
the displacement Si to Si, Therefore the final result is the same as for 
the nondegenerate cases, namely, 

^ = 91 ( 22 ) 

% R 

To be sure, (22) gives only one member of a degenerate set of symmetry 
coordinates, but this is all that is needed for an}^ ordinary calculations. 

A slight modification of the proof is necessary in case the special 
species is not totally symmetric. How^ever, the final result ( 22 ) is 
the same, with the understanding that 

RSi = -Si 

whenever the displacement changes sign under the operation R. 

In the above derivation no consideration w^as given to the question of 
^‘orientation.’^ If more than one set of internal coordinates give rise to 
symmetry coordinates in the same degenerate species 7, proper orienta¬ 
tion is necessary, as was illustrated in the CH 4 example. In (22) there is 
leeway for varying the orientation in that the choice of Si as the coordi¬ 
nate from which the others were generated was an arbitrary choice. Use 
of S2, say, might have given a differently oriented coordinate, still of 
species 7. Furthermore, any nonvanishing linear combinatiun 



will also generate a symmetry coordinate of species 7, that is, 

(23) 

The choice of 1, that is, of the coefficients a*, determines the orientation 
of the symmetry coordinate constructed from Hi. 

Suppose that one coordinate, say Si, of one of the equivalent sets of 
internal coordinates is left invariant, or turned into —Si, by the opera¬ 
tions of a particular subgroup 5 C of 9 * Then Si will be of species ??' of JC', 
where t?' is nondegenerate. 

Further, any set can be considered as the basis of a 

representation of 5 C and, by forming proper linear combinations, this 
representation can be reduced. Then, by ( 15 ), since — 1 , only one of 
can be of species v' of 5 C. Let that one be 

If ( 23 ) is used to construct a symmetry coordinate from each of the 
equivalent sets, in each case starting with a coordinate Si or combination 
Hi of species of one particular subgroup as defined above, then in 
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each case an a-type symmetry coordinate will be generated, that is, one 
of species rj' under 5 C. This cannot be otherwise, because such symmetry 
coordinates will contain Si (or Hi) and the effect of an operation of on 
the symmetry coordinate will be the same as its effect on Hi. 

The other symmetry coordinates etc., cannot belong to of 5 C and 
therefore must be of some different species, say t?" of X. This is all that is 
needed to prove the correctness of the orientation, because two coordi¬ 
nates such as and say, from different equivalent sets and different 
degeneracy indices a and b cannot enter any cross terms in the potential 
or kinetic energy because they are of different species under X. The 
purpose of the orientation requirement was to ensure that no such cross 
terms occurred. 


6 - 5 . External Symmetry Coordinates^ 


Another type of symmetry coordinate that is often useful consists of 
linear combinations of cartesian displacement coordinates chosen to 
satisfy the requirements laid down for all symmetry coordinates in 
Sec. 6 - 3 . These will be called external symmetry coordmates, and have 
the same advantages and disadvantages as cartesian coordinates com¬ 
pared with internal coordinates. Sec. 4 - 1 . 

In constructing this type, it is first clear that the different sets of 
equivalent atoms can be treated separately, except that all degenerate 
sets of symmetry coordinates belonging to one species must be identically 
oriented/^ i.e,, must have the same transformation coefficients. In 
many cases a further breakdown is possible which separates the z coordi¬ 
nates, say, from the x and y coordinates. This will be the case for all 
noncubic point groups. By properly orienting the x and y axes separately 
for each atom, it is sometimes convenient to separate the x from the y 
coordinates initially. All these remarks represent simple methods of 
partiaUy reducing the representation formed by the cartesian coordinates. 

In constructing external symmetry coordinates, Eq. ( 7 ), Sec. 6 - 4 , can 
also be applied, t.c., 





( 1 ) 


where is some one of the cartesian displacement coordinates of a given 
set, or a simple linear combination of several such coordinates. is 

the result of operating on gi with the symmetry operation R of the group, 
is the character for i? in the irreducible representation of species 7, 
the sum is over all and 3 fl is a normalizing factor. 


1 This section is not essential to the understanding of the rest of the chapter, but it 
describes a useful alternative type of coordinates. 
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If the species is degenerate, the problem of ‘‘orientation^^ can be 
solved by the same method as used in Sec. 6-4 for internal S 3 mimetry 
coordinates; that is, select to be a coordinate, or simple combination of 
coordinates, symmetrical (or antisymmetrical) to some chosen set of 
group operations constituting a subgroup. 



Fig. 6 -6. Effect of symmetry operations 
on Xi and yi in NH3, for use in gener¬ 
ating symmetry coordinates. 


As a simple example, consider the 
X and y coordinates of the three 
equivalent hydrogen atoms of the 
pyramidal molecule NH3, Fig. 6-6 
(Csv). The structure of the repre¬ 
sentation of ezv is, by the methods 
of Sec. 6-2, 

-f- A2 4 ” 2J? 

The choice of yi as leads to 

$(^1) = I vs (Vi - 1^2 - i Xi 
iVz + 1 \/3 X 3 ) (2) 


Since A 2 is odd to the planes, it is necessary to start with Xi instead of yi 
in this case, whence 


1 V3 (xi - ixj + i >/3 - i V3 yz) (3) 

For the representative of one degenerate pair, start with yi; 

+ i V3®» + ^ V3^*^ (4) 


Now since yi is totally symmetric under E and a., the representative of the 
second degenerate pair should use for f,- either yi + t/j or xt — Xj, since 
these combinations are ssmametric with respect to er,,. 

If ya + y* is used for a coordinate S' is obtained which is independent 
of Si® but not orthogonal to it. 


S' = 2(yj + yz) — {—iyt — ^ \/3 xj — — i y/Z xi) 

~ (.~h/i + i \/3 Xi — iyt + T "V^ ®a) 

“ » + IVa -- I V3 xa + ^ \/3 x» (5) 


To obtain a coordinate orthogonal to Si® and therefore suitable as the 
representative of the other degenerate pair, use may be made of an 
orthogonalization method similar to that described in Sec. 9-2. It is thus 
found that S' — (\/6/2)Si® is the desired combination. When normal¬ 
ized, this gives 


Si® = 


1 

2 V6 


(Syt 3ys — ■\/3 xa -4- -\/3 xa) 


( 6 ) 
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A Geometrical Approach, It is possible to apply ( 1 ) in a geometrical 
manner. Instead of use an arbitrary (except as limited below) vector 
9 a attached to some atom a of an equivalent set. Then represents 
the vector resulting from the operation of R on 9 a. Multiply R^a by 
and sum over all operations of the group as before. In case of 
degeneracy, choose 9 a so that it has the appropriate symmetry under some 
fixed subgroup as before. The resulting expression is to be interpreted in 
the sense that the coefficient of each cartesian coordinate is the component 
in the cartesian direction of the vector attached to the atom in question. 

The hydrogen coordinates of NH 3 may be constructed by this vector 
method. For example, consider the Ai combination. Start with an 
arbitrary vector on Hi (see Fig. 6-7). It actually does not need to lie in 
the plane of the three hydrogens, 
but since no symmetry operations 
in this group mix components in 
the plane with those perpendicular 
to it, it is sensible to start in one 
case with an initial vector in the 
plane, in another case with one 
perpendicular to it. The opera¬ 
tions R which do not shift 9a to an¬ 
other atom are E and or,,, each with 
character unity in i4i. Clearly 
E^a + cTv^a is B, vcctor lying in (r„. 

A slight amount of intuition would 
have warned that the final 9 on each 
atom must lie in the corresponding 
plane and thus led to the choice of such a vector for 9 a, but if this is not 
done, that is, if 9a is arbitrary, ( 1 ) will take care of the situation anyway. 
The result is that the final symmetry coordinate is represented by vectors 
on each H atom, each in the plane through that atom and all of equal 
length, as shown in the figure. 

6-6. The Potential and Kinetic Energies in Terms of S 3 rmmetry 
Coordinates 

In Sec. 6-3 the potential and kinetic energy expressions for the water 
molecule were obtained in terms of internal sjunmetry coordinates, and 
it was found that no cross terms occurred between sjunmetry coordinates 
of different species. The method employed there was the obvious one of 
solving for the internal coordinates in terms of the symmetry coordinates 
and then substituting in the original expressions for T and V, This can 
always be done, even in complicated cases, although short cuts are 
available. 



Fig. 6-7. Transformation of an arbitrary 
vector 9a in xy plane of NHs by operations 
of Qzv. The composition of these to form 
$ui) |g shown by the heavy arrows. 
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The first step, that of inverting the equations defining the symmetry 
coordinates, is greatly simplified if these equations form a unitary 
(orthogonal if real) transformation, and it is therefore important to con¬ 
struct them so that this property holds. Then the unitary property 
ensures that the coefficients of the inverse transformation may be obtained 
by reading down the columns of the forward coefficients and taking the 
complex conjugate (usually all coefficients are real). 

An Illustration vnth the CH Stretches of Ethylene. It will be assumed 
that ethylene has aD2). = ”0^ symmetry, and that the molecule lies in the 
xy plane. The species of the four CH stretches (Fig. 6-8) are determined 

to be 



r = Ag -|- Big + Btu + Bz 


( 1 ) 


Then, employing Eq. ( 7 ), Sec. 6 - 4 , it is easily 
found that 


Fia. 6 - 8 . The CH stretching 
coordinates of C 2 H 4 . 


S(A,) = i.(r, 4. rj + fs i- rf ) 

$( 81 .) = |(;ri — r^ — rz + rf) 

S(8m.) = 4. ^2 _ ,.3 _ n ) 

5 ( 8.0 = — nA- rz — rf) 


( 2 ) 


By reading down the first column of coefficients (those of ri), the 
coefficients of ri in terms of the S’s are obtained, since all quantities here 
are real. Similarly, the coefficients of r2 above give the expression for 
in terms of the S’s. In matrix language, the inverse is equal to the (con¬ 
jugate) transpose. The result is that 


n = •|(S<^«> -f + S'^“>) 

r2 = i(Su^> —-I- - S(««">) .0^ 

rg = !($(.(.) - -f s^®>“>) 

n = |(S(A») 4- $<«'-> - 

The complete potential function for ethylene will involve coordinates 
other than the CH bond stretches, but that part of it depending upon the 
r’s alone can be written, ^ 

2 F = F{rl -f ri -+- r| -f r|) -h 2F'(rir2 + rn;) 

+ 2 F"(rirz -f- r^ri) + 2 F'”{riri -f nrz) ( 4 ) 

In order to obtain the potential energy in terms of symmetry coordi¬ 
nates, one must now substitute ( 3 ) in ( 4 ). There is an obvious short cut 
for replacing r| r| -f- r| -f r\. Since the transformation ( 3 ) is orthog¬ 
onal, it follows that 

2 r? = ^ (S<r))^ ( 5 ) 

t y 


1 The fact that rir 2 , tzTjl or rira, etc., have the same coefficient should be clear 
intuitively, but will be discussed below. 
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Furthermore, no cross terms between symmetry coordinates of different 
species can occur, so that it saves effort if the several species are treated 
separately. For example, from ( 3 ) 

n = (6) 

if the other S^s are zero; thus the coefficient of in 2F must be, from 

substitution of (6) in ( 4 ), 

4- F"' (7) 

In like manner, the coefficient of each term can be constructed, yielding 

2V = {F + F' + F" + + {F - F' ™ +- F"0(;S^^^^>)‘' 

+ (F + F - F" -- + (F - F' + F' - (8) 

When the potential and kinetic energy have been transformed to sym¬ 
metry coordinates, the secular equation may be written down in any of 
the forms previously described in Chap. 4 . The transformation of G to 
symmetry coordinates ma}^ be obtained by inspection of (8). From the 
methods of Sec. 4-2 it is easily found that 

Gtt == Me + — G 

(?13 = (?24 = He cos «« - G^' ( 9 ) 

G\% == (?34 = (?^ ~ 0 

(?14 = G23 = - 0 

Therefore 

QU.y ^G+G^ + G" + G'" - M/z + Mc(l + cos a^) 

^ Q - ~ G" + G'" =: ^ cos a^) (10) 

QiB,.) =. G + G' - G" - G'" - M^ + Mc(l ” cos a«) 

QiBm) = G — G' G'^ — G^" == Mzz + Mc(l “b cos a®) 

A More General Method.^ The illustrative example just given lacked 
generality for two reasons: (a) only a single set of equivalent coordinates 
was treated and (6) no degenerate symmetry coordinates were involved. 
The method would fail if degeneracies occurred, since in order to solve for 
internal coordinates in terms of symmetry coordinates, expressions for all 
the degenerate components would be required, and the methods of Sec. 
6-4 have not prescribed how more than one representative of each 
degenerate set may be obtained. 

Actually, there is a much easier method of getting the potential energy 
in terms of symmetry coordinates, with the added advantage that it 

^ The more general method of this section is based on the unpublished work of 
Caro Lippman. The notation and presentation are somewhat different from his, but 
the basic principles were discovered by him. 
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requires only a single representative of each degenerate set. Using the 
previous example as a first illustration, suppose the force constants of 
(4) are written in tabular (or matrix) form. 



ri 

r2 

^3 

Vi 


ri 

rz 

rz 

rz 


Fii 

Fx, 

F13 

Fx4 

ri 

F 

F' 

p" 

pin 

Vi 

F 21 

Fn 

F 23 



F’ 

F 

p"> 

pn 

rz 

Fn 

F 82 

F 33 

F M 

rz 

p,t 

p," 

F 

F' 

ri 

Fu 

F 42 

Fiz 


rz 

p"> 

■ P" 

F' 

F 


Consider the first row of the force constant table (11) above. The 
columns are labeled by the internal coordinates ri, r 2 , ra, and For a 
given species (for example, Big) each of these coordinates will appear in 
the symmetry coordinate with a coefficient which has already been 
obtained (e.gr., |). Then the rule for getting the potential 

energy coefficient of the square of the symmetry coordinate is: Multiply 
the force constant in the first row and in the column labeled by a given internal 
coordinate by the coefficient with which that internal coordinale appears in the 
symmetry coordinate. Then divide by the coefficient of the first internal 

coordinate {row label). Do this for each column and add the results. Thus 

for Big in the present example, this rule yields 

(i/i)F + {-yi)F' + {-m)F" + (i/i)F'" -^F' -F" + F'" 

With the other species, this rule yields [see (2) for symmetry coordinate 
coefficients] 

fUi,) F ^ F' + F" + F'" 

pea:-) F + F' — F'^ - F'" (12) 

F — F' + F" — F'" 


in agreement with (8). 

Although the symmetry coordinates of (2) were all nondegenerate, the 
same rule works in degenerate cases as well. The force constant matrix 
for the bending coordinates of methane (Fig. 6-4) has the form 



«12 

OtlZ 

an 

azz 

«24 

azz 

ai2 

F 

p> 

F' 

F' 

F' 

pn 

otu 

F' 

F 

F' 

F' 

pn 

F' 

otiz 

F' 

F' 

F 

pn 

F' 

F' 

«23 

F' 

F' 

pn 

F 

F' 

F' 

«24 

F' 

pn 

F' 

p> 

F 

F' 

>OiZ4 , 

p" 

F' 

F' 

F' 

F> 

F 


(13) 
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The symmetry coordinates, by Eqs. (9) and (10), Sec. 6-4, are 

SUi) ~ 6 '“Ho£12 + Oin + «14 + Oi2Z + <*24 + «34) (14) 

= I2~^{2ai2 — «i3 “ ai4 — a23 — ^24 + 2a84) (16) 

Sr = 2-Hai2 - ^34) (16) 

Therefore 

F + F; + n + n + n + F'J = + F'J (17) 

F<f> ^F^- 4(|)n + F'J = - 2F' + n' (18) 

Fr = - n' (19) 


The complete F matrix for methane also includes blocks corresponding 
to bond stretches and to interactions between stretches and bends. 
These blocks have the form: 



ri 

rz 

Tz 

r* 



ai2 

aiz 

otu 

«23 

0£24 

asd 

ri 

Fr 

F'r 

F'r 

F'r 


ri 

Frr. 

Fra 

Fra 

F'ra 

F'ra 

F' 

rz 

F'r 

Fr 

F'r 

F'r 

and 

r2 

Fra 

F' 

F'ra 

Fra 

Fra 

F'ra 

ra 

F'r 

F'r 

Fr 

F'r 


rs 

F' 

Fra 

F' 

Fra 

F'ra 

Fra 

r4 

F'r 

F'r 

F'r 

Fr 


r4 

F' 

* ra 

F' 

* ra 

F 

* ra 

F'ra 

Fra 

Fra 


The expressions for the symmetry coordinates constructed from the bond 
stretches are, by Eqs. (7) and (11), Sec. 6-4, 

= Uri + r2 + ra + r4) (21) 

= M(ri + r2) ~ (ra + r4)] (22) 

The straightforward construction, with the rule above, of the diagonal 
force constants corresponding to (21) and (22) gives 

FUi) == Fr + 3F'r (23) 

^Fr- F^r (24) 

There remains the problem of treating the off-diagonal constants, such 
as F^a*^ the coefficient of The rule for the off-diagonal con¬ 

stants is as follows: Multiply the force constant in the first row and in the 
column labeled by a given internal coordinate by the coefficient with which that 
internal coordinate appears in the symmetry coordinate. Then divide by the 
coejficient of the first internal coordinate of the other set {row label ). Do this 
for each column and add. In the totally symmetric species of the methane 
example, this rule yields 

J [&-KFra + Fr. + + F',^ + F'^J] 

= l^Fra + F’J 


(26) 
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while for the triply degenerate species one fmd= 

= J [2-i{Fra -FO-fO-hO-fO - 
= 2HFra - F'J (26) 

Proof of the General Method, The complete potential energy expression 
is of the form 

2 F = (27) 

u' 

(usually the complex conjugate sign is omitted since the St are real). 
This sum can be broken up into parts in which t and t' run, respectively, 
over single equivalent coordinate sets. Then the Fte in a single such 
part would all come from a single block of the type indicated in (11), 
(13), or (20). Since the method of constructing symmetry coordinates 
does not mix nonequivalent internal coordinates, it follows that the 
introduction of symmetry coordinates will not mix the additive parts of 
the potential energy. In the methane example, the rr, m, and aa parts 
retain their identity. 

Consider a single such part, in particular, one whose force constants 
form a diagonal block, such as rr or aa, in the force constant matrix. 
Let the symmetry coordinates be given by 

Sik == ^ UkSt (28) 

t 

whose inverse is 

St = ^ {U-^)tSk = y UtSu (29) 

k k 

since the Vu are unitary. When this is inserted in (27), one finds 

2 F = (Y uus,) 

it' k k' 

= 22 iL\,UU,Ftf)StSy (30) 

From (30), evidently the desired coefficients are 

hk' - y UktUU^Fte (31) 

w 

If this equation is multiplied on both sides by Uti^ and summed over fc, 
it follows from the unitary property of U that 

Ukt 

= 2 = 2 

if Y 


2 = 2 Utt'Ftf 2 

T FT 


(32) 
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Now the indices fe' and i” can be chosen arbitrarily. Suppose first that 
/S#" is selected as the first coordinate of an internal set which gives rise to 
the sjnnmetry coordinate S*'; in such a case the sum over k in (32) gives 
rise to only a single term: 


^ Ul.,hu' = (33) 

This is true because (a) the Ukt^' will vanish unless k refers to one of the 
symmetry coordinates generated from the internal coordinate Sr and 
(6) for those Ukr which do not vanish by (a) all the coefficients Fibib' 
vanish except for k = k\ since it is here assumed that < 1. There¬ 
fore it follows from (32) and (33) that 



which proves the rule given above for computing diagonal elements of 
F, except that the complex conjugate signs were dropped, since in the 
present example, as in most cases, the Ukt are real. 

To prove the rule for an off-diagonal element, choose t" as the first 
member of an internal coordinate set which yields a symmetry coordinate 
Sjb'' in the same species as Sjb' (which must therefore be constructed from a 
different internal set, if < 1 for all sets). By an argument parallel¬ 
ing the one given above, it follows that 



which completes the proof. In some cases Uk^r will vanish if t" refers to 
the first member of a given internal set; when this happens it is merely 
necessary to choose as the index of some member of the set for which 
Uk"r does not vanish, and then select the elements Frt' from the ^"th 
row instead of the first. 

Abbreviation of the Factoring. The reader may verify by inspection of 
(13) through (16) that the coefficients of any two a^s are equal in all 
symmetry coordinate expressions if the corresponding force constants in 
the first row of (13) are equal because of symmetry. If this fact can be 
proved to be true in general, the work of setting up the symmetry coordi¬ 
nate formulas can clearly be abbreviated. The proof that this is true 



134 MOLECULAR VIBRATIONS [SeC. 6-6 

follows. First, if there exists any group operation, which simul¬ 
taneously sends Si into Si and St into Sfj then Fn == Fu'^ since otherwise 
the potential energy would not be invariant as it must be. The existence 
of such operations is the reason for the equality of the force constants 
under an, au, 0 : 23 , and ^24 in the first row of (13). This fact will now be 
utilized in the main proof. 

The coefficient of any internal coordinate, St, in a symmetry coordinate 
formula such as (14), (15), or (16) is, except for the normalization con¬ 
stant, just the sum of the characters of the group operations which send 
Si into St>t 

Let Xt be an operation which sends Si into Also let iJ' be an 
operation which sends /Si into itself and which sends St into Se- Conse¬ 
quently, Fit = Fit'. But since the inverse of iJ' also sends Si into itself, 
the operation [R'Xt(R')~^ will send Si into itself and then into St, which 
will finally go into Sf', in short, R'Xt{R')~^ sends Si into St'. But since 
i 2 'Zi(i?')"’^ 'is, by definition, an operation in the same class as Xt, it 
follows that the operations which send Si into St' will be from the same 
classes as those which send Si into St. Therefore the sum of the charac¬ 
ters of all the group operations which send Si into St will equal the similar 
sum for the operations which send Si into S^^ This completes the proof 
of the equality of the coefficients, Ukt = Uu' if Fu == Fw. 

It should now be evident that the bookkeeping involved in transforming 
the potential (and kinetic) energies to S 3 anmetry coordinates can be 
greatly abbreviated. Once a standard orientation is adopted, it is only 
necessary to write down a few rows of the F matrix. In the methane 
case, these would be: 



an 

an 

ai4 

0:23 

«24 

au 

ri 

n 

rs 


an 

Fa 

F' 

‘ a 

F' 

^ a 

F' 

^ a 

F' 

^ a 

F'J 

Far 

Far 

F'ar 

F' 

^ ar 

ri 


Fr 

F'r 

F'r 

F' 

1 r 


Since there are only three distinct potential constants in the aa block, 
and since in the present example all the symmetry coordinates involving 
the bond stretches depend upon Vi + ry in the same way as a symmetry 
coordinate involving the angles depends upon aij, the character sums in 
Eq. (7), Sec. 6 - 4 , need only be evaluated in three cases, namely, for those 
operations which send an into anj and 0 : 34 , respectively. Such 
calculations are summarized in Table 6-5. 

The lower half of the table shows the symmetry coordinates which 
follow from the upper half immediately upon normalization, noting that 
the unnormalized r combination is the same function of n + ry as the a 
combination is of a^. 

f If is not totally symmetric, the characters must be taken with negative sign if 
St. 
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Once the properly normalized symmetry coordinates are tabulated, the 
elements of the factored potential energy matrix can be read by inspection 
of Table 6-6, which is constructed with the aid of the rules symbolized by 
(34) and (35). 

The final form of the potential energy matrix is as shown in Table 6-7. 

Table 6-5. Abbreviated Calculation of Symmetry Coordinates for 

Methane 


Ai; 

E: 


ai2 —^ «12 ^12 —^ Oils > Otz 

R‘. E, Ci, 2<7i 0-d, Si, 2C, 2Ci, 2Si 
1,; 4 4 4 


~ 6 + «14 4- OC2'i -f- «24 + «84) 

S(Ai) _ ^ ^2 4“ ra 4- ^4) 

* 12"^(2«12 Oils «14 — ac-iS — 0^24 4" 2 q'34) 
2‘~HoC12 — OiSi) 

= i(ri 4 - rz — r-i ~ r^) 


Table 6-6. Summary of Calculations for Factoring Secular Determinant 

OF Methane 



6-7. Correlation Tables and the Treatment of Internal Coordinate Sets 
in Which > 1 

In Secs. 6-4 and 6-6 it was assumed that < 1 in all species for any 
internal coordinate set. This will not always be true, but in this section 
it will be shown that any internal coordinate set for which > 1 can 
be broken into smaller, nonmixing sets in each of which < 1, so that 
the methods of Secs. 6-4 and 6-6 can then be applied to any molecule. 

In other words, when > 1, it is always possible to choose as new 
coordinates certain linear combinations of the members in the original set 
such that the new coordinates belong to two or more different, equivalent 
sets. These new combinations can often be chosep ah initio as group 
motions such as twists, wags, etc. The following paragraphs outline a 
formal method for obtaining the appropriate combinations if they are not 
intuitively obvious. 




CO 

a 


Table 6 - 7 . Completely Factored Potential Energy Matrix poife Methane 

SaU,) SrUj) $««<*> S«6^*> Saa‘^?,> Sra<V Sab^t> Sr6<^2) Sac^^2> Sr.f''*) 


Fa -f 4 jR^ + 6i(Far + F'at) 0 0 0 0 0000 

Fr + 3Fr 0 0 0 0 0 0 0 0 

Fa - 2Fi+F^ 0 0 0 0 0 0 0 

Fa ~2F^-¥F^i 0 0 0 0 0 0 

Fa - F^' 2kiFar - Fitr) 0 0 0 0 

Ft - F'r 0 0 0 0 

Fa - FS 2*(For ^ F'ar) 0 0 

Ft - F'r 0 0 

Fa - FH 2i{Far - F'ar) 
Ft - Ft 
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Consider an example in which > 1, namely, that of the twelve 
HCC angles in cyclopropane (SD»), Fig. 6-9. A single angle is invariant 
(mly under the subgroup Ci consisting merely of E. In such a case (the 
regular representation), = dy, or 

r = A( -I- A'/ -1- AJ -1- Ai' + 2E' + 2E" (1) 

An inspection of Fig. 6-9 shows that the twelve angles, when arranged 
into three sets of four members each (having a common central carbon 
atom) have the property that each set of four is either merely pePmuted 
within itself, or sent as a rigid unit into another set of four, by all sym¬ 
metry operations of the molecule. Call the collection of group (q)erations 



Fio. 6 - 9 . The twelve HCC angles in cyclopropane. 

(F, Cl, ffh, and o-, in the present example) which merely permute one of 
these sets 3C. But 3C, which is a subgroup of 9» itself contains 3C. In all 
practical cases it will be found that such an intermediate subgroup can be 
found if > 1. 

The utility of X lies in the following. The original set of internal 
coordinates can be reorganized into k/h nonmixing sets each containing 
g/k equivalent members; k is the order of X. When the representation 
afforded by each equivalent set is analyzed, it will be found that < 1 
for all 

Moreover, each independent set is distinguished by its species under 3C. 
In fact, the reorganized coordinates can be constructed as if they were 
nondegenerate s 5 Tnmetry coordinates under X, employing the usual 
formula for such cases, 

km = 31 ^ (2) 

in which F is an operation of X, xv’ is the character of a one-dimensional 
species of X, and St is some one internal coordinate. 

In the cyclopropane example, where X = Cj,, (2) gives four separate 
combinations when applied to St — an: 

— 4-(aii + ail ■+• ais + au) 

K\At) - - r.’i3 + ai4) 

K(bi) — -f- ajj — — au) 

K^Bi) — _ ail ai3 — au) 


(3) 
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Similar expressions would be obtained by operating upon St — 021 or 
St — Then the symmetry operations which send carbon atom 1 
into carbon atom 2 will send into into ± etc., but will 

never mix and etc. 

The final symmetry coordinates under 9 == ^‘6h can be constructed by 
treating the and families separately. In the 

present example, use of the correlat?ion table shows that 

= ri; + 

4'/ + E" . 

- A'' + E'^ ^ ^ 

r(A^(«^)) = A' + E' 

which indicates that the final symmetry coordinates can be assembled 
using the methods of Sec. 6-4 in which it was assumed that < 1. 
Note that the and families behave somewhat like the 

twisting or outrof-plane internal coordinates described earlier, in that 
they are not totally symmetric under their respective subgroups. 

One complication arises in the degenerate species. Consider in 
which there must be representatives of the and of the families. 
Since by its deWtion in (3) is of a different species under the 

subgroup 3C than is it will not be correctly oriented as is required for 
the construction of a degenerate symmetry coordinate. Furthermore, if 
one attempts to force it into the correct orientation, the result will be zero: 


^ + ^(xz)K\^’‘^ + <T{vz)Kf'^ 

^ - iff*’ - -f- Xf’' - = 0 (5) 

where the summation is carried over the subgroup — X = 62 ^. How¬ 
ever, if the above character operator formula is applied to instead of 
to the linear combination is obtained, and the repre¬ 

sentative symmetry coordinate of this type in E' may then be obtained 
by applying the character operator formula to over the whole 

group. 

In order to obtain the potential energy in terms of these symmetry 
coordinates, it is necessary to revise the initial F matrix, which has the 
form indicated in Table 6-8 (for simplicity, the force constants are 
written Fa = a, = 6 , etc.) 

Table 6 -8 . Force CowsrANT Matrix for HCC Angles in Cyclopropane 


1 

an 

otvi 

ais 

au 

0 L 21 

CX .22 

OC23 

a24 

aai 

a32 

Oizz 

OiZi 

an j 

a 

h 

C 

d 

e 

f 

Q 

h 

e 

i 

g 

3 

Otl2 

b 

a 

d 

c 

i 

e 

j 

9 

/ 

e 

k 

g 

ai8 

c 

d 

a 

h 

g 

h 

e 

f 

9 

3 

e 

i 

fltu 

d 

c 

b 

a 

3 

g 

i 

e 

h 

g 

f 

e 
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As the next step, consider the set of a^s to have been broken up into 
the nonmixing sets etc. Then the first rows of the various 

blocks would have the form indicated in Table 6-9. 

Table 6-9. Revised Force Constant Matrix for Cyclopropane 


K[M) j^uo ^Ui) Kfi) Kfi) Kfi) j^(B2) 



Pa, F'a, 

P"a, 








FaiB, ~FaiB'. 

K^m) 




Fa, 

Fm 

F'a, Fa,b 

1 Faib, 

- 

■Fa,b, 



X<B.) 






Fb, 

F'b, 


F'b, 













F B^ 

F'b, 


where Fai — 

a 

+ 

h ^ c 

+ d 

F'a, = 

e + g 

+ 

(i)(f 

4-/i -f 

i + j) 


Fa, = 

a 

- 

b — c 

-f- d 

Ff, = 

e - g 

+ 

(i)(- 


- -i + j) 


FBi ~ 

a 

+ 

h - r 

- d 

F'b, = 

e - g 


(iXf 

— h -\- 

>' - f) 


^ B 2 = 

a 

- 

b + c 

- d 

F'b, = 

e + g 

- 

(i')U 

4- 

i +j) 


FaiB2 = 

0 




Fmb, = 

ii-f 

- 

h i 

Aj) 



F a^Bi == 

0 




F'a,b, = 

i(f- 

h 

— i + 

'3) 



Note that the interaction terms of the types A 1 ^. 2 , AiBij A 2 B 2 , 
and B 1 B 2 are omitted in Table 6-9 since (4) indicates that no such 
interactions will arise among the final symmetry coordinates. Thus 
K^M)(^A[ + E^) and + E'^) will have no interaction because 

they do not enter into symmetry coordinates of any common species. 

The calculations giving the form of the symmetry coordinates are sum¬ 
marized in Table 6-10. Note that the degenerate coordinates formed 

Table 6-10. Summary ob Calculation of Symmetry Coordinates for 
HCC Angles in Cyclopropane 



SUxO « -f 4. 

SUi") ^ -h 

H- *>) 

^aP = 
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from the B types of intermediate coordinates are, respectively, the same 
functions (except for normalization) of K 2 — Kz, Kz — Ki, and Ki -■ IC 2 , 
as the A types are of iCi, Kz, and Kz. This procedure easily vanquishes 
the difficulties of orientation. 

From the expressions given in Table 6-10, the coefficients Uht needed in 
Eqs ( 34 ) and ( 35 ), Sec. 6 - 6 , to find the elements of F may readily be 
obtained. A little caution must be employed in dealing with the 
and S^bP coordinates. Thus in applying Eq. (34), See. 6 - 6 , to find 
Uki = 0 does not appear in the symmetry coordinate). Therefore 
it is necessary to divide by Ukz and hence to employ revised elements from 
the second row of the Bz X Bz block. Although this row is not shown in 
Table 6-9, it obviously consists of the elements and and 

leads to the result shown in Table 6-11. 

By combining the information in Tables 6-9 and 6-11, one finds, for 
example, that the F' factor of the potential energy has the form: 

{a + b + c + d) — % (—/ — h + i + j) 

[e + g + Uf + k + i + j)] 

{a - b + c - d) - 

^ (—/ ~ h + i + j) [e + g — i(/ + h + i + j)] 

In conclusion, it should be pointed out that use of the correlation tables 
is very desirable in order to determine the correct intermediate subgroup. 
In the tetramethyl methane molecule, there exists a set of twelve equiv¬ 
alent CH stretches if the over-aU symmetry is 3^. Chemical intuition, 
which suggests that this set might be broken down by constructing 
intermediate symmetry coordinates at each methyl group, would prove 
incorrect. For when the correlation of 4' in (the group which leaves 
a single CH stretch invariant) is traced into Fz of via 3C = 63 ^ (the 
local symmetry of the methyl group), it will be found that the degenerate 
species, E, of Qzv is involved. Since the method described in this section 
requires that only nondegenerate species be involved, 63 ^ would not be 
an acceptable X. On the other hand, 62 ^ is readily found to be a suit¬ 
able X. 

6-8. Removal of Redundant Coordinates^ 

The simplest type of redundancy is that in which only the coordinates 
of a single symmetrically equivalent set are involved. Thus the six 
bending coordinates for methane are connected by the relation 

aiz + ociz + ai4 + 0^23 + ^24 + «34 == 0 (1) 

IE. B. WUson, Jr., J. Chem. Phys., 9: 76 (1941). 

C. E. Sun, R. G. Parr, and B. L. Crawford, Jr., J. Chem. Phys.j 17: 840 (1949). 



Table 6 -11. Summary of Factorization of Potential Energy of HCC Angles in Cyclopropane 
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^AiBi 
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0 

1 

~1 
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which holds in the approximation used throughout this chapter, namely, 
that the internal coordinates represent small displacements from equi¬ 
librium. In the methane problem, (1) is a symmetry coordinate in Ai 
(except for a normalizing constant) The elimination of the redundancy 
in such a case is trivial, since one merely omits the row and column in the 
and matrices corresponding to this coordinate. However, even 
such a simple redundancy is of value as a check on the computation of the 
G matrix, since the elements of the corresponding row and column should 
automatically vanish. This may be seen as follows. The internal 
coordinates were defined in terms of the 3^ cartesian displacements, Ji, 
by Eq. (1), Sec, 4-2, 


ZN 



i 


is the redundancy condition, then 




(4) 

or 

i-i t 

y atBti = 0 i = \,2, . . . ,ZN 

(5) 


t 


since the are independent (the Ba themselves are so defined as to 
exclude translation and rotation). But use of the definition of Gttf by 
Eq. (1), Sec, 4-2, 

3N 

Gte = ^ fj'iBtiBt'i 


in which /a, is the reciprocal of the mass of the atom one of whose cartesian 
displacement coordinates is f,, then shows that 

ZN 

~ ^ ci/jt't ^ ^ ^ dtBii = 0 ( 6 ) 

t »-i t 

since G is symmetric. But (6) proves that if a linear combination of 
internal coordinates vanishes, so does exactly the same linear combina¬ 
tion of elements in any row or column of the G matrix. Although the 
proof has been given in terms of the St, it clearly is equally applicable to 
the S 3 rmmetry coordinates, S*. 
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In the methane example, the single symmetry coordinate vanishes; 
hence all the elements in its row or column in the G matrix must vanish. 
Because of the definition of symmetry coordinates (no interaction terms 
between coordinates of different species) this assertion reduces to the 
statement that all elements in the factor associated with vanish. 

In a slightly more complicated case, the redundancy may involve 
coordinates from distinct symmetrically equivalent sets. As an example, 
let a be an XCX bending, p an XCY bending in an X3CY molecule. If 
the angles are tetrahedral, 

«i + 0^2 + as + = 0 (7) 

analogous to ( 1 ). Normalized sums of the a and 0 constitute two sym¬ 
metry coordinates which appear in the totally symmetric species Ai of 
the group 63 ^. It would accordingly be expected that the sums of the 
elements in the rows or columns of G^^^^ corresponding to these two sym¬ 
metry coordinates would vanish. The G^^*^ matrix for the X3CY mole¬ 
cule has the form (Sr designates a symmetrical CX stretching coordinate 
and S« the CY stretch): 


I Sr S. S« S, 


s. 

. 1 

Mx + g Me 

-3-iMc 

2 « 


2 * 

3ro'*‘ 

s. 


M» + Me 

2 • 6 i 


2-61 


3ro 



s„ 


1 

f>2 

/ , 8 \ 

t Mi "I" 3 / 

1 

/ , 8 ' 
1 Mx + 3 Me 





a 

,8 \ 
M* + g I 


indicating that this expectation is confirmed (use the symmetry of the 
matrix for etc.). 

The redundancy maybe removed in this case as follows. The potential 
energy corresponding to the Ax factor may be written out as: 

2V = FrrS? + + F««S| + F,,S| 

“f* 2Fr«SrS« + 2FraSrSa “f" 2Fr/fSrS^ 

+ 2F.«S.S« + 2F^SsSfi + 2F«^SaS^ (8) 

[the (Ai) superscripts have been dropped for simplicity]. Since 
S« = 3-Hai + a 2 + ocs) and S /9 == 3 + 02 + 0%) 

the redundancy condition amounts to 

Sa + = 0 


(9) 
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One can therefore eliminate either S« or Sp from (8) and thereby reduce 
the order of the matrix. For example, if S/j is eliminated (by putting 

Sf = — S«), the matrix assumes the form 


F Sr S. 


I rr » rs 

Se Fa, 

Sa 


Sa 

fra — Fr|9 

Fsa Fs/S 

Faa “f“ F/9/3 2Fa/3 


The corresponding appropriate matrix is then obtained by merely 
omitting its row and column corresponding to S^. In the present case it 
would have been equally correct to eliminate $« from the potential energy 
expression and then ignore the corresponding row and column of 
Since there is no way of giving independent numerical values to Fra 
and Fr<s, but only to the combination Fr« — Fru, it is perfectly allowable 
(but quite arbitrary) to give Fr^ the value zero. Similarly one can put 
F,/ 9 , F^^, and Fa/s all equal to zero by the same argument. If this is done, 
the result is the same as if the row and column had been omitted from 
both the F and G matrices. Similarly it would have been equally correct 
to omit the rows and columns labeled with Sa^ 

The proof of the correctness of this procedure may now be given for a 
more general case, namely, one in which there are r independent redun¬ 
dancies, ^ expressed by the conditions: 


ackSk = 0 c = 1, 2, . . . , r (10) 

First, it may be assumed without loss of generality that (10) may be 
used to eliminate the last r symmetry coordinates, namely, Sn-r+i, 
Sn-r-f 2 , . . . , S» (the coordinates can merely be renumbered). The first 
step is the elimination of these coordinates from the potential energy. 
This can be done in a stepwise fashion, each step of which would be 
similar to the process illustrated for the X 3 CY molecule above. 

When this has been done, the result is an expression for the potential 
energy in terms of a set of n — r independent coordinates. It is then 
required to construct a G matrix in terms of these same independent 
coordinates. But examination of the rules for the construction of the 
elements of the G matrix shows that any element such as Gki depends on 
the nature of the coordinates and Si and not at all on what other 
coordinates there may be. Consequently the n — r rows and columns 
corresponding to the independent coordinates are calculated by the same 
rules whether or not the redundant coordinates are utilized. The rule is 

1 The remarks to follow are phrased in terms of symmetry coordinates, but actually 
apply to any secular determinant. 
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therefore proved that the G matrix to use is obtained by omitting the rows 
and columns for the coordinates which have been declared redundant. 

In closing this section, a few remarks on the occurrence of redundancies 
may be made. For complex molecules it may be difficult to recognize a 
redundancy in advance. If a sufficient number of internal coordinates 
is used, the number of redundancies can be found by subtracting 3n — 6 
(the number of internal degrees of freedom) from the number of internal 
coordinates. However, essential internal coordinates may have been 
inadvertently omitted. The final test is the rank of the G matrix, that is, 
the dimension of the largest nonvanishing determinant contained in it. 
This should equal the true number of internal degrees of freedom.^ 

If the molecule has any symmetry, these considerations can be applied 
separately to each species. The number of independent coordinates in 
each species can be obtained by reducing the representation formed by 
the cartesian coordinates and subtracting the translations and rotations 
appropriately. The number of internal symmetry coordinates is simi¬ 
larly obtained for each species, and any excess represents redundancy. 
Likewise the rank of G^'^^ should equal the number of independent 
coordinates of species 7 . 

One very common form of redundancy involves the angles between the 
bonds attached to a single atom. If there are s noncoplanar bonds, there 
will be only 3(s + 1) — 6 — s = 2s — 3 independent bond angles, as 
illustrated in the CH4 case. Redundancies are also likely to appear in 
rings and these may involve the bond stretching coordinates as well as the 
bond angles. Some of these points are illustrated in Chap. 10 for the 
case of benzene. 

^ A method of selecting a set of internal coordinates which includes all essential 
vibrational motions has been described by J. C. Decius, J. Chem. Phys., 17: 1315 
(1949). 



CHAPTER 7 


VIBRATIONAL SELECTION RULES AND INTENSITIES 


The fundamental principles upon which the calculation of selection 
rules are based have been given in Secs. 3-4,3-5, and 3-6. In this chapter 
these principles will* be applied to the problem of determining the vibra¬ 
tional selection rules for symmetrical molecules. It will be found that 
certain transitions are forbidden merely because of the symmetry proper¬ 
ties of the molecule. Other transitions are found not to be forbidden by 
symmetry considerations; such transitions may nevertheless be missed 
experimentally because of low intensity due to other causes. On the 
other hand, transitions forbidden by symmetry sometimes seem to appear 
in the spectra of liquids, presumably due to the distortion of the sym¬ 
metry by the neighboring molecules. However, in spite of the fact that 
so-called ^'forbidden’’ transitions may occur weakly in liquids and 
so-called ‘‘allowed'' transitions are quite frequently not observed, the 
selection rules given by symmetry considerations are of very great 
importance as a guide in the interpretation of molecular spectra. 

In the discussion which follows, the harmonic oscillator functions will 
be employed as vibrational wave functions. The results obtained, how^ 
ever, are equally applicable to anharmonic oscillators for the following 
reasons. The wave functions for a molecule whose vibrations are 
anharmonic can always be expressed as linear combinations of the 
harmonic oscillator functions. 

^ = X 

Furthermore, all these functions, which appear together in a given 
linear combination must transform exactly alike under the molecular 
symmetry operations. Thus the wave functions, of the anharmonic 
molecule belong to the same symmetry species as do those of the harmonic 
oscillator, and the symmetry species for a state of a real molecule can be 
identified with the species of the harmonic oscillator function which most 
closely approximates it and therefore contributes the largest term to 
the linear combination. 

For this reason the group theoretical methods employed in this chapter 
are of great generality, i.e., they are not restricted to the special case 
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assumed in Chap. 3, in which the wave functions were those of a set of 
harmonic oscillators and the expansion of the electric moment in the 
normal coordinates contained no terms higher than the first power in such 
coordinates. Therefore, the conditions developed here for selection rules 
will be necessary but not sufficient for a transition to occur in such a 
model. For instance, no vibrational transitions are prohibited for the 
water molecule by virtue of the symmetry of its equilibrium configuration 
(C 2 v), but many transitions would be prohibited by the additional restric¬ 
tions imposed by the type of wave equation and electric moment expan¬ 
sion used in Chap. 3. 


7-1. The S 3 rmmetry of Wave Functions 

Just as the normal coordinates of a symmetrical molecule show certain 
symmetry properties, so do the vibrational wave functions. For example, 
the wave function for the lowest vibrational state of a molecule is (see 
Sec. 3-3) 


^ = 91 exp 


_ . . . _ ^73 y-6Qi.v- 6^ 


( 1 ) 


in whichi yk = n being the classical frequency of vibration 

associated with the normal coordinate Qk- This wave function is 
unchanged by the application of any of the symmetry operations of the 
molecule, for the following reasons. The argument of the exponential 
in (1) is 

KtiQ! + 72Qi + • • •) 


The nondegenerate Q’s are always transformed into ± Q, so that for them 
is unaltered. A degenerate pair Qk, Qi always transforms so that 
Qk + Qi is invariant, with similar results for a triply degenerate set 
Qi, Qi, Qm, since otherwise the potential energy V in terms of the Q’s 
would not be completely symmetrical. But these same combinations of 
Q’s occur in the exponential in (1) because, if v* = Pi, then yk — yu 
Therefore, the exponential and consequently ^ is invariant. 

The wave function which corresponds to the state in which one quan¬ 
tum of one of the normal vibrations Q* is excited is 


where 




U = exp 


= fflUQk 

(2) 

ZN-6 

li-m 

Jfc-1 

(3) 


It is evident, therefore, that such a function has the same symmetry 
properties as Qk itself, since the exponential is completely s 3 Tnmetrical. 

^ This symbol is not to be confused with y employed as the index of an irreducible 
representation (sjrmmetry species). 
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In particular, if Qu and Qi correspond to the same classical frequency 
Vk = viy then the two corresponding wave functions of the type given in 
(2) will correspond to the same energy and will form the basis of an 
irreducible representation of the point group of the molecule, just as do 
Qk and Qi themselves. In fact, the representation formed by the ^^s will 
be identical with that formed by the Q^s. 

In general it will be true that the set of wave functions belonging to any 
one energy level will be transformed into linear combinations of one 
another by the symmetry operations of the group, so that they form the 
basis of a representation of the symmetry point group of the molecule. 
This follows from the fact that the wave equation is unaltered by the 
symmetry transformations of the group so that the two sets of solutions, 
one obtained by solving the original equation, the other by solving the 
transformed equation, cannot be independent of one another. 

The ground state will have the symmetry of the molecule itself, as has 
been seen, while the fundamental levels will have the same symmetry as 
the corresponding normal coordinates. Higher levels—overtone and 
combination levels—will have other symmetries which are not as immedi¬ 
ately obvious, but which can be obtained by the methods of Secs. 7-2 and 
7-3. 


7-2. S 3 nnmetry of Combination Levels 

A combination level has been defined in Sec. 3-2 as a level in which two 
or more quantum numbers have values greater than zero, these quantum 
numbers corresponding to normal coordinates of different frequency. 
Consider, for example, the binary combination r/b = 1, = 1, all other 

v^s = 0. The wave function for such a state has the form 

^ = ^UQkQi ( 1 ) 

If Vk and vi are each nondegenerate frequencies, then the energy level 
corresponding to the above ^ must be a nondegenerate level (except in 
cases of accidental degeneracy) and the representation of the point group 
of the molecule formed by the transformations of ^ has the dimension 

R R 

unity. Also, if Xn^Qk and xfQi, where xV Xr ^^e the 
characters of the irreducible representations to which Qk and Qi belong, ^ 
then 

yp^xfxn ( 2 ) 

^ In Chaps. 5 and 6, y was usually used as an index for an irredueible representation 
where it was desired to emphasize the relations between the irreducible representa¬ 
tions of the group and its subgroups. In the present chapter, y will frequently be 
replaced by A;, Z, etc., corresponding to the normal coordinates Qkz Qi, ^tc., which are 
the bases of specific irreducible representations. 
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Consequently, the character for the operation R of the representation 
formed by ^ is Xb'xb’, the product of the corresponding characters of the 
two normal coordinates. 

If Vk, say, is degenerate while vi is nondegenerate, then the energy level 
will be degenerate to the same extent that v* is. For illustration, suppose 
that Vk is doubly degenerate, then there will be two wave functions, 4'a and 
i/'i, given by 

1^0 = 'SlUQkaQl /o-v 

in which Qka and Qkb represent the pair of normal coordinates associated 


with Vk. 

Suppose that 

R 

Qka ^ RaaQka 

(4) 

while 

Then 

R 

Qkb RbaQka + RhbQkb 

qAx^Qi 

R 


XRliaa'^a + X^R Rab4'h 

^b XuRbai^a + XR^Rbb^b 

(6) 

The character for this transformation is 



X^^iRaa + Rbb) = Xfxf 

( 6 ; 


where Xb’ = i®oa + Rbb is the character of the transformation of Qka and 
Qh,. Hence, in this case also, the representation.formed by the wave 
functions for the combination level has characters equal to the products 
of the corresponding characters of the representations formed by Qka, 
Qki, and Qi. 

Finally, if both Vk and vi are degenerate, the same rule applies. For, if 

Qka—* RaaQl^a + 

Qkk^ Ri’SQka + R^^Qlct 
with similar equations for Qta and Qa., then 

^aa R^JSR^^aa + Other terms 

fab R'-^RUfab + Other terms ^ 7 ) 

fba -> RifRfafba + Other tecms 

fbb R^^RMn, + other terms 

so that the character for the transformation of faa, etc., is 

(Rl^ + Rg^)iR!^i + R^£) = 
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Here ^oa is the wave function containing QkaQia] ^ab contains QkaQiby etc. 

If vk, vi, or both are triply degenerate, the rule applies equally well, so 
that in general to find the symmetry species of the wave functions com¬ 
prising a combination level, first form the products of the corresponding 
characters of the representations formed by the normal coordinates which 
are excited. This gives the characters for the new representation, so 
that Eq. (1), Sec. 5-9, 

^ ^ ( 8 ) 

can be applied to determine the structure of the new representation, that 
is, the symmetries of the states composing the degenerate excited energy 
level. The representation formed by the wave functions for a combina¬ 
tion level is said to be the direct product of the representations formed by 
the two sets of normal coordinates. This is depicted symbolically by 
the equation 

r = X 

where is the symbol for the representation formed by the normal 
coordinates associated with Vky F^^^ is the representation associated with 
vi, and F is the symbol for the representation for the combination level 
which may involve more than one irreducible representation. 

An example may clarify the method. Suppose that Qka and Qkb are 
two degenerate normal coordinates of methane (5d) of species jB, while 
Qia, Qm, and Qu are taken as of species F 2 . The combination level with 
one quantum of each vibration excited will have a symmetry V = E XF 2 . 
To find the structure of F, use is made of the following character table 
(see Appendix X). 

Charactee Table foe 3d 


3 d 

E 

8C3 

3C2 

6<rd 

6 S, 

Ai 

1 

1 

1 

1 

1 

A, 

1 

1 

1 

-1 

-1 

E 

2 

-1 

2 

0 

0 

Fi 

3 

0 

-1 

-1 

1 

F2 

3 

0 

-1 

1 

-1 

Ey.Fi 

6 

0 

-2 

0 

0 


The last line gives the characters for F which are the products of the 
characters for E and for By the use of (8), or by inspection of the 
table, the components of F can be found to be 


F = F\ -j- F 2 


(9) 
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The meaning of this statement is that the six functions xpaa, ^oc, 'Pba, 
'f'bc can be formed into six linear combinations such that three of them 
transform into one another so as to form a representation of species F i, 
while the other three linear combinations form a representation of 
species F^. It will be shown in Sec. 8-6 that the energy level under dis¬ 
cussion, which is sixfold degenerate when only the quadratic part of the 
potential energy is considered, will split into two levels under the influ¬ 
ence of the anharmonic portion of V (cubic and higher terms). One of 
these levels is of species Fi, the other of species F 2 . 

In this way direct product tables for the irreducible representations of 
tbe S5’'mmetry point groups have been constructed and are useful in 
determining the symmetries of combination levels. T.able X-12 sum¬ 
marizes rules through which straightforward derivations of these direct 
products may be achieved. 

Combination levels which involve more than two frequencies can be 
treated in exactly the same way. The symmetry of such a level is the 
direct product of the irreducible representations of the fundamentals 
involved; i.e., 

r = X r® x (lO) 

Although this discussion has assumed that no Vk > 1, the following sec¬ 
tions will show how to determine the symmetry of an individual level 
when Vk > 1, after which the over-all sjunmetry can be computed by a 
simple extension of the concepts of the present section. 

7-3. Symmetry Species of Overtone Levels* 

An overtone level is one for which all quantum numbers are zero 
except those associated noth some one frequency yi. If only one quantum 
of this frequency is excited the level is a fundamental level, but if more 
than one quantum of the same frequency is excited, the level is an over¬ 
tone level. If the frequency which is excited is nondegenerate, all the 
corresponding overtone levels are likewise nondegenerate, but, as shown 
in Sec. 3-2, the overtone levels of a doubly degenerate frequency have a 
degeneracy v H- 1, while the overtones of a triply degenerate frequency 
have a degeneracy ^(v -]- !)(» -f 2). The quantum number v is the sum 
of the quantum numbers vu, etc., associated with the degenerate 
frequency. 

Nondegenerate Overtones. Consider first nondegenerate overtone levels. 
The wave function for such a level is 

f ( 1 ) 

iL. Tisza, Z. Physik, 82: 48 (1933). 
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being the yth Hermite polynomial (see Sec. 3-3 and Appendix III). 
These polynomials are even functions of Qz if v/ is even and odd functions 
if vi is odd. From this it follows that for vi even 


For vi odd, 


s 




( 2 ) 

(' 3 ) 


if Qi ^ Xb^Qi- Consequently, when the fundamental is nondegenerate, 
the even overtones (vi even) are completely symmetrical (t.e.j of the same 
symmetry as the ground state) .while odd overtones have the same sym¬ 
metry as the corresponding fundamental level—which is in turn the 
same as the appropriate normal coordinate 

Degenerate Fundamentals, The overtones of degenerate frequencies 
provide a somewhat more difficult problem. As an illustration, consider 
the level with t; = 3 of a doubly degenerate fundamental. The four 
states have the quantum numbers (3,0), (2,1), (1,2), and (0,3). The 
wave functions are (see Sec. 3-3) 


^8.0 - - 127^0a) 

^2.1 = 9l2,iC^(470i - 2)2y^Q, (4) 

^1.2 = 9li.2^727iQ«(47Q| — 2) 

^0.8 == 91o.8C/(87*Q? - 127*Q5) 

It is clear that each of these contains a term which is cubic in Q®, Qh and a 
term which is linear in these coordinates. If a transformation R is 
applied to these wave functions, where 

Qa RaaQa + RabQb ( 6 ) 

Qb RbaQa + RbbQb 


it is evident that the cubic terms will remmn cubic terms and the linear 
terms will remain linear terms after the transformation. Since the ^'s 
belonging to this degenerate energy level must form j# Tepresentation of 
the group, the effect of any operation R on any one of the wave functions 
must be to generate a linear combination of these same wave fimctions; 
i.e., 



in which the sum is over the quantum number pairs associated with the 
one energy level in question. In this transformation the terms of each 
power-in the Q^b must transform in the same way. Therefore, to study 
the transformation of the ^’s it is only necessary to study the transforma- 
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tion pf the highest terms in them, in this case the cubic terms. In 
determining the character of a transformation, it does not matter what 
coordina^te system is used (Sec. 5-5). It is therefore convenient for each 
operation R to use % set of normal coordinates and Qh such that^ 

B 

Qa ^ RaQia /m\ 

qARi>Q^ 

so that x{R) == + Rh* Naturally the same choice of Qa and Qh will 

not diagonalize the transformations for every i?, but for each It some Qa 
and Qh can be found whxoh will have thi^ property. Since Qa and Qh are a 
degenetais pair, any orthogonal linear combinations of them are equally 
good as normal coordinates (see Sec. 2-3). Then 

Ql^RlQl 
QiQh R>\iChQl,Qh 
QaQl^RaRlQaQl 
Ql^RlQl 

so that 

xz{R) ^Rl + RIR, + RaR! + Rl 

if the symbol Xv{R) is used for the character of the transformation of the 
functions for the level with quantum number v. Similarly 

X2iR) = + RaRb + Rh ( 10 ) 

Furthermore, the character xiR"") for the transformation of Qa and Qh 
under the operation which is the t^h power of R is evidently, by repeated 
application of (7), 

x(R^) ^ Rl + Rl (11) 

Comparison of Eqs. (9) to (11) shows that 

xz(R) = Ux(R)x2(R) + xm] (12) 

A little consideration indicates that this result can be generalized, with 
the result that 

Xv(R) = Ux{R)xv^i(R) + x(^^)] (13) 

an equation which can be used to calculate the character for any overtone 
of a doubly degenerate fundamental. 

For overtones of triply degenerate frequencies the characters are given 
by the relation 

X.<«) = i (2x(R)x.-iiR) + i(x(«*) ~ [x(«)]*}x.-»(ft) + xiR*)) 

^ For certain operations, Ba and Rh may be complex numbers. 


( 8 ) 

( 9 ) 
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which can be checked by the same methods as used for the doubly 
degenerate case.^ Here xi(J?) = x(R)) Xo(R) = 1, and x-k(R) = 0. 

With these equations it is possible to calculate the characters and then 
by the use of Eq. (8), Sec. 7-2, to find the species of any overtone level. 
Table X-13 summarizes the results of such calculations. As an example 
consider the states with t; = 2, 3, and 4 for the doubly degenerate fre¬ 
quency of methane. The fundamental has the species E. The necessary 
steps and the final results are included in Table 7-1. The first row lists 
the classes of the operations in 3^. The next three rows list the classes of 
the operations which are the square, cube, and fourth power, respectively, 
of operations of the classes in the first row. x(^) is the character of the 
irreducible representation E for the operation R. The final species of 
the states with = 2, 3, and 4 are given in the last column and are 
obtained by the use of Eq. (8), Sec. 7-2, or by inspection. 


Table 7-1. Symmetries of the Overtones of E in 3d 


R 

E 

8C3 

3 C 2 

684 

Q(Td 

Species 


E 

C3 

E 

C 2 

E 


R^ 

E 

E 

c. 

s. 

O'd 


R^ 

E 

C3 

E 

E 

E 


xiR) 

2 

-1 

2 

0 

0 

E 

x(i2‘) 

2 

-1 

2 

2 

2 


x(fi*) 

2 

2 

2 

0 

0 


x(i?^) 

2 

-1 

2 

2 

2 


xiiM) 

3 

0 

3 

1 

1 

Ai E 

xa(ff) 

4 

1 

4 

0 

0 

Ai + A2 4" E 

xm 

5 

-1 

5 

1 

1 

Ai ^E 


Degenerate Fundamentals; an Alternate Method? Since the method for 
finding the character just described depends upon recursion formulas 
involving the total vibrational quantum number, v, it would lead to 
rather lengthy computations for the higher overtones. A method is 
described in Appendix XIV whereby the characters Xv{R) can be expressed 
in a closed formula. This method may also prove advantageous in dis¬ 
cussing problems in which the interaction energy between vibration and 
rotation is taken into consideration. 

The formula for the character of an overtone of a doubly degenerate 
species as found in Appendix XIV is 

Xv{R) = y X|ii(^) 

1 For the so far unused cases of degeneracies 4 and 5, see Tisza, Z. Physiky 82 : 48 
(1933). 

2 J. C. Decius, J. Chem. Phys., 17: 504 (1949). 
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where |i| = 1, 3, 5, . . . ,«if j; is odd or |f| = 0, 2, 4, . . . , r if »is even. 
The value of X|i|(^) depends upon the following conditipns: 

If \l\ = 0, then xio|(i2) = 1 
If |lj 9^ 0, Xb’ = 0) Xb«’ > 0) then xiJ|(^) = 0 
Otherwise xi*i(jR) = 2 cos las 
The angle, as, may be determined from the fact that 

x?’ = 2 cos as 

In the triply degenerate case, 

XriR) = 2 xi(R) 


where 1 = 0, 2, 4, . . . , j; if v is even or i = 1, 3, 5, . . . , v if v is odd. 
If xT ^ 0 and x?’ = - 2 x<b^> or if xg"’ = 0 and xfi? = +3, the 

expression for xi(R) is 


xi(R) = 


sin [(21 + l)as/2] 
sin (ob/2) 


otherwise 


xiiR) = 


cos [(21 -I- l)aB/2] 
cos (aB/2) 


The value of as is determined by the formula 


Xb ’ = ± 1 + 2 cos as 

in the triply degenerate case, where, as usual, the plus sign is used for 
proper operations and the minus sign for improper operatimrs. 


7-4. Symmetry Species of a General Vibrational Level 

The results of the two previous sections make it a simple matter to 
deduce the symmetry of the most general excited vibrational level. As 
an example, consider the vibrational state of methane in which the Ai 
mode is doubly excited, the E mode singly excited, one of the two 
modes singly, the other doubly excited. This could be represented 
symbolically by stating that vi = 2, V 2 = 1, v^ =1, t >4 = 2, where 
= Ai, = E, = F^. Using the results of Sec. 7-3, the 

symmetry species of each multiply excited frequency could be computed 
with the result that 

== Ai ( 1 ) 

(r<«)» = {F^r ^ Ax + E +Ft (2) 

Now it is easily seen that the combination species of wave functions of 
distinct frequencies are obtained by exactly the method? of Sec. 7-2; in 
short the characters of the combination are obtained as products of the 
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characters of the individual frequencies. In the present case the desired 
product can be expressed symbolically as 

r = X r(2) x x (r<4))2 (3) 

The reader should note carefully that for the degenercUe cases 

(Y(k)y pc*) X 

for example, (^ 2 )^ — Ai E + but F 2 X F 2 = + £/ + + F 2 

the former expression representing the species of a doubly excited Fo 
mode, of degeneracy 6, the latter the combination species of two distinct 
F 2 modes, each singly excited, of degeneracy 9. 

In the present example, the desired expression is thus of the form 

r - X F X F 2 X (Ai + F + F 2 ) 

= F X F 2 F X F% X F -f- F X F 2 X F 2 (4) 

making use of the fact that the totally symmetric species, Ai, behaves 
like unity in a direct product. The final reduction of an expression like 
(4) can be completed either by computing the products of characters 
etc., and then using the standard reduction formula, 
or by repeated application of the rules for determining direct products 
as given in Table X-12. If the latter procedure is followed, use of 

F X Fi = F X F 2 = Fi + F 2 

Fi X F 2 = ^2 + F 4- Fi + F 2 (5) 

F 2 XF 2 = Ai + F + Fi“hF2 

in (4) yields 

r == Fi Hh F 2 H" (Fi “f* F 2 ) X F (F 1 "h F 2 ) X F 2 

= Fi + F2 + 2 (Fi + F2) + (A2 + F+ F1 + F2) 

-f- (Ai + F + Fi + F2) 

= j4i + -4.2 “h 2F -f- 5Fi -f- 5F 2 (6) 

Clearly, this procedure can be applied to the most general case, 
expressed symbolically by 

r = X (r( 2 ))r„ x • • • x (7) 

where/is the number of distinct fundamental frequencies. 

7-6. Symmetry of the Components of the Electric Moment 

The vibrational selection rules for the infrared spectra are determined 
by the values of the integrals 

dry dr^ 

as was shown in Sec. 3-5. Here is the vibrational wave function for 
the vibrational state ypv'' is the function for the other state v", /Xx, Mv? 
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and fig are the components of the electric moment ^ in the rotating system 
of axes, and drv is the volume element dQi • dQ 2 . . . , dQza^^. It is 
the purpose of this chapter to find the conditions under which the above 
integrals vanish because of the symmetry of and consequently it is 
necessary to know the symmetry properties of jjlx, fiy, It will actually 
be found that these transform in the same way as x, y, and z. 

By definition (Sec. 3-5) these components are 


N 



a»l 




N 



('a^a 


( 1 ) 


where 6® is the effective charge on the ath atom. Since symmetry 
operations will only mix coordinates of equivalent atoms and since 
equivalent atoms have the same effective charge, the problem of deter¬ 
mining the transformation properties of yyj and reduces to that of 
calculating the effect of the symmetry operations upon llXay Si/a, and 
llZa, the summations being carried out over equivalent atoms only. But 
a symmetry operation R acting on Xaj for example, may produce two 
effects. In the first place, it may change the subscript a to some other 
subscript a', corresponding to another atom equivalent to a, and in the 
second place it may change x tq some linear combination of x, z. 
Since includes all atoms a which are equivalent, the first effect of R 
does not change Saj*, but merely changes the order of the terms. The 
second effect of R will affect ^Xa in the same way as it affects the coordi¬ 
nate axis Xj so that the general conclusion is that Mx, My? and plz will trans¬ 
form in the same way as Xj yj and themselves. 

The translational coordinates Tx^ Tu, n also transform in the same 
way as x, y, z (Sec. 6-2). The translational properties of Tx, Tyj Tz for 
the various point groups are given in Appendix X. 

7-6. The Transformation Properties of the Components of the 
Polarizability 

The intensities of Raman lines are determined by the components of 
the polarizability a, which are defined by the relations 

fAg = OLxX^X "H CXxz^Z 

fiky ~ Oiyx^X "4" OiyySy “j" Oiyg^Z 
fXg = Otzx^X "f" Oizy^y ”f" Oigz^z 


(1) 
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Here a*, Hy, and (i, are the components of the electric moment induced in 
the molecule by the electric field with the components 8,, Sj,, and £*. The 
*’s are functions of the normal coordinates Qt and therefore will be trans¬ 
formed by the symmetry transformations R of the molecule. In Appen¬ 
dix XV it is shown that a*,, etc., transform in the same way as do 
3cx, xy, etc. Consequently, for each point group it is easy to find the 
structure of the r^resentation formed by the transformations of the 
polarizability components. This may be done directly, as illustrated In 
Appendix XV, by writing out enough of the transformations of xx, xy, 
etc., to get the characters for the representation (remembering that xy 
and yx are equal as are a*, and a„»), or on may use the method already 
^ven for computing the characters for the overtone with c = 2 of a 
triply degenerate frequency. The latter applies to this problem because 
in both cases the transformation properties bf six quantities— xx, yy, zz, 
xy, yz, and zx in one case, Ql, Ql, Ql, QaQb, QhQe, and Q,Qa in the other 
are being sought. 

Using Eqs. (30) and (32), App. XIV, Rith v - 2, 


X2(i2+) 

Xi{R-) 


! 

s in (Bast/'2) sin 2an* 
sin (as+/2) sin an* 
cos (3aji-/2) sin 2aB- 
cos (aB-/2) sin as- 


( 2 ) 

(3) 


Use of standard trigonometric expressions for the sine of 


3aB/2 = cm om/2 

and for sin 2aB allows (2) and (3) to be written in the simpler form 

Xi{R^) = 2 cos a±( ± 1 -I- 2 cos c4) (4) 

The value of cm and the sign option are determined by visualizing the 
effect of each group operation on a cartesian axis system (cf. Sec. 6-1; the 
sign is •+- for a proper, — for an improper rotation by aB) • 

As an illustration consider the point group 35 8». Table 7-2 summarizes 
the calculation of the symmetry species of a. For the first three classes. 


Table 7-2. Symmetry Species of the Polarizability Components fob SDs* 


R 

E 

2Cz 

30* 

cr* 

28z 

3<r» 

aR 

0 

2x/3, 

V 

0 

27r/3 

0 

2 COS aR( ±14-2 cos an) 

6 

0 

2 

2 

2 

2 


the sign in (4) is positive, for the last three, negative. By the standard 
reduction method, the structure of the representation having the charac¬ 
ters given in the last row of Table 7-2 is found to be 

V = 2A[->rE' + E" 


(5) 
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The conclusion Is therefore ^•cached that thefeix polarizability components 
can be formed into six linear combinations, of which two are of species 
Ai, one pair of species J&', remaining pair of ijpecies E'\ 

Eikamination of the actual tuansformations of a*,, etc., shows that 
the proper combinations fire + ayy, d^J2A[), dxx — Oyy, axy(E'), 

CCxXj Ctyz(E''), 

7-7. Determination of Selection Rtdes for Infrared Absorption 

It is now possible to outline the cases in which transitions are forbidden 
by the symmetry of the molecule. Consider first the integrals which 
determine the intensity of the infrared spectrum, namely, 

( 1 ) 

Since these are definite integrals over the whole configuration space 
of the molecule, they should be unchanged by a symmetry operation 
By inasmuch as such an operation merely produces a transformation of 
coordinates. 

Suppose at first that 4/v" is the wave function for the ground state, 
which is completely symmetrical. Furthermore, consider that linear 
combinations of the dipole moment components, and of the wave func¬ 
tions of the upper state, have been chosen in such a way as to form com¬ 
pletely reduced representations. Since these representations may be 
degenerate, the operation R will have the effect 



where R^J^' fl^re traaisformation coefficients of the ifcth and Zth irre¬ 

ducible representations, respectively, while a and b are used as degeneracy 
indices. Consequently, the effect of R upon the integral dr 

can be expressed as 

[ f = f (3) 

Averaging over the g operations of the group yields the result: 

f 4'Ul^ai^r" dr = j dr (4) 

R 

But the orthogonality theorem in Appendix XI shows that the sum 
enclosed in parentheses in (4) vanishes unless = F^*^ and lifile^ 
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a = 6 and a! = fe'. Consequently, unless some of the functions 
belong to the same species as all the integrals ( 1 ) will vanish and the 
corresponding transition will be forbidden. 

For example, consider the possibility of transitions from the ground 
state of methane (5d) to the level with 3 quanta of the doubly degenerate 
fundamental frequency excited. This excited level was found in Sec. 7-3 
to have the species ^1 + ^42 + ^. Furthermore, Table X-10 shows 
that /ix, My, and m* belong to the species F 2 . Consequently, the transition 
is forbidden, since does not occur in Ai + + E, As a second 

example, consider the transition from the ground state to the first over¬ 
tone level of the triply degenerate frequency of methane. This upper 
level has the species + JK + F 2 and the transition to it from the 
ground state will therefore be alloAved; or more properly, there is allowed 
a transition from the ground state to three degenerate states >vith species 
F 2 of the excited level. The components of this degenerate level which 
are of species Ai and E cannot combine wdth the ground state. 

If the wave function is not completely symmetrical it is necessary 
to compare the species of ju, not with the species of the functions but 
mth the species of the functions The structure of these products 

is e\ddently (from the discussion of Sec. 7-2) the direct product of the 
species of and separately. For example, consider the possibility 
of transitions from one to the other of the two excited levels of methane 
previously used as examples. These had the structures Ai A- A^ + E 
and Ai A- E + F 2 , respectively. Their direct product is 

(Ai A- A2 A- E) X (Ai A- E A- F2) Ai X Ai + Ai X E A- Ai X F2 
+ A2 X Ai + A2 X E + A2 X F2 A- E X Ai + E X E + E X F2 

~ 2 Ai -f“ 2 A 2 "f" AE -j- ^F 2 "f" 2 Fi (5) 

Since the species of jx (F 2 ) occurs, this transition is allowed. 

More generally stated, the rule for the existence (nonvanishing) of the 
integrals dr is that the triple direct product of the species of 

M, and must contain the totally symmetric species. Thus if 

is the species of r('> that of and r<-> that of m, the direct 
product^ 

r(*) pd) y pcw) 

must be formed, and the integral will not necessarily vanish if X 
pd) y p(m) contains the totally symmetric species. 

It has been shown in Sec. 7-2 that the character of a direct product is 
the product of the characters of the factors. Therefore the number of 

^ If is the species of the representation should, strictly speaking, be 
used for However, in the subsequent discussion it wiU be assumed that all the 
characters are real; therefore the complex conjugate signs may be omitted. 
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times the totally symmetric species occurs in the triple direct product is 

^ ^ Xb’(xr’Xb’0 (6) 

« 

since xS’ “ 1 - K (Xb'Xb*') is considered to be the character of the 
reducible representation X F^”*^, then is the number of times 

F<*’> occurs in the reduction of F<'> X F^”*). Therefore if F<*> does occur in 
p(i) ^ p(in)^ ^iii be greater than zero and there will be no S 3 Tnmetry 
requirement that the integral vanish. Clearly there was nothing unique 
in the choice of I and m from k, I, and m. 

When only fundamentals are considered, that is, transitions from the 
ground level to levels with only one quantum of one vibration excited, 
the selection rules can be expressed very simply. These fundamentals 
will be active if they have the species of fix, ny, or fix ; otherwise they are 
inactive. Thus in benzene th has the species Ai„ while fix, fiy have the 
species Etu. Therefore, the only infrared active fundamentals are those 
whose normal coordinates are of species At„ or Ei^. 

7-8. Selection Rules for the Raman Effect 

In Sec. 3-7 it was shown that the selection rules for Raman transitions 
are determined by the integrals 

- i'f'v'O‘og'4'^'' dr ( 1 ) 

in which g,g' = x, y, or z and a,,- is one of the components of the polariz¬ 
ability. These integrals can be treated in exactly the same way as the 
integrals of the electric moment; that is to say, they vanish unless the 
symmetry of the set of functions for the two levels under considera¬ 

tion has some species in common with the species of axy, etc. For 
fundamentals it is true here also that this requires that the normal vibrar- 
tions for a given frequency fall into one of the species associated with the 
a's, if this frequency is to occur in the Raman effect. 

For example, in ©a* it was found in Sec. 7-6 that the a’s have the species 
2A[ + E' A- E”. Consequently, for molecules of this symmetry, such as 
cyclopropane, only those vibration frequencies with species Aj, E', or E" 
should occur as fundamentals in the Raman effect. Since the tables in 
Appendix X indicate the irreducible representations for fiX and for a, it is 
possible to tell very quickly for any molecule how many fundamental 
frequencies should be allowed in the infrared and how many in the Raman 
spectrum. 

In Sec. 3-7 it was pointed out that a Raman line could have a depolar¬ 
ization ratio, p, less than f only if the matrix element 

i(ax* + Oyy + otn)i'v" dry 

t The species of fi are identical with those of T. 
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did not vanish. Since the sum of the diagonal terms of the polarizability 
is an invariant under a similarity transformation by any orthogonal 
matrix (Appendix XV), it must belong to the totally symmetric species of 
every molecular symmetry group. Therefore only the totally S3anmetric 
fundamentals can have p < y. 

7-9. Absolute Infrared Absorption Intensities of Fundamentals 

In Chap. 3 expressions were given .connecting the Einstein coefficients 
governing the probabilities of transitions to the matrix elements of the 
dipole moment. In this section a relation will be found between the 
Einstein coefficients and an experimentally observable quantity, the 
integrated absorption coefficient. 

The Integrated Absorption Coefficient, Although experimental diffi¬ 
culties impede the straightforward evaluation of the absorption coefficient, 
methods have been devised^ to overcome the experimental problems, and 
it is possible to measure the integrated absorption coefficient defined by 

dv (1) 

where 

K = (2) 

/o being the initial and I the final intensity of a parallel beam of radiation 
traversing a length I of absorbing gas. 

In differential form (2) becomes 

-dI = Kldl (3) 

for the energy absorbed per unit area in unit time by a layer of infini¬ 
tesimal thickness dl. The decrease in intensity of the b^am, — d/, can 
also be expressed in terms of the Einstein coefficients BnW and Bn"n' 
which were introduced in Sec. 3-4; Bn"n'p(r) is the probability (per mole¬ 
cule) of a transition from the state n" to the state n' per unit time in the 
presence <rf radiation of frequency v having a density p{v). If there are 
Nn' molecules per unit volume in the state n' and JNTn" in the state n", 
then the net rate of transitions in unit volume from n" tp n' is 

{Bn"n'Nn" ““ Bn'n''Nn')p(v) = Bn'n"p(j'«i'n'0 (^n" ““iVn') (4) 

since = i5n"n'. 

^ D. G. Bour^n, Phys, Rev.y 29; 794 (1927). 

D. G. Bourgih, Phys, Rev.j 82: 237 (1928). 

E. C. Kemble, J, Chem, Phys,, 3: 316 (1935). 

L. A. Matheson, Phys, Rev,, 40; 813 (1932). 

R. Rollefson and A. H. RoUefson, Phys, Rev., 48 : 779 (1935). 

E. B. Wilson, Jr., and A. J. Wells, J. Chem. Phys., 14 : 578 (1946). 

A. M. Thorndike, A. J. Wells, and E. B. Wilson, Jr., J. Chem, Phys., 16 :157 (1947). 
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Each such transition reduces the energy of the radiation beam by hvn'n^t 
so that the decrease in intensity for a length dl with unit cross-sectional 
area is given by 

~dl ^ hvn'n"Bn'n"p{vn'n''){Nn" — Nn^) dl ( 6 ) 

But the radiation flux intensity and density are related by 

I ^ cp (6) 

where c is the velocity of light, so that 

_ rf/ = - Nr.') I dl (7) 

c 

Comparison of (7) with (3) indicates that 

« = ^ B,.'r."{Nn" - Nw) ( 8 ) 

c 

Finally, by Eq. (2), Sec. 3-4, 

0_3 

B,.'r." = Ip (l(iL.x)n'»"P + |(Mv)»V'P + ] (9) 

SO that 

K = Vn'n"iNn" - Nn')\Mn'n"\^ (10) 

In this derivation it has been assumed that the spectral line is perfectly 
sharp, whereas it is known both from experiment and from a more 
refined theory^ that an absorption line always has a finite width. Since 
this width, usually less than 1 cm“"S is very much less than the center 
frequency, which will be of the order of 100 to 1,000 cm*”^ in the infrared, 
it is reasonable to treat the Einstein coefficient as a constant for a given 
line, as has been done above, but in place of k it may seem more realistic 
to write /x(i') dv for the total line absorption coefficient. 

kM dv = — (iVn'' ~ iNTnO w|(/z)n'n'f (11) 

Summation of Intensity Over a Band, A given vibration-rotation band, 
however, contains a large number of rotational lines over which (11) 
should be summed if the experimental quantity on the left refers to such a 



^ W. Heitler, '^Quantum Theory of Radiation,'* Oxford, London, 1954 
J. H. Van Vleck and V. Weiskopf, Revs, Mod, Phys., 17: 227 (1945). 
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band rather than an individual line. To the approximation in which 
vibrational imd rotational energies are separable, 


I'n'n" = 

From Sec. 3-5 it can be shown that 


( 12 ) 


|(M)n'n"l* = I ^ I* . 

F g 

where the are the direction cosine matrix elements between the 

space-fixed {F) and molecule-fixed {g) axes; ^ defined by 



== dr g — x,y, z (14) 

In order to calculate the total band intensity for the transition v" —> r', 
it would be necessary to sum expression (11) over all R' and B", using 
(12) and (13). Although such calculations can be carried out rigorously, 
only an approximate treatment will be attempted here. Introducing 
Boltzmann’s expression for the relative populations of the states n' 
and n": 

or 

(15) 


If now the rotational quantization were neglected, VB'R^f which assumes 
both positive and negative values, might be omitted from (12) and (15) 
and the direction cosine matrix elements replaced by their classical 
average over all directions. 

ip;; = ( 16 ) 

(see Appendix IV). Then (11) would become 

f k(p) di/ = (iV." - iV.O*'.'." y |(m.).v'|* (17) 

jbandvV' den 


An exact summation^ over the rotational components, in the case of a 
parallel band of a symmetrie rotor molecule, ^ leads to the expression on 
the right-hand side of (17) multiplied by the factor 

1B. L. Crawford, Jr., and H. L. Dinsmore, J, Chem, Phya,, 18; 1682 (1950). 

* The symmetric rotor has equal principal moments of inertia with respect to the 
X and y axes; its parallel bands are those for which only is different from zero. 
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2Bc 1 + exp (--hvo/kT) 


1 + 


vq 1 — exp (--hpo/kT) 


165 

CIS) 


where B is the rotational constant, B = h/Sfir^clB, c the velocity of light, 
and Ib the moment of inertia perpendicular to the symmetry a^is. The 
magnitudes of Po (the frequency of the band center or the pure vibra¬ 
tional transition frequency) and B are ordinarily such that {2Bc/ va) < 5 
per cent and at ordinary temperatures (hvo/kT) > 1, so that replacement 
of (18) by unity would rarely result in a gross error exceeding 10 per cent. 
Since (17) is commonly used to solve for the dipole moment matrix ele¬ 
ment, the error in the latter quantity would not exceed 5 per cent. 

It must still be noted, however; that in the harmonic oscillator approxi¬ 
mation, the transitions v" = 0 —> v' = 1, r" = 1 t;' == 2/ etb., all 
coincide exactly (lead to the same even in the presence of 

anharmonicity there will be approximate coincidence. Therefore (17) 
must still be summed over v". For a fundamental transition of the type 
t;' = Vj/ + 1, v[ = vY for I 9 ^ fc, suppose Qjt is nondegenerate. Then 

(19) 

( 20 ) 


Vr,W^ == Pk 

N 


M _ g-(hpk/kT)vk 


N is the total number ol molecules per unit volume, and ViKiPe 0* is the 
partition function for the vibration Q* defined by 

0 * = (1 - ( 21 ) 

Furthermore, from Eqs. (7) and (8), Sec. 3-5, and Appendix III, the 
dipole moment matrix element for the transition »*->»*-+- 1 is found to 
be 




h 

.St***/ 


+ 1 ) 


i 


( 22 ) 


Introducing the abbreviation ut = hvk/kT and summing (17) over with 
the aid of (19), (20), and (22), 


L 




k(i') dp 




v **0 


The summation in (23) is readily found to have the value (1 — e""**)”"^ 
which is identical with the partition function ©*, so that the final result is 
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If the molecule possesses sufficient symmetry, only one of the three 
quantities, will be different from zero,^ so that (24) can be 

used to calculate one of these quantities from the integrated band inten¬ 
sity, although there ‘will be an ambiguity of sign. This is true for normal 
coordinates, Qk, which belong to nondegenerate species which involve 
only one component of a translation. 

In case Vk is a degenerate frequency, expressions similar to (24) apply 
to each of the components of the degeneracy, so that the band intensity 
should be written 

/band ° W 2 

a 

However, if the axes x, y, z are chosen properly, only the quantities 
(and if triply degenerate) will be non vanishing; moreover, 
since they are equal, they can be determined from (25) except for sign. 

Relation between Dipole Moment Derivatives and Bond Moments, If the 
normal coordinates are known in terms of internal coordinates, it is 
possible to express dipole moment derivatives with respect to normal 
coordinates in terms of derivatives with respect to internal coordinates. 
If it is assumed that the molecular dipole moment is the sum of bond 
moments, expressions for such bond moments and their derivatives can 
be obtained in terms of the intensities. Since the normal coordinates 
and internal coordinates are related by the linear transformations,^ 


it follows that 





dfXg 

dSt 


I 


dflg dQk 
dQk dSt 



(26) 

(27) 


The assumption of bond moment additivity mentioned above leads to 
expressions for dfig/dSt in terms of a relatively small number of param¬ 
eters. For suppose that 




' In case two or three of the differ from zero, it is theoretically possible to 
evaluate them separately by a study of the individual rotational line intensities, since 
the rotational selection rules differ for the components of the dipole moment along 
the three inertial axes. 

2 In practice, the transformation would be expressed in two steps, i.e., from internal 
to symmetry coordinates and then from symmetry coordinates to normal coordinates. 
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where is the moment of the 0th. bond, /x /3 is the magnitude of the dipole 
moment of the dth bond, regarded as a function only of the length of 
the bond, and is a unit vector along the bond. Then the components 
of |i are of the form 

in which $ 3 ^, the direction cosine on the iSth bond, with respect to the g 
axis of the molecule, can be expressed as a function of the angular internal 
coordinates. 

As a simple example of the application of (29) in computing the partial 
derivatives, djdg/dSt, consider the ethylene molecule. By symmetry, the 
X, y, z axes can clearly be chosen so that the x axis lies along the carbon- 
carbon bond, the y axis is a perpendicular bisector of the carbon-carbon 



Fig. 7-1. Internal coordinates for ethylene used to express the x and y components of 
the dipole moment. 

bond lying in the plane of the molecule, and the z axis is perpendicular to 
the plane of the molecule. Reference to Fig. 7-1 then shows that 

M* ~ --Ml cos 7i + M2 cos 72 + M 8 cos 73 — M 4 COS 74 

ixy = Ml sin 7i + M2 sin 72 ms sin 73 ~ M4 sin 74 ( 30 ) 

Similarly the m* component could be expressed in terms of the m/s and 
suitable out-of-plane coordinates. From (30) one immediately obtains 



in which m 6 and (dfi/dr)^ are the equilibrium values of the magnitude and 
derivative of the magnitude with respect to bond length, respectively, for 
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a single carbon-hydrogen bond; 70 is the equilibrium CCH angle. Inspec¬ 
tion of the character table for the point group, *U», of tiie ethylene mole¬ 
cule shows that the normal coordinates which contribute to the nx and Hy 
derivatives are of species and jB*„, respectively. 

Actually the assumption of bond moment additivity does not hold 
even within 10 per cent,i but the procedure just described serves as a 
framework for the calculation of dfig/dSt on the basis of more elaborate 
models, in which interaction effects between the bonds would presumably 
be taken into consideration. 

The effects of isotopic substitutions on intensities are discussed in 
Sec. 8-5. 

1 JL M. Thorndike, A. J. Wells, and E. B. Wilson, Jr., J. Chem. Phys., 16:157 (1947). 



CHAPTER 8 


POTENTIAL FUNCTIONS 


In previous chapters, it has been assumed that the potential energy 
function could be expanded in a power series involving the displacement 
coordinates, and that only the quadratic terms need be considered. 
Moreover, it was implied that the coefficients in this expression were 
known constants and that the problem to be solved was the determination 
of the vibration frequencies as functions of these constants. Actually 
the force constants have been determined a priori for only a few diatomic 
and very simple polyatomic molecules, ‘ so that in practice it is usually the 
reverse problem which is most important, that is, the determination of 
the force constants from the known vibrational frequencies. In order to 
accomplish this, it is usually necessary to make certain simplifying 
assumptions about the nature of the potential energy. These assump¬ 
tions will be discussed in this chapter as part of a general treatment of 
the nature of the potential energy function. Some consideration will also 
be given to the influence of cubic and higher powers in the potential 
energy. 

8-1. The General Quadratic Potential Function 

If cubic and higher terms in V are neglected, then the potential energy 
can be written in the form 

3N 

2F= (1) 

ij * 1 

in which represents one of the 3N cartesian displacement coordinates 
and the are the force constants. Since there are 3N coordinates ft, 
it might at first sight seem that there were quantities which required 
evaluati(MX. But, as has been seen previously in Chaps. 2 and 6, these 
constants are not all independent. In the first place, it is evident that 
the coefficient of {<5/ = can be split into two parts such that = fp. 
In the second place, although there are ZN external coordinates, the 
potential energy actually depends only upon the internal coordinates, 

> J. H. Van Vleck and P. C. Cross, J. Chem. Phya., 1: 357 (1933), have made the 
necessary quantum mechanical calculation for the BLjO molecule, for example. 
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which are 3N — 6 in number for nonlinear molecules. 
V can be written in the form 


[Sec. 8-1 
Consequently, 


2F 


8V-6 

^ Ftt'StSt* 

^ 1 




( 2 ) 


where the St are internal coordinates. In the most general case there 
will then be a number of force constants equal to the number of elements 
on and above the diagonal of a square having 3N — 6 elements on its 
side, which is 

1 + 2 + 3 + • • • + (3iV - 7) + (3iV - 6) = (3^ - 6)^(3^ - 5) ^3^ 


This number applies only to unsymmetrical (Ci) molecules, however, 
since the existence of symmetry implies further relations between con¬ 
stants and hence a still smaller number of independent parameters. As 
an illustration, consider the water molecule (621;). A convenient set of 
internal coordinates is formed from rt and r2, the stretches of the two OH 
bonds, and a, the distortion of the valence angle. The potential energy 
can be written as 


2V = Fiir\ -f- ^22^'! -f* F + 2Fi2rir2 + 2Fy^ia + 2F2zT2cx (4); 


The symmetry of H2O obviously requires that Fu = ^’22 and that 
Fiz == F 23 so that for this molecule there are only four independent force 
constants instead of six. The same reasoning may be applied to more 
complex molecules, the general principle being that whenever a sym¬ 
metry operation exists which sends the coordinate product StSt' into 
then Ftr equals Cases also occur in which StSt' goes into 

whence = —Ft'r"- 

It ii probably easier, however, to determine the number of independent 
force constants from a knowledge of the size of the factors of the secular 
determinant, made possible by the introduction of sjnnmetry coordinates.' 

The number of independent constants does not depend on the set of 
coordinates used to describe F, since a transformation of coordinates 
changes the original set of force constants Fte into a new set, whose 
members Fkk' are simply linear combinations of the original ones. Thus 
if there are symmetry coordinates of species there will be 
ti(T)(7i(7) i)/2 force constants fh associated with this factor. If the 

symmetry coordinates of this species are degenerate, the facxor is repeated 
identically dy times, so that there are still only + l)/2 different 

force constants. An example may assist in clarifying the method. 

1 J. B. Howard and E. B. Wilson, Jr., J, Ohem, Phys., 2 : 630 (1934), footnote 4. 



POTENTIAL FUNCTIONS 


171 


Sec. 8 - 1 ] 


For cyclopropane, it ia.found that the species of vibrations are 


r = 3A[ + A '2 + 4J5' + A'/ + 2A'' + 3E" 


(5) 


Consequently, the total number of independent quadratic force constants 
is 


(3 X I) + (1 X I) + (4 X f) + (1 X I) + X I) + (3 X = 27 


Note that 4 j&'' contributes 10 and not 2 X 10 constants, since the two 
factors are identical. 

It is apparent that the number of constants in this general type of 
potential function is almost always impsuctically large. It is always 
larger than the number of fundamental frequencies, except for sym¬ 
metrical linear triatomic molecules and two or three other very sym¬ 
metrical cases. Isotopic molecules, pa''icularly those involving deu¬ 
terium, are helpful in providing additional data for the determination of 
force constants, since it seems to be a valid assumption^ that the potential 
function is unchanged by isotopic substitution. However, there are 
severe limitations to this method and unique solutions are not always 
possible. 

In concluding this section, a few words of caution must be spoken in 
connection with the problem of redundancy. It was pointed out in 
Sec. 6-2 that in order to take advantage of symmetry, redundant coordi¬ 
nates should sometimes be employed. Naturally, the inclusion of such 
extra coordinates will result in the definition of redundant force constants. 
Thus when all six bending angles are used in the vibrational treatment 
of methane, three bending force constants can be defined, namely, 
the coefficients of afg? «i 2 «i 3 , and in the potential energy, desig¬ 

nated as Fa, F^y and F'J, When the secular determinant is factored 
it is found that the following combinations of force constants appear: 
Fa, = + 4F; + F'J; - 2F'^ -h F'J; and Fi., = - F'J. How¬ 

ever, the symmetry coordinate corresponding to the Ai factor is the 
redundancy condition (to the first order) so that no frequency exists 
which would yield the value of Fa + 4F« + F'J. Therefore it is impos¬ 
sible to determine more than two of the three parameters Fa, F'a, and F'J. 

As a matter of fact, some authors have even introduced additional 
parameters in similar cases. To the first order in the small angular dis¬ 
placements, the redundancy condition for methane is 


Sa, = Oti2 + ai3 + ai4 + CC2Z + 0524 + 05^4 = 0 (6) 

^ This assumption depends upon the accuracy of the Born-Oppenheimer separation 
of electronic and nuclear coordinates which is described in most standard textbooks on 
quantum mechanics. The force constants are theoretically determined by the equa¬ 
tion for electronic motion, which involves the charges and configuration of the nuclei, 
but not their masses. 
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However, when the second-order terms are retained, the redundancy 
condition must be written in the format 


+ oSL + 6(S|, + SI.) + c(Sk + S|„ + S|J = 0 (7) 

in which Sga, etc., are symmetry coordinates formed from appropriate 
linear combinations of the six angular coordinates, and a, 5, c are con¬ 
stants which depend upon the equilibrium geometry of the molecule. 

It is now necessary to review the argument which was used to prove 
that no linear terms occurred in the expansion of the potential energy. 
Essentially, the argument was that at equilibrium the potential energy 
must be at a minimum; hence (dF/dSdo = Ofor^ = 1, 2, . . . , dN — 6. 
But this argument is only valid if the coordinates are independent. If 
redundant coordinates are included, the argument must be revised as 
follows. Let R{St) = 0 be the redundancy condition; then the condition 
for a minimum in the potential energy, with unrestricted variation of all 
the coordinates, is that 

5F - p 512 = 0 (8) 

where p is an undetermined multiplier. When (8) is expressed in terms 
of the Stj the result is 



t 


whence 



since the variations in the St are now unrestricted. If a particular 
coordinate, say /SJ, is not involved in a redundancy condition, then 
{dV/dS^^a = 0; if, on the other hand, the coordinate is involved, the first 
derivative is in general not zero, but is equal to p{dR/dS't)o^ In the 
methane example 



It is nevertheless still possible to formulate the potential energy as a 
pure quadratic form. For the linear term may be transformed to the 
quadratic terms with the aid of the explicit redundancy condition (7) 
given to the second order. Thus if the potential energy of bending of 

^ Since the redundancy condition in this case is known to belong to the totally 
symmetric species Aiy it follows that only the totally symmetric quadratic terms 
Six, etc., appear. 
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so that 

V = pS.!, + (i)[FAiSli + Fjg(SL + S|J + + S|^ + SIJ] (14) 

the linear term can be replaced by quadratic terms with the aid of (7), the 
final expression for the potential energy thus becoming 

2V = (F^, 2ap)Si, + (F^ - 2fep)(SL + Si) 

+ (F^, ~ 2cp)(Si. + Si, + Sk) (15) 

From what has been said above, however, it is impossible to determine 
Fax 2ap from the observed frequencies, and only two experimental data 
are available with which to solve for three theoretical parameters, namely, 
Fsy Fj?„ and p. For this reason, it appears to be unnecessary ever to 
introduce linear terms into the discussion of the vibrational problem, 
even when redundancies are included, provided the most general number 
of quadratic terms, based on the true number of vibrational coordinates, 
are included in the problem. 

8-2, The Approximation of Central Forces 

One of the simplest approximations employed in reducing the number 
of independent force constants is the assumption of central forces.^ It is 
assumed that the forces holding the atoms in their equilibrium positions 
act only along the lines joining pairs of atoms and that every pair of 
atoms is connected by such a force. This type of force function would 
result if the molecule were held together by purely ionic interactions. 
Also, this type of force yields only diagonal terms in the force constant 
matrix when the internal coordinate system is the complete set of inter¬ 
atomic distances (the central force coordinates). 

In practice, this approximation has not been particularly successful and 
is now little used. As an illustration of one of its defects, the case of the 
bending motions of CO 2 might be mentioned. Since CO 2 is a linear 
molecule, a bending motion does not alter any of the interatomic distances 
for small displacements. Consequently, there would be no quadratic 

^ N. Bjerrum, Verhandl. deut. physik. Ges,, 16: 737 (1914); D. M. Dennison, PhiL 
1: 195 (1926). Bjerrum first applied the central force approximation to CO 2 ; 
Dennison gave a general discussion of nonlinear, symmetric XYj. 

For further applications with numerical data, see G. Herzberg, Infrared and 
Raman Spectra of Polyatomic Molecules,Van Nostrand, New York, 1945. 
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terms in the central force potential energy which would resist this 
motion, so that zero frequency would be predicted for it.^ 

nowever, to illustrate this type of potential function, ( 1 ) gives 2 V for 
the ammonia molecule. 


2V = Fr(r! + ri + rf) + + si, + si,) (1) 

Here ri, r 2 , rs are the extensions of the three NH bonds-and*Si 2 , ^ 33 , s$i are 
the changes in the three hydrogen-hydrogen distances, while Fr and Fs 
are the force constants. 

If, however, one intends to use a general quadratic potential function, 
the applicability of which is as appropriate in any one coordinate system 
as in any other, the simplicity of the kinetic energy matrix elements in 
the central force coordinate system may favor the use of these coordinates 
for some molecules. 


8-3. The Approximation of Valence Forces 

An approximation which is at once free of the objection raised against 
central forces for linear molecules, and also more compatible with chemical 
ideas regarding interatomic forces, is the so-called valence force approxi¬ 
mation.^ Here the forces considered are those which resist the extension 
or compression of valence bonds, together with those which oppose the 
bending or torsion of bonds; forces between nonbonded atoms are not 
directly considered. For ammonia, the potential function would be 

2V = Fr(r! + r| + rf) + F.(a!, + al, + al,) [V) 

where is the extension of a bond, and is the distortion of the valence 
angle between bonds i and y. In comparing the central force and valence 
force functions, Eq. ( 1 ), Sec. 8 - 2 , and Eq. ( 1 ) of this section, one must not 
expect that the force constants Fr will be numerically equal for the two 
cases. The force constants F^ and Fa even differ in their dimensions. 
Frequently is repls-ced by {r^)WaOi^ in the potential energy where r® 
is the equilibrium length of the bond defining the angle a. This is done 
in order to give the bending force constant the same dimensions as the 
stretching constants. In this book, however, Fa is consistently defined 
such that FaOL^ has the dimensions of energy: in order to quote a force 
constant having the dimensions of dynes per centimeter, values of 
Fa/r\r\ or of Fra /will be quoted in the tables, where r\ and r? are the 
equilibrium lengths of uhe bonds defining the sides of the angle. Since 
the magnitude of all fo^ce constants expressed in dynes per centimeter is 

^ A method of treating such motions in terms of a fourth-power potential function 
for smah displacements has been developed by R. P . Bell, Ptqc. Roy. Soc, {London), 
(A), 183; 328 (194o), 

* The valence force function was first'applied to CO 2 by N. Bjerrum, Verhandl. deut. 
physik. Ges,, 16; 737 (1914). 
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of the order of 10®, it is convenient io change the units to millidynes per 
angstrom (md/A). 

Although better than the central force approximation, the simple 
valence force treatment often gives only a rough approximation. Inas¬ 
much as the number of force constants is usually less than the number 
of frequencies (two force constants and four frequencies in the NHs 
example), the force constants can be computed from some of the fre¬ 
quencies, and the remaining frequencies used for checks. In such cases, 
calculated frequencies may sometimes deviate from the observed fre¬ 
quencies by as much as 10 per cent. Nevertheless, this simple picture is 
a very useful one in assigning observed spectral frequencies to modes of 
vibration. Furthermore, it is found that the force constat) uS which occur 
are at least roughly characteristic of the type of bond, so that, for example, 
a carbon-carbon double bond will have a stretching force constant of 
about 9.7 X 10® dynes cm“^ (9J md/A) regardless of the molecule in 
which it occurs. 

Table S-1. Approximate Bond Stretching Force Cons'j'INts 


Bond 

Molecule 

ky rnd/A 

Bond 

Molecule 

ky ndJA 

H—F 

HF 

9.67 

F—B 

BFa 

8.8 

H—Cl 

HCl 

5.16 

Cl—B 

BQ, 

4,3 

H~Br 

HBr 

4,11 

Br — B 

BBrg 

3,7 

H—I 

KI 

3.16 

P—P 

P4 

2.1 

H—O 

H2O 

7.8 

Si—Si 


1.7 

H—S 

H2S 

4.3 

s—s 

S2H2 

2.5 

H—Se 

HaSe 

3.3 

B—N 

B3N 3 Ag 

6.3 

H-N 

NHs 

6.5 

c—c 

CeH^ 

7.62 

H—P 

PH» 

3.1 

N --0 

N 2 O 

ii.5 

H— As 

AsH» 

2.6 

c—c 


4.5-5.6 

H-™C j 

CH,X 

i 

b 

c==c 


9.5-9.9 

1 

C,H 4 

5.1 

c^c 


15.6-17.0 

IJ - C 

C.H, 

6.1 

N—N 


3.5-5.5 

H—C 

C,H, 

6.9 

N=N 


13,0-13,5 

H—Si 

SiH« 

2.9 

N^N 


22.9 

F—0 

F ,0 

5 6 

0—0 


3.6-5.0 

Cl—O 

a,o 

4.9 

C—N 


4.9-5 .6 

F—C 

CH,F 

5.6 

C=N 1 


10-11 

Cl—C 

cH,a 

3.4 

C^N 1 


16.2-18.2 

Br—C 

CH,Br 

2.8 

C —0 


5.0-5 .8 

I—C 

OH,I 

2.3 

0=0 


ll.S-13.4 


Owing to the large number of elements in the force constant matrix 
for most molecules, it is tempting to transfer foice constant values from 
one molecule to a similar molecule in c given series to reduce the number 
of unknowns. Although this method has been applied with success in a 
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few limited cases, it must be borne in mind that a force constant is defined 
only in terms of the complete potential function of which it is a member. 
Consequently, the success of transferring force constant values from one 
molecule to another is extremely sensitive to the differences between 
environments of the bond in the two molecules and also to the number of 
interaction constants employed in the potential functions. ^ 


Table 8-2. Approximate Bond Bending Force Constants 


Molecule 


Pa/r\rlj md/A 


Angle 


HOH 

HSH 

HNH 

HPH 

HCH 

HCH 

FOF 

ClOCl 

FCF 

ClCCl 

BrCBr 

FBF 

ClBCl 

BrBBr 

HCF 

HCCl 

HCBr 

HCI 

NNO 

OCO 

scs 

HOC 

HCN 


H 2 O 

H 2 S 

NHs 

PH3 

CH4 

C2H4 

F2O 

CI2O 

CF4 

CCI4 

CBr4 

BF3 

BCI3 

BBrs 

CHbF 

CH3CI 

CHaBr 

CH3I 

N2O 

CO2 

CS2 

C2H2 

HCN 


0.69 
0.43 
0.4-0.6 
0.33 
0.46 
0.30 
0.69 
0.41 
0.71 
0.33 
0.24 
0.37 
0.16 
0.13 
0.57 
0.36 
0.30 
0.23 
0.49 
0.57 
0.23 
0.12 
0.20 


Some approximate numerical values for bond stretching constants are 
collected in Table 8-1. For the most part, these constants are based upon 
valence force functions, although a few of the values cited were obtained 
in the course of calculations which employed interaction constants (see 
Sec. 8-4 ).2 

^ A discussion of the variation of bond force constants may be found in T. Y. Wu, 
^‘Vibrational Spectra and Structure of Polyatomic Molecules,” Supplement, Edwards, 
Ann Arbor, Mich., 1946. 

* For other tabulations of force constants, see G. Herzberg, “Infrared and Raman 
Spectra of Polyatomic Molecules,” Van Nostrand, New York, 1945; T. Y. Wu, 
“Vibrational Spectra and Structure of Polyatomic Molecules,” Edwards, Ann Arbor, 
Mich., 1946; and W. Gordy, J, Chem, Phys,, 14 : 305 (1946). 
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The bending constants (when reduced to the units of millidynes per 
angstrom) have values of the order of one-tenth those of the stretching 
constants. Table 8-2 summarises a few of the more important bending 
constants. Many of these constants were computed on the basis of 
potential functions including interaction terms. 

8-4. Modification of the Simple Force Functions 

The simple force functions described in Secs. 8-2 and 8-3 can be modi¬ 
fied in several ways in order to give a more accurate description of the 
vibrational frequencies. Perhaps the most obvious procedure is the 
introduction of a few judiciously chosen interaction constants. Physi¬ 
cally, this amounts to taking into account the change in the stiffness of a 
bond resulting from the distortion of other bonds. 

As an example, CO 2 may be mentioned: the carbon-oxygen stretching 
constant is calculated to be 16.8 md/A from the symmetric vibration, but 
14.2 md/A from the antisymmetric mode. Introduction of an interaction 
constant between the two CO bonds, however, would 3 deld a stretching 
constant which is the mean of the above two values (15.5), and an inter¬ 
action constant of 1.3, illustrating that the interaction constant is rela¬ 
tively small. 

The positive sign of the interaction constant has been interpreted^ in 
terms of the quantum mechanical resonance theory. If CO 2 is repre¬ 
sented as a combination of the structures (a) 0=C==0, ( 6 ) —0“", 

(c) 0“”—C=0+, and if the left-hand bond is lengthened, structure (c) will 
be favored over structure ( 6 ). But this would imply a stiffening of the 
right-hand bond, and therefore a positive interaction force constant. 

Aside from the linear symmetric XY 2 molecule (of which CO 2 is an 
example), there are only a few other types of molecules for which all the 
force constants are known. These include the tetrahedral P 4 molecule, 
for which each symmetry species consists of a single vibration, and a few 
other simple molecules for which the additional data provided by isotopic 
frequencies (Sec. 8-5) yield enough equations to calculate all the force 
constants. The results are summarized in Table 8-3, which also shows 
parenthetically the valence force constants obtained by neglecting the 
interaction constants. 

In the case of any but the simplest molecules, it becomes a matter of 
great difficulty to decide which of the numerous interaction constants to 
employ. One useful principle, however, may be borne in mind. If a 
given frequency is widely separated from all others of the same symmetry 
species, it will not be appreciably affected by small interaction constants. 
If, on the contrary, two frequencies of the same species are near one 


i H. W. Thompson and J. W. Linnett, /. Chem. Soc,, p. 1384 (1937). 
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another, even a small interaction term, if it connects the two motions 
involved, will cause an appreciable displacement of the two frequencies. 
For a mathematical justification of this statement, the reader may refer to 
Chap. 9, especially Eqs. (3) and (4), Sec. 9-9. 


Table 8-3. Force Constants Including Interaction Constants for Some 


Simple Molecules 


XYj (Hnear) 


Bond 

stretching 

XY 


Bond 

bending^ 


Interaction 

constants 


C 02 

15.5 

(14.2,16.8) 

CSi 

7.5 

(6.9,8.1) 


XYZ (linear) 

XY 

YZ 




HCN 

5.7 

18.6 


(5.8) 

(17.9) 

NNO 

17.88 

11.39 


(14.6) 

(13.7) 

XY 2 (nonlinear) 

XY 


H,0 

8.43 

(7.9) 


H 2 S 

4.28 


XY3 (planar) 

XY 


BFs 

7.27 

(S.83) 


BC1» 

4.02 

(4.63) 


X4 (tetrahedral) 

XX 


P4 

2.06 



® Same dimensions as stretch, md/A. 

^ Interaction between adjacent bonds. 
® Interaction between opposite bonds. 


YXY 

XY,XY 

0.57 

1.3 

(0.57) 

(0) 

0.23 

0.6 

(0.23) 

(0) 

XYZ 

XY, YZ 

0.20 

- 0.22 

(0.20) 

(0) 

0.49 

1.3P 

(0.49) 

(0; 


YXY 


XY, XY 

XY, YXY® 

0.77 


-0.10 

0.25 

(0.70) 


(0) 

(0) 

0.43 


0.00 

0.11 

YXY 

At 

XY, XY 

XY, YXY® 

0.52 

0.87 

0.78 

- 0.33 

(0.37) 

(0.87) 

(0) 

(0) 

0.18 

0.42 

0.31 

-0.27 

(0.16) 

(0.42) 

(0) 

(0) 


XX, XX*- XX, xx<= 
- 0.12 0.10 


An interesting application of this criterion is the treatment of ethylene.^ 
The simple valence force treatment is unable to fit the three frequencies, 
1,342 cm“i, 1,623 cm~S and 3,019 cm~S of the totally symmetric species. 
This is apparently due to neglect of the small interaction term which 
connects the bending of the CH bonds with the stretching of the C=C 
bond. Although relatively small, this constant is found to have an 
important effect on the two frequencies, 1,342 and 1,623, because they are 


1H. W. Thompson and J. W. Linnett, J. Chem. 8oc., p. 1376 (1937). 
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fairly close together and their modes of vibration are principally bending 
of CH bonds and stretching of the C=C bond. 

Another line of attack upon molecules which resist treatment by 
simple potential functions was opened by Urey and Bradley ^ who pro¬ 
posed the use of a mixed potential function, that is, a function which is 
basically of the valence force type, but which includes in addition some 
central force terms between nonbonded atoms. In physical terms, this 
sort of potential function seeks to take into account the van der Waals 
forces between the nonbonded Y atoms. Thus, for a tetrahedral XY 4 
molecule, the potential function is assumed to have the form: 

2V = 2f (fi + r2 + ^3 + r4) + + ^13 + Qu + '223 + ^24 + ^ 34 ) 

+ Fr{rl + rl + r| + rf) + F,{ql 2 + qh + Qh + + QU) 

+ Fa { 0 ii 2 + «13 + «14 + O^h + <=^24 + «34) (1) 

Here /' and /" are the strain constants which occur since the four XY 
stretches (n) are not independent of the six YY stretches (g^y). In using 
this type of potential function, it is necessary eventually to eliminate the 
redundant coordinates, of which there are seven in the present example. 
Moreover, the redundancy conditions must be obtained to the second 
order to permit proper accounting for the linear potential energy con¬ 
stants /' and /". When this is done, the potential energy may ultimately 
be written in the form 

2V = {Fr + 

+ [?. + ! (f. + £)] (.<«)• + [f, + I {f, - Q] (r<")< 

in which vq and qo are the equilibrium XY and YY distances, respectively, 
and etc., are appropriate symmetry coordinates. Note that 

only four parameters appear, namely, Fr, Fq, and Fa. This is a con¬ 
sequence of the fact that f and /" are not independent. By the trigo¬ 
nometric law of cosines, it can be shown that, to the first order, 

qij - ^ (ri + ry) - 3~^ro a^y = 0 

If this expression is summed over all six g<y, it becomes the redundancy 
relation 

i? == gi2 + ^13 + gi4 +• q2Z + ^24 + ^34 — + ^2 + Tg + r4) =0 

^ H. C. Urey and C. A. Bradley, Phys, Rev., 38: 1969 (1931). 
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from which, by elimination of p, 

f - -ey" 

Results which are roughly consistent with known magnitudes of van der 
Waals' forces (between nonbonded atoms, such as the inert gases) are 
obtained, although the interpretation of the force constant parameters 
is subject to the qualifications noted at the end of Sec. 8-1. 

This sort of a potential function has also been applied to molecules 
of the types CH 3 CI, CH 2 CI 2 , CHCI 3 , etc.^ 

In addition to the two factors whose qualitative influence on the inter¬ 
action constants has already been mentioned, namely, the resonance 
effect (CUo) and the forces between nonbonded atoms, the role of change 
of sp hybridization during vibration has been investigated.^ From a 
detailed analysis of the spectra of H 2 O and D 2 O (see Sec. 8 - 6 ) it has been 
possible to obtain precise values, corrected for anharmonicity, of all four 
constants (in millidynes per angstrom) of the most general potential 
function, namely, Fy — 8.425, F . —0.100, Fa/r^ — 0.768, and 

— = 0.26S 
r 

(see Table 8-3). Heath and Linnett^ advance arguments based upon the 
sign of the interaction terms to show that neither a der Waals nor 
an ionic repulsion between the two hydrogen atoms woalci account for 
the observed potential function. They rather believe that cliaur ^ in sp 
hybridization with vibration will account for the observed force con¬ 
stants. Thus for pure p bond character, the oxygen atom v/ould be 
expected to form two bonds at right angles, whereas complete sp'- hybrid¬ 
ization would lead to shorter OH bonds, forming a tetrahedral angle. 
Suppose, during vibration, that the HOH angle is increased over its equi¬ 
librium value (104^^27'). The molecule would then naturally tend to 
contract and therefore stiffen its OH bonds, which accounts for the posi- 

^T. Simanouti, J, Chem , Phys.f 17: 245 (1949), 

* C. A. Coulson, J. Duchesne, and C. Manneback, Nature ^ 160: 793 (1947). 

*D. F. Heath and J. W. Linnett, Trans. Faraday 80 c. ^ 44: .556 (1948). 
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tive sign of the constant, Fra. Moreover, since an extension of either OH 
bond would increase the pure p character of both bonds, it would 
tend to be accompanied by an extension of the other bond (decrease in 
the potential energy), and the interaction constant, Frr, should be nega¬ 
tive, as observed. The experimental value of the sign of Frr is not always 
negative for nonlinear XY 2 molecules, however, since inter alia, F 2 O 
apparently has a positive Frr-t 

In the course of further development of these ideas, Heath and Linnett^ 
have introduced the concept of the orbital valency force field in which the 
beading angles are essentially a measure of the decrease of electronic 
overlap. In the case of planar XY 3 molecules, for instance, the potential 
energ}^ due to bending is proportional to the sum of squares of angles 
^i, representing the deflections of the XY directions from an assumed 
rigid orbital framework (of planar, triangular, symmetry) which, how¬ 


ever, is free rotate so as to minimize ^ ft?. According to this defini- 

tion, it is unnecessary to introduce a "separate bending constant to repre¬ 
sent the out-of-plane bending. 

In XY 4 molecules, Linnett and Wheateiey^ have shown tha. the orbital 
valency force field should modified to liv^^ucie the effect of change of 
hybridization described above for ler. It is found, for example, th i^ 
the simple orbital valence bending constant calculated from the E mode 
of methane is 1.35, while a value of 0.86 is found for the triply degenerate 
F 2 mode. Now in order to change the hybridization, it is necessary to 
adjust the coefficients of the s, pxy Pu, a-^^d p^ orbitals in a wave mechanical 
calculation. Since s is of species Ai, and pz are of species F%, one 

would expect that changes of hybridization could be made for the F 2 
vibration, but not for the doubly degenerate mode. Qualitatively this is 
in agreement with the fact that the F 2 distortion is less stiff than the E 
vibration. 

Throughout this section thus far, it has been assumed that enough 
information has been at hand to assign the observed frequencies to their 
ymmetry species. With more complex molecules, this is not so easy, 
and one of the principal aims in the evaluation of force constants for 
simple r'olecules has been the hope that the constants thus obtained 
could be employed in predicting the frequencies of larger molecules. 
Such a hope is, of course, based upon the reasonable assumption that 
interaction cons; rIs between widely separated parts of a large molecule 


t J. Duchesne and L, Bur J . Chem. Phys.j 19:1191 (1951). 

1 D. F. Heath and J. W. Lijlj ' Trans. Far^ay Soc.f 44 : 873 (1948). See also 
J. B. Howard and E. B. Wilson, Jr., ^hem. Phys., 2: 630 (1934). 

* J. W. Linnett and P. J. Wheatley, Trai ': ^araday 80 c., 45: 33 (1949). 
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are small. It has been possible to transfer potential energy constants 
from one molecule to another, provided interaction te’:*ms are included. ^ 
Quite accurate reproduction of the observed carbon halogen stretching 
frequencies is possible for CX 4 , CX 3 H, CX 2 H 2 , and CXH 3 employing a 
CX stretching constant and interactions of the types CX with CX and 
CX with HCX which are assumed to be the same for all molecules of the 
series. Reasonable caution must be observed, however. The carbon- 
chlorine bond in cyanogen chloride, for example, has a stretching con- 
stant^ which differs from the corresponding constant for the methane 
derivatives by about 35 per cent. This has been attributed to resonance 
between the electronic structures Cl—C=N and C1+=C=N’". 

The principal obstacle in the study of molecular potential functions 
more complicated than the simple valence force type is the difficulty of 
securing enough data with which to evaluate the numerous interaction 
constants. The isotope effect, discussed in Sec. 8-5, is particularly useful 
since it provides additional frequencies. Another property which has 
sometimes been used is the coupling of angular momenta of rotation and 
vibration, which affects the rotational fine structure® (see Appendix XVI). 
Centrifugal distortion as observed in the pure rotational spectrum in the 
microwave region can also provide additional data.^ 

8-6. The Isotope Effect 

When an atom of a molecule is replaced by an isotopic atom of the same 
element, it is assumed that the potential energy function and configura¬ 
tion of the molecule are changed by negligible amounts.^ The frequen¬ 
cies of vibration may, however, be appreciably altered because of the 
change in mass involved. This is especially true if hydrogen is the atom 
in question because of the large percentage change in mass. This shift or 
isotopic effect is very useful for several purposes. In the first place it 
may be used to help assign spectral lines to modes of vibration. Thus a 
normal mode of vibration in which the hydrogen atom in question is 
oscillating with a large relative amplitude will suffer a greater isotopic 

1 B. L. Crawfor4, Jr., and S. R. Brinkley, Jr., ./. Chem. Phys., 9: 69 (1941). 

J. C. Decius, J. Phem. Phys., 1^: 214 (1948). 

J. W. Linnett, J. Chem. Phys., 8 : 91 (1940); Trans. Faraday Sqc., 37: 469 (1941). 

A. G. Meister, S. E. Rosser, and F. F. Cleveland, J. Chem. Phys., 18; 346 (1950), 

B. Stepanov, Acta Physicochim. U.S.S.R., 20: 174 (1946). 

2 W. S. Richardson and E. B. Wilson, Jr., J, Chem. Phys., 18; 155 (1950). 

® E. Teller, Hand- und Jahrb. chem. Physik, 9 (II): 43 (1934). 

M. Johnston and D. M. Dennison, Phys. Rev., 48: 868 (1935). 

^D. Kivelson, J. Chem. Phys., 22: 904 (1954). 

5 For evidence supporting this assumption, see G. Herzberg, ‘‘Spectra of Diatomic 
Molecules,” 2d ed., Table 39, Van Nostrand, New York, 1950. 

E. B. Wilson, Jr., Ann. Rev. Phys. Chem.. 2: 151 (1951). 
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change in frequency than a normal mode in which this hydrogen is 
moving with a small relative amplitude. In the liiniting case in which 
only hydrogen atoms are moving, replacement of all of them by deuterium 
atoms should decrease the corresponding fundamental frequency by the 
factor l/\/2, this being the square root of the ratio of knaSses. The 
totally symmetric (4i) vibratibn of methane is an example of this situa¬ 
tion. For CH 4 , the frequency is 2,914.2 cwr^ which decreases to 
2,084.7 cm“i in the case of CD 4 . The ratio thus has an experi- 

mental value of 0.715, compared with a theoretically expected value of 
0.707. The discrepancy is attributed to the fact that the observed fre¬ 
quencies are influenced by cubic and quartic terms in the potential 
energy, so that the vibration is not strictly harmonic as has been assumed 
in the theoretical development. 

The Product Rule,^ The vibration frequencies of isotopic molecules are 
related by a rule which is a generalization of the methane example given 
above. Suppose that the kinetic and potential energies are expressed in 
terms of external symmetry coordinates (Chap. 6 ) 


2F = y FfczSftSz 

ki 

2r = ^ GkkPl = 2 


( 1 ) 


Here the kinetic energy expressed'in terms of the momenta, Pjk, conjugate 
to the coordinates S*, contains no cross terms because the transformation 
from cartesian to external symmetry coordinates is orthogonal. More¬ 
over, since each external symmetry coordinate is a linear combination of 
the cartesian displacement coordinates of a single equivalent set of atoms, 
the coefficient Gkk = will be the reciprocal mass of an atom of the set 
from which Sa; is constructed. Since the product of the characteristic 
v^alues 

X* = (2) 

is equal to the determinant of the coefficients of the secular equation, 

|FG| = )F1 * M1M2 ' ‘ * M/ = X1X2 • • * X/ (3) 


Moreover, since |F| will be the same for the isotopic molecule, it follows 
that 


x;x; • - x; ^ - m; 

X 1 X 2 • • * X/ M 1 M 2 • * • M/ 


(4) 


where the primes indicate the isotopic molecule; a more convenient form 


1 O. Redlich, Z, phy$ik. Chem., (B), 28; 371 (1935). 

Teller quoted by Angus, et al., J. Chem. Soe.y p. 971 (1936). 
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mim 2 • • • rrif 
m'lm'a • • • rrif 

This result is valid only if the symmetry species in question contains no 
translation or rotation. If such motions are involved, the corresponding 
o)k will vanish, so that the ratios (4) or (5) become indeterminate. This 
difficulty can, however, be overcome by considering the result of applying 
weak forces which convert the motions of translation and rotation into 
oscillatory motions of low frequency. In the limit of vanishing forces 
(under which conditions the coupling with the internal vibrations van¬ 
ishes), the ratio for the translational frequencies is 



where M is the total mass of the molecule. By similar arguments, the 
ratio for rotational frequencies is 


^1^2 * * * W/ I 

• W/ \ 




in which / is the moment of inertia with respect to the appropriate 
principal axis. 

By using these results to eliminate the ratios of the vanishing fre¬ 
quencies, (5) can be used even for those factors of the secular equation 
which contain translations and/or rotations. In particular, it can be 
used for the whole secular equation, i.e,, for all the frequencies. It then 
has the form 




When the product rule is applied to a single factor of the secular equa¬ 
tion, the character tables may be used to indicate how many powers of 
or which ratios if any, will appear. Thus if and 

appear in the given symmetry species, (M'/M)^(rjL,)^ will appear in the 
product rule expression. If a doubly degenerate species is under con¬ 
sideration and R^ and Ry are involved, would be used 

in the product rule calculation, since the product of frequencies is extended 
over one of the degenerate components only. 

It is also possible to determine which individual atomic mass ratios 
should appear as on the right-hand side of (5) in any factor with the aid of 
the character table. The character Xb each set, s, of equivalent 
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atoms can be computed separately by the method of Sec. 6-2. Then if 

Xb = ^ 
y 

which is the number of external symmetry coordinates of species 7 
constructed from the cartesian coordinates of set s, can be calculated by 
standard methods. With the aid of these quantities, 


mim2 • * • m/ V ^ n ^ 

‘ • rrif) \m'/ 


( 10 ) 


if the frequencies wi through w/ are of species 7 . 

In case isotopic substitution lowers the symmetry of the molecule, it is 
still possible to apply the product rule to the totality of frequencies. 
Some factoring is frequently possible, however. Suppose the isotopic 
substitution lowers the molecular symmetry from g to 3C, the latter group 
naturally being a subgroup of g. From Chap. 6 it is apparent that sym¬ 
metry coordinates under g can always be so constructed as to be sym¬ 
metry coordinates under 5 C also. When the frequencies of a single species 
of 5 C are multiplied together, however, it may happen that more than one 
species of g will be involved, so that the product may have to be formed 
over more than one factor of g. 


3d{CH4) 


CsuCCHaDy 



Fig. S-1. Correlation scheme for CH4 and CH3D. 


As an illustration of the procedure to be followed, consider the product 
rule for CH 4 and CH 3 D. The respective symmetries are 3d and 63 ^. For 
CH 4 , the vibrational coordinates foiln a representation of the structure 

rcH4 = + 2 F 2 (11) 

whereas in CHaD, the corresponding structure is 

roF*D = 3Ai + ZE 


( 12 ) 
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The symmetry coordinates can be constructed in accordance with the 
correlation scheme of Fig. 8 - 1 . If the coordinates are so numbered that 
in CH 4 0)1 is in Ai, W 2 is in E, and ws and W 4 are in F 2 , then the frequencies 
of CH 3 D may be classified as follows: oji, cusc, and W 4 c are in (of 63 ^,) 
and the following degenerate pairs are in E, namely, a> 2 a, W 26 ; W 8 &; 

W 4 a, W46. Accordingly the product rule may be applied separately to the 
frequency combinations 


and 


\mDM) 

= ( ^nM'ry 


(13) 

(14) 


If the product rule is applied to two isotopic derivatives, such that both 
have less than the maximum symmetry, even less symmetry factoring 
may be possible. Thus for CH 3 D and CH 2 D 2 , the only common sym¬ 
metry elements are the identity and a single plane, constituting the group 
e,. Thus two factors are possible. 

The Sum Uule.^ In addition to the product rule, which relates the 
products of frequencies of any pair of isotopically related molecules, there 
exist certain sum rules which relate the sums of the squares of the fre¬ 
quencies of isotopic molecules. The basis of the rules is the fact that the 
sum of the squares of the frequencies is a linear function of the reciprocal 
masses of the atoms. If, therefore, several isotopic molecules can be 
found and geometrically superimposed with appropriate signs in such a 
way that the atoms vanish at all positions, the corresponding linear 
combination, ^*. 6 ., superposition, of the frequency sums should vanish. 
Thus if 



(15) 


there exist sum rules of the forms 


(r(HOD) + a(DOB) - (t(HOH) ~ a(DOB) = 0 (16) 

or 

(t(HOD) + (t(DOH) = 2(r(HOD) = (r(HOH) + (t(DOD), (17) 

and 

+ (.(N^^Ds) ~ - (t(N'^H 3 ) - 0 (18) 

When every molecule has the same symmetry, as in (18), then the sum 
rule applies separately to each factor of the secular equation. But when 
the isotopic molecules possess different symmetry, the possibility of 

* J. C. Decius and E. B. Wilson, Jr., /. Chem, Phys., 19: 1409 (1951). 

L. M. Sverdlov, Dokktdy Akad. Nauk S.S.S.R.f 78: 1115 (1951). 
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factoring depends upon the following considerations (which lead, in 
general, to factoring different from that appropriate with the product 
rule). First, find those symmetry operations which are common to all 
moleculfes, as they appear in the superposition. In the water example 
(17), these operations are just the identity and the plane, constituting 
the group 6 ^. In a more complicated example, this group may be smaller 
than that for any individual molecule involved. Thus, in the superposi¬ 
tion involving parardideuterobenzene, 

3<7(p-C 6H4D2) = + (r(C«D 6 ) (19) 


the deuteriums of the disubstituted molecule successively must occupy the 
1,4, the 2,5, and the 3,6 positions. Although each molecule individually 
has the symmetry Vhy the twofold axes in the plane are different for the 
1,4 and the 2,5 positions, and the only common operations are, in fact, 
Ej C 2 (perpendicular to the plane), o**, and t, constituting the group 62 *. 

Once this common denominator symmetry group has been identified, it 
is possible to express the potential and kinetic energies of each molecule 
in terms of symmetry coordinates under this group, and thus achieve a 
certain amount of factoring of the secular equation, which will certainly 
be the same for all molecules involved. Moreover, if F and G» are the 
potential and kinetic energy matrices associated with some such factor, 
F will be the same for all isotopic molecules, and each element of can be 
expressed in the form: 

{Gi)kl = ^ Hkl,atlia (20) 

a 


where the summation is over the atomic positions and Hw,a is the same 
for all isotopic molecules; fUa is the reciprocal mass of the ath atom in the 
ith molecule (or molecular orientation) involved in the superposition. 
Therefore, since 


y Xfc = ^ ?kiGik = ^ F*zGw == ^ ( 21 ) 


it follows that if n* is the coefficient of the ith molecule in the super¬ 
position, 

y ~ ^ ^ FwHWrtt^ Mta 

i i a Id 

= ^ ^ (F«H«,a) 2) ru,^ (22) 

a kl i 

But since by definition of the superposition, 

0 ftll a 


(23) 
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^ nm = 0 (24) 

i 

which proves the theorem. 

It is of course necessary to employ a correlation diagram in order to 
select the frequencies of the more symmetrical molecules over which the 
summation is to be extended. Such a diagram, appropriate for the 
benzene superposition indicated in (19), is given in Fig. 8 - 2 . This shows 
that four separate sum rules apply, corresponding to symmetry coordi¬ 
nates of species Ag, Bg, Au, and Bu under the common group, 62 ^. In 
particular, the first sums must be extended over the Ag and Bg species of 
C 6 H 4 D 2 , and over the Aig^ A 2 g, and E 2 g species (the latter being counted 


'Ufc Czh ^6h (^2h 

2CsHe 3C6H4D2 aCfiHe 3 CeH 4 a 2 

ICfiDfi ICfiDe 



fto. 8^2. Correlation of the species of ©g*, Vh, and e-h for application of the sum rule 
to benzene. 

twice) of C^Hc and CeDe. In other cases, it may happen that only one 
of the members of a degenerate species is involved (connected with a 
single species of the common subgroup), and hence each squared fre¬ 
quency in such a species is to be counted only once. 

In many of the elementary applications, no factoring is possible. This 
is true of the water example (17) due to the low symmetry of HOD, but it 
is also true of the superposition 

4(r(CH3D) = 3(r(CH4) + 1 o-(CD4) (25) 

since the identity is the only symmetry operation common to all four 
orientations which must be assumed by CH3D. 

A Perturbation Treatment for Small Mass Changes,^ Except in the case 
of hydrogen, substitution of isotopic atoms is accompanied by a fairly 

^ E. Teller, Hand- und Jahrb. chem, Physik, 9(11)141; (1934). 

W. Edgell, J. Chem, Phys., 13: 539 (1945). 

A more cumbersome treatment was given by E. B. Wilson, Jr., Phys. Rev., 45: 427 
(1934). 

Special types of molecules had been treated earlier, for example, by A. Langseth, 
Z. Physik, 72: 350 (1931); E. O. Salant and J. E. Rosenthal, Phys. Rev., 42: 812 
(1932); 48: 581 (1933). 
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small percentage change in mass, so that a perturbation method should 
^ve a reasonably accurate prediction of the corresponding change in fre¬ 
quency. To apply this method, it is necessary, however, to know the 
transformation to normal coordinates for the unsubstituted, or unper¬ 
turbed molecule. Suppose that this transformation is designated by the 
coefficients (Lo)ijt in Eq. (5), Sec. 4-7: 


St = 2 iLo)mQi (26) 

k 

Here the S( may be considered to be symmetry coordinates. The coeffi¬ 
cients for the inverse transformation are 


Ql = I (27) 

t 

and, according tp Eq. (13), Sec. 4-7, may be found by solving the simul¬ 
taneous (secular) equations in the FG, rather than the GF, form. 

In matrix language, Eq. (13), Sec. 4-7, becomes 

FG‘'(L5-i)t = (L^')^A'> (28) 

or 

LtFG»(L^0^ = LJFG‘'(LJ)-i = A« (29) 

Since the F matrix is unchanged upon isotopic substitution, it is unneces¬ 
sary to give it distinctive symbols for the unperturbed and perturbed 
molecules; the G matrix for the perturbed molecule can be written 

G = G" + AG (30) 

The matrix product LJFG(L5)-' can therefore be written 

LiFG(Lt)-> = LJFG'>(Lt)-i -f- LJF aG(LJ)-i 

= A«-l-LtFAG(LjrO^ (31) 

The matrix represented in (31) is not diagonal, but the terms contributed 
by the perturbation, namely, LJF AG(Lj^')^, are small compared with the 
elements X? of A®. Therefore, it is a good first-order approximation! to 
put 

X, = Xg + [LJF (32) 

where X* = for the perturbed that is, the isotopically substituted, 
molecule. It is fortunately unnecessary to know both Lo and (L^ to 
employ (32). This follows from the fact that 

L+FLo = A® (33) 

^ This is the standard first-order, approximation of perturbation theory. See 
V. Rojansky, Introductory Quantum Mechanics,” p. 368, Trentice-Hali, New York, 
1938. 
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as shown in Appendix VIII. Solving (33) for LJF, 

LJF = A V' 

and substituting in (32) 

X, = Xg + [A^Lj-i AGiLo^yU 
which upon expansion becomes 


where 


X& = Xg + Xg ^ (Lq ^)kt(LQ ^)kt' AG«' 

~ + Akk) 

Ah = 2 AGw = AGLj-i)* 


tt' 
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(34) 

(35) 


(36) 

(37) 


Although the above expr^sion is only an approximate one for finite 
mass changes, it can be used to find an exact expression for the derivative 
of \k with respect to reciprocal mass. Since 


then 



Sia * %t'a^ rt 


dfj.^ 


Se/3 • 


(38) 

(39) 


But this expression is equal to the value which G«' would assume if all 
fjLa == 0 except = 1. Calling this value with the aid of (36) and 

(37) one finds 



{^0 ^)kt{LQ ^)kt' 


dGit^ 

dfJLfi 




i: 

tf' 


(^0 ^)kt(LQ ^)kt'Gu'(0) 


> 0 


(40) 


The important inequality expressed by (40) shows for nondegenerate fre¬ 
quencies that no frequency can be decreased by the increase of any 
that is, the decrease of the mas? of any atom. The inequality follows 
from the fact that the kinetic energy can never be negative for any non¬ 
negative values of the since it is defined as 


2r = I 

i 

But the expression V {L^^)kt(L'^^)kt^tt'(^) is equal to the kinetic energy 

if is identified with the momentum conjugate to St, so that 

dXk/djjLfi is equal to Xg tim^s a quantity which can never be negative, which 
proves the inequality. 
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The approximation made in (32) breaks down if two-or more of the fre¬ 
quencies, and therefore Vs are nearly equal. Suppose XjJ « X?. Then it 
is necessary to employ the off-diagonal perturbation terms coupling these 
frequencies and solve the secular determinant, 


(X? + X? Afcfc) ~ X X? Aki 

X? Aik (X? + X? All) — X 


in order to find the perturbed X* and \i correct to the first order. This 
situation arises, in particular, if the molecular symmetry is lowered in 
such a way that two nearly lequal frequencies in different factors of the 
unperturbed molecule are brought into the same factor (symmetry 
species) in the isotopic molecule, in accordance with the correlation 
diagram. This will certainly be true if the correlation of the degenerate 
species is of the form E 2A or —> 2B, or F 2A H- 5 or 3.4, etc., 
since in these cases the two or three degenerate modes of exactly equal 
frequency are brought together into the same determinant. 

It can be shown that even in the case of degeneracy just considered, 
the quantities dXk/dfj,^ are nonnegative, so that the theorem expressed in 
(40) is true in all cases. 

Isotope Intensity Rules. ^ Although this chapter is concerned primarily 
with the potential energy function, it seems appropriate to follow the 
discussion of the effect of isotopic substitution on the frequencies with a 
brief account of the analogous effects on the intensities. In Sec. 7-9 it 
was demonstrated that the integrated intensity of a fundamental infrared 
band was proportional to the expression 

J = ^ ^ (^\ (^\ uu 

' \dQkJo^\dQk/o'^\aQkJo \dQk/o \dQjo ^ ^ 

in which /xx, m* are components of the dipole moipent along axes 
attached to the molecule as specified in Sec. 2-1 and Qk is the normal 
coordinate corresponding to the fundamental mode under discussion. 
With the aid of the transformation connecting the normal coordinates, 
for example, with real internal symmetry coordinates 

Sk' ~ ^Lk'kQk 

the expression for h can be converted to one involving the derivatives 
with respect to the S, namely, 

k'k" 

The transformation coefficients, Lk'ky however, are related to the G 
matrix as follows; 

1 B. L. Crawford, Jr., J. Chem. Phys., 20: 977 (1952). 

J. C. Decius, J. Chem. Phys., 20; 1039 (1952). 
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(43) 


^ Lk'kLn = Gk'k" 

and they also specify the relation between the F matrix and the Xjk accord¬ 
ing to the expression (see Appendix VIII) 

> Lk'kfk'k"Lk’'k = Xjfc (44) 

This latter relation can be converted to 



(46) 


where Fpi// is an element of the matrix inverse to the force constant 
matrix; as well as F will be the same for all isotopic molecules. Now in 
the light of (43) and (45) it is possible to form the following two sums over 
all coordinates of a given symmetry species: 


and 


k k'k^' k k'k" 


k'k" 


ifc'jfe" 


(46) 

(47) 


Under certain conditions, these two expressions will give rise to simple 
relations between the intensities of isotopic molecules, the latter analogous 
to the product rule, the former to the sum rule for the frequencies. The 
conditions are (a) that the molecule should have no dipole moment and/or 
(6) that the symmetry species of the vibrations over which the summation 
of intensities is carried out should not be the same as that of any rotation 
of the molecule which moves the permanent dipole moment. If one or 
both of these conditions are satisfied, diJi/dSk' is the same for all isotopic 
molecules. It then immediately follows that the intensity sum 

xe 

k 

is an isotopic invariant. This is the analogue of the frequency product 
rule. 

From (46) it is also possible to obtain an isotopic intensity rule identical 
in form with the frequency sum rule (24). This follows from the fact 
that the right side of (46) varies with isotopic constitution in exactly the 
same manner as (21), provided d^/dSj^ is an isotopic invariant. 

The intensities of the Raman ‘‘lines” obey similar laws. The only 
change necessary in the statement of the Raman isotopic intensity rules 
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is that the polarizability derivatives with respect to internal coordinates, 


such as 


daxx ^OLxy 


etc., must be isotopic invariants. 


The sufficient condi¬ 


tions are that (a) the polarizability ellipsoid be a sphere and/or (6) the 
symmetry species over which the sum is extended must not be the same as 
that of any rotation which moves the polarizability ellipsoid into a dis¬ 
tinguishable configuration.^ Thus the intensity rules cannot be applied 
to the Eig species of benzene, since this is the species of rotations and 
Ry which (unlike the Rz rotation) would move the ellipsoid (a» — ay ^ a^ 
into a distinguishable configuration. 

Finally, it should be mentioned that it is possible to revise these 
intensity rules so that they can be applied to symmetry species excluded 
by the above conditions, although the corrections are probably too 
cumbersome for all but the simplest molecules. 


8 -6. Anharmonic Terms in the Potential Energy 

So far it has been assumed that only the quadratic terms in the potential 
energy need to be considered. In actual molecules the higher terms are 
of course not zero and may have to be taken into account for certain 
purposes. If the potential energy consisted of quadratic terms only, it 
would require infinite energy to break a valence bond. The quadratic, 
or harmonic, terms are consequently only a good approximation for small 
displacements from equilibrium. 

The most obvious effect of the higher, or anharmonic terms, is upon the 
positions of overtone and combination levels. As pointed out in Sec. 3-2, 
a harmonic oscillator has equally spaced overtone levels so that the 
vibrational energy levels of a molecule with 3A — 6 fundamental fre¬ 
quencies v\ would with neglect of anharmonic terms be given by the 
equation 

aw-e 

^ + k)hv% ( 1 ) 

1 

where Vk is the quantum number of the /cth normal mode and h is Planck^s 
constant. In practice, however, it is found that a formula of the type 

h^-~- .-^•+ X '^‘(’■ + 0 

I 3N-6 

+X X ^“('’•+0('’'+2) ® 

i R. C. Lord and E. Teller, /. Chem. Soc., p. 1728 (1937). 

B. L. Crawford, Jr., /. Chem, Phys,, 20: 977 (1952). 
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is needed to fit the observed frequencies;^ c is the velocity of light, intro¬ 
duced so that the X^s are in wave numbers. 

Experimentalists usually use the form 


2 

he 


W 

rr 


= X' + 


3iNr-6 




Xiv, + 


I 3A-6 



X^iVkVi 


(3) 


instead of (2). The X’s in the two equations are of course directly 
related, but (2) is the more useful form for theoretical discussions. 

The terms of the type Xkiivk + ^)(vi + i) arise from the effect of cubic, 
quartic, and other anharmonic terms in F. Except in the very simplest 
cases^ (CO 2 and H 2 O) no success has been attained in calculating the 
XkS from the cubic and quartic coefficients in F, or vice versa. This is a 
formidable problem but one of considerable interest. 

It is customary in applying normal coordinate theory to use the 
experimentally observed fundamental frequencies as the basis of the 
calculation of the quadratic force constants. From a strict viewpoint 
this is not justifiable inasmuch as the observed fundamental frequencies 
do not have the same values as they would if the anharmonic terms were 
zero. In order to calculate the quadratic force constants accurately, it is 
necessary to use the so-called mechanical frequencies: of vibration, which 
are the frequencies which the molecule would exhibit if the anharmonic 
terms in F were all zero. When an empirical formula olthe type given 
in (3) has been obtained, the mechanical frequencies vl can be calculated 
from the relations 


3iNr~6 





as will now be shown. It is only necessary to prove that as the coeffi¬ 
cients of the cubic and quartic terms in F are reduced to zero, the energy 
expression becomes 

3iNr-6 

thus permitting the identification made in (4). The cubic and quartic 
terms in F are of the general form 


QklmQkQlQm hklmnQkQlQmQn 

^ There is no theoretical reason why higher terms, Xkim, should not be appreciable 
in some molecules. In fact, to account for the high overtones of HCN it has been 
found necessary to include such a term by E. Lindholm, Z. Physik, 108: 454 (1937). 

2 A. Adel and D. M. Dennison, Phys, Rev.j 43: 716 (1933). 

B. T. Darling and D. M. Dennison, Phys, Eev,, 67: 128 (1940). 
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These can be considered as a perturbation, the unperturbed problem 
being the harmonic oscillator. Since the average valued of QkQiQm is 
zero in any state v, the first-order perturbation energy due to the cubic 
terms vanishes, but the second-order energy does not. The first-order 
energy from the quartic terms involves the mean value of hkimnQkQiQmQn, 
which vanishes except for two classes of terms: QlQf and Q^. The mean 
values of terms of the first class are given by (see Appendix III) 


hkkiiQkQt ^ hkkiiiPk "b' “b i) 


while for the second class 

hkkkkQk ^ hkkkk[(vk "b + i] 

The second-order perturbation due to the (*ubic terms arises from 
quantities such as 

(O n n \ {Q k' Ql'Qm')v'r 

^ QklmQk'Vm'\^k^l^in)vv' 
v' 

in whi(^h v represents all the quantum members of the state under con¬ 
sideration, while the sum is over all the other states v\ Several cases can 
arise. Ilk ^ I 9 ^ m, then A*/, Z', mf must be the same set as /c, I, m or else 
the terms vanish. Also then a' has to be v^. = Vk ±1, v'l = vi ± 1, 
iC = ± 1* The eight states v' which give nonvanishing contributions 

to the sum can be grouped in pairs whose denominators differ only in 
sign. One such pair is proportional to 

+ l)(^m + 1) — VkVlVm] 

= 9klm[{^k + + I) + {Vl + i){Vm + i) 

+ (‘Om + i)(‘i^k + D + t] 

Similarly it is found that all the contributions of the cubic terms to the 
second-order energy involve the quantum numbers only as quadratic 
functions of {vk + i), etc., with no terms linear in (Vk + I-). This is also 
the result already obtained for the contributions of the quartic terms. 
Therefore the coefficients Xk of (2) will not involve either gkim or hkimn, 
whereas the coefficients Xki will involve these constants and will vanish 
Avhen they vanish. Consequently, as the constants g and h vanish, the 
energy does reduce to the form given in (5), thus completing the proof 
of (4). 

In practice, there are extremely few molecules for which a sufficient 
number of overtone and combination bands have been accurately 

There are three cases: (1) k 9^1 9 ^ m, (2) two subscripts the same, and (3) all 
three the same. In the first two cases, integrals of the form (Q)r.v enter as a factor of 
the complete expression, and in the third case, (Q®)v,r is the relevant quantity. Both 
{Q)v,v and {Q^')v.v vanish (see Appendix III). 
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measured for a complete determination of the constants X of (2), but 
there is no reason why such data should liot eventually be obtained. 
When available, these data enable the true mechanical frequencies to be 
calculated by means of ( 4 ). These frequencies should give better results 
in normal coordinate treatments than the uncorrected fundamental fre¬ 
quencies. This is especially true for calculations involving the isotope 
effect, since the anharmonic corrections are different for the various 
isotopic species, being less for the hea^der species. These effects are 
usually less than about 3 per cent. 

Another effect of the anharmonic terms is to change the transition 
probabilities of vibrational transitions. If the electric moment were a 
linear function of the displacements from equilibrium and if the vibra¬ 
tional wave functions were accurately given by harmonic oscillator func¬ 
tions, no overtones or combinations should appear in infrared spectra. 
The fact that such bands do occur shows that one or the other of these 
conditions is not met; in fact, it is probable that neither condition is 
lived up to in actual molecules. It is evident from the convergence of 
overtone levels that the harmonic oscillator approximation is not exact, 
v/hile considerations of intensities indicate that in addition the electric 
moment is not a strictly linear function of the displacements. For a 
further discussion of the effect of these factors on the intensities, the 
reader may refer to the work of Crawford and collaborators.! 

Symmetry and the Number of Cubic and Quartic Constants, Since the 
terms gkimQkQiQm and hkimnQkQiQmQn are part of the potential energy, 
which is invariant under the symmetry operations, only those combina¬ 
tions of the normal coordinates whose products are totally symmetric 
can appear. The rules for determining the symmetry species of any 
binary product have already been given (Sec. 7 - 2 ), so that the symmetry 
species of QkQiQm and QkQiQmQn can easily be determined by a stepwise 
procedure. As an example, the possible cubic and quartic terms for H2O 
will be deduced. Two of the normal coordinates, say Qi and Q2, belong 
to the totally symmetric species Ai of the group 62t>; the third, Q3, 
belongs to Bi. The following direct products must be considered: 


Ai X Ai X Ai = Ai; Si X X - Si; Ai X Ai X Si - Si; 

Ai X Si X Sx = Ai 


Thus it can be said that among the cubic terms, aU those which involve 
Qa an even number of times may occur. The following Qkim can therefore 
be different from zero; gm, gr222, ^^112, $^122, 9^133, 9^233; six cubic terms in all. 
An obvious extension yields the following nonvanishing quartic con¬ 
stants: hkkkk ( 3 ); ^1112, /11222; hkkii ( 3 ); and huzzj a total of nine quartic 

1 B. L. Crawford, Jr., and M. L. Dinsmore, /. Chem. Phys.f 18: 893 (1960). 

D. F. Eggers, Jr., and B. L. Crawford, Jr., /. Chem. Phys. 19; 1664 (1951), 
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terms. However, among the quartic terms only the constants of the 
type hkkkk and hkktt influence the energy according to the second-order 
perturbation theory outlined above. Since there are only six experi¬ 
mental constants, namely, Xu, Xu, X13, Xu, X23, and Xss, it is manifest 
that more data are required in order to determine the twelve ^’s and A's 
which appear in the energy expression. This has been accomplished^ 
with the aid of the vibrational-rotational interactions which show that 
the changes of the moments of inertia with vibrational state depend upon 
the cubic constants. It has also been suggested* that the problem of 
the anharmonic terms can be made determinate by neglect of certain 
terms, just as in the treatment of the quadratic part of the potential 
function. 


8-7. Quantum-mechanical Resonance 

Whenever an approximate treatment of any problem is carried out 
using quantum mechanics, the possibility of resonance arises. If the 
approximate treatment sdelds two energy levels quite near to one another, 
then it will be shown that perturbation terms, neglected in the approxi¬ 
mate treatment, may have an effect on the two nearby levels much 
greater than on isolated levels. The formula for the second-order correc¬ 
tion to the energy level W%, caused by a perturbation H', is* 


V JMk^ 

Li wi-W'i 

I 

in which 

H'ki = dr 

and the sum is over all states I except the one in question, fc. The super¬ 
script zero indicates the unperturbed quantities. If the perturbation is 
small, this correction will also usually be small. However, if there is 
some state V with Wl - Wf, small for which H'^i. 9^ 0, then it is seen that 
one term in (1) may be quite large. If Wl = Wl, this term becomes 
infinite, indicating that the approximation involved in second-order 
perturbation theory has broken down. Under these conditions (when 
Wl = Wl and the second-order terms due to other states can be neg¬ 
lected), it is necessary to solve the two-rowed secular equation 


( 1 ) 

( 2 ) 


H'kk + WI-W HI, 

HI, HI, + Wl - W 


( 3 ) 


1 B. T. Darling and D. M. Dennison, Phys. Rev., 67 : 128 (1940). 

2 O. Redlich, J. Chem. Phys., 9: 298 (1941). 

3 See, for example, L. Pauling and E. B. Wilson, Jr., “Introduction to Quantum 
IVIeohanics,” Sec. 25, McGraw-Hill, New York, 1935. 
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In the special case in which Wl + the two roots of 

this equation are 


Wl + H',, + and Wl + W,, - ( 4 ) 

so that the levels which are close together initially are spread apart by 
the perturbation. This is the phenomenon known as resonance. 

There are several applications of resonance to molecular spectroscopy. 
In certain molecules when the anharmonic terms in the potential function 
are neglected, a calculation may show that two particular energy levels 
should lie close together. In such cases the anharmonic terms, which 
ordinarily might produce little effect, may split the two levels quite con¬ 
siderably. The actual extent of the splitting will depend upon how close 
the unperturbed levels are to one another and upon the magnitude of 
If ^0 and have different symmetries, that is if they belong to 
different species of the point group of the molecule, then the integral 
will vanish, since i 7 ' itself is symmetrical, and under such conditions 
there will be no splitting of this kind. In general, if Wl and W^ arc 
degenerate levels so that the wave functions of the level Wl and those 
for W^, have complex symmetries involving several species, there wall be 
no interaction between the two levels unless they share at least one 
species in common.^ 

The first example of this type of resonance found^ occurs in CO2- 
This molecule has three fundamental frequencies, 667 . 5 , 2 , 350 , and about 
1,300 cm-'b of which 667.5 cm~i is a doubly degenerate bending fre¬ 
quency. The overtone level 2 X 667.5 would lie quite near to the funda¬ 
mental at about 1,300 and one of the components of this OAmrtone is of 
the same symmetry as the fundamental in question. Consequently, 
resonance is to be expected between these nearby levels, pushing them 
further apart and causing each of the actual levels to be of mixed char¬ 
acter; that is, each is part fundamental and part overtone. This mixing 
shows in the selection rules; both levels combine with the ground state 
to give Raman lines of about equal intensities, whereas without resonance 
one would expect one strong line or possibly one strong line and one very 
weak line. Furthermore, resonance also occurs between many sets of 
higher overtones of these same fundamentals. Other molecules in which 
resonance has been found include CCU,!, C6H6,§ and CHaCl.]! It is 
probably very widespread, especially in more complicated molecules. 

^L. Tisza, Z, Physik, 82 : 48 (1933). 

*E. Fermi, Z, Physik, 71: 250 (1931). 

D. M. Dennison, Phys. Rev., 41: 304 (1932). 

A. Adel and D. M. Dennison, Phys. Rev., 43: 716 (1933); 44; 99 (1933). 

t G. Placzek, “llarx Handbuch der Radiologie,” Vol. \T, Part II, p. 205, 1934. 

§E. B. Wilson, Jr., Phys. Rev., 46: 146 (1934). 

II A. Adel an<^E. F. Barker, J. Chem,. Phys., 2; 627 (1934). 
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In the case of H2O, a second-order resonance is found to be of impor¬ 
tance.^ The two stretching modep. Qx and Q3, have frequencies which 
are quite close to one anothef. Since they belong to different symmetry 
species, however, they cannot interact directly. Levels associated with 
the vibrational quantum numbers Vi, v%y Va, and • 2, t;2, 1^3 + 2 will 
belong to identical symmetry species and should have approximately 
equal energies. The hypothesis of such resonance is supported by the 
fact that overtone bands with quantum numbers ( 2 , 0 , 1 ) and ( 0 , 0 , 3 ); 
(2,1,1) and ( 0 , 1 , 3 ), etc., occur with appreciable intensity and is confirmed 
by the detailed theoretical analysis of the observed frequencies. 

Splitting of Overtone Levels.^ The overtones of a degenerate frequency 
can have a very high degree of degeneracy if anharmonic terms are 
neglected. Thus the overtones of a triply degenerate fundamental 
frequency are successively 6-fold, 10-fold, etc., degenerate. The level 
with total quantum number equal to 2, for example, has the states 
(2,0,0), ( 0 , 2 , 0 ), (0,0,2), (1,1,0), ( 1 , 0 , 1 ), and ( 0 , 1 , 1 ). When the anhar¬ 
monic effects are considered, the groups of states with two quantum 
numbers equal to zero will be somewhat differently effected compared 
with those having only one quantum number equal to zero, so that the 
level will split slightly into two levels, each triply degenerate. 

The general procedure in finding the number of components involves 
the symmetry of the level. The methods which give %he symmetry 
species of overtone levels have been described in Sec. 7 - 3 . Suppose that 
the level has the structure 


2 ^ 

7 

in which the symbol stands for the 7th species and is the number 
of times this species occurs in the reduction of the representation formed 
by the wave functions of the overtone level. Then the maximum number 
of components into which the level can be split by the anharmonic terms 
is 

V nW ( 5 ) 

7 

The argument for this is as follows. The total number of wave functions 
for this level is ^ where is the dimension of the irreducible 

7 

representation (symmetry species) In order to split the level into 

^ B. T. Darling and D. M. Dennison, Phys. Rev,, 57 : 128 (1940). 

2 L. Tisza, Z, Pkimk, 82: 48 (1933), 

D. M, Dennison, Revs. Mod. Phys., IZ: 175 (1940\ 
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more than ^ components it would be necessary for states belonging 
y 

to the same degenerate representation to have different energies. The 
shift in energy caused by the anharmonic terms is determined by the 
values of the integrals 

dr = f;, 

All such integrals wall vanish unless and are cprresponding members 
of the same irreducible representation. Furthermore, if 4 'i and are 
degenerate functions of the same representation, then all integrals 
can be grouped in equal pairs H^i and so that no perturbation 
having the symmetry of the molecule can split a level whose wave func¬ 
tions belong to the same dogenerate species. Consequently, the maxi¬ 
mum possible splitting is that given by ( 5 ). 

Usually the selection rules for transitions involving the various com¬ 
ponents of an overtone level are not the same for each component. This 
follows directly from the fact that the various components may have 
different symmetries. It is possible, for example, that certain compo¬ 
nents may combine with the ground level to give infrared bands while 
other components are forbidden to do so. Also the allowed bands may 
be of different kinds; both parallel and perpendicular type bands may 
occur together. These manifold possibilities add considerably to the 
complexity of overtone and combination bands. 

8 -8. Vibrations of Molecules with Several Equilibrium Positions 

Ammonia (NHs) is a molecule which possesses two distinct equi¬ 
librium configurations, distinguishable if the hydrogen atoms are given 

numbers. The equilibrium model is a pyramid, 
as in Fig. 8 - 3 . It is not difficult for the nitrogen 
atom to pass through the plane of the hydrogens, 
bringing about the inversion of the molecule; 
^.e., the molecule has turned inside out. 

A very large number of molecules possess more 
than one equilibrium configuration, and it is the 
aim of this section to describe qualitatively how 
they may be treated. Not only can molecules 
turn inside out, but one group, such as a methyl 
group, may turn about its axis from one to 
another position of minimum potential energy. 

It is convenient for many purposes to use a different set of coordinates 
near each equilibrium configuration. The rotating axis system dis¬ 
cussed in Sec. 2-1 and in more detail in Chap. 11 requires for its specifica¬ 
tion a knowdedge of the equilibrium configuration. Therefore the 



Fig. 8-3. iVTodel for NHs, 
N atom at apex of tri¬ 
angular pyramid. Dotted 
bonds show an inverted 
molecule. 
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Eulerian angles, and also the vibrational coordinates, will be differently 
defined on the basis of the initial and inverted configurations. Never¬ 
theless, any configuration can be described in terms of either set of 
coordinates, but then the displacements from equilibrium will not neces¬ 
sarily be small. 

With the set of coordinates best adapted for one of the equilibrium 
configurations, the wave equation can be set up, approximately separated 
into translational, rotational, and vibrational parts, and then solved. 
The same procedure can be carried through for the other equilibrium 
configuration. The two wave functions thus obtained will be different, 
and general quantum mechanical arguments indicate that a better solu¬ 
tion can be obtained by taking a linear combination of the two original 
ones. 

If the energy barrier over which (or through which) the molecule must 
pass in order to get from one equilibrium position to another is great, 
compared with the molecular energy, the two wave functions described 
a,bove will have little overlap and each can be obtained by ignoring the 
possibility of the other equilibrium configuration. Furthermore, if the 
two (or more) configurations are distinguishable only when identical 
atoms are distinguished, the energy levels (of rotation and vibration) will 
be the same for each configuration. In the high barrier case, the use of 
linear combinations will also yield the same energies (for levels with 
energy considerably less than the barrier height) because the cross term 
in the energy expression will vanish as the overlap vanishes. In other 
words, if the atoms always vibrate near the several equilibrium configura¬ 
tions and do not often venture into the regions in between, the existence 
of several equivalent configurations will not change the lower energy 
levels and can be ignored in this connection. Furthermore, the lower 
portion of the sinusoidal potential function often assumed can be closely 
approximated by a parabola, so that the standard methods for calculating 
vibration frequencies can be applied when the energy is small compared 
with the barrier height. 

As the barrier is lowered, or as levels of higher energies are considered, 
the atoms begin to penetrate more often into the intermediate regions 
and the existence of several equilibrium configurations cannot be ignored. 
One effect will be the splitting of energy levels into two or more com¬ 
ponents, due to the different ways of making independent linear combina¬ 
tions of the wave functions for the several equilibrium configurations 
and the differing cross-term energies which occur. For example, if one 
equilibrium arrangement is labeled with A and the other with B, the 
appropriate linear combinations, when A and B are equivalent, are 


+ ^b) and 2 -K^a - ^b) 
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which lead to energies 

w = dr + ijfpSHi'B dr ± dr £ h^>PtHxpA dr 

or, 

W = dr ± dr 

H is the Hamiltonian energy operator. The last term is the integral 
which depends on the overlap and which brings about a splitting of the 
energy into two levels. The lower the energy barrier and the higher the 
molecular energy, the greater is the splitting. 

If there are three equivalent equilibrium configurations, as in ethane, 
the proper combinations are 

%~K24^a - - ^c) 

2“K^b — ^c) 

The latter two lead td identical energies; thus in this case also the original 
energy state is split into two states. However, coupling of over-all 
rotation can produce further splitting. 

This treatment of the motion as that of a harmonic oscilKt^x perturbed 
by the presence of several positions of minimum potential energy is 
quantitatively useful only when the splitting is small compared with the 
spacing of the groups of levels. Beyond this point, other approaches are 
desirable. For example, it may be possible to express the Eulerian angles 
from one set of coordinates in terms of those of another and with the 
aid of this relation the rotational parts of both and may be factored 
out of the combination, leaving 

RiVA ± Vb) 

where R is the rotational part and V the vibrational parts. The vibra¬ 
tional problem may then be solved separately, treating the problem as a 
whole and not as a superposition of equilibrium configurations. 

8-9. Molecules with Internal Rotation 

When a group such as the methyl group rotates about the bond which 
connects it to the rest of a molecule, the force acting on the group is a 
periodic function of the angle, 0, of rotation from an arbitrary zero 
position. This internal rotation is said to be ^^free^^ in the limiting case 
for which the force is independent of and hindered” when the force is 
dependent upon 

In default of any a priori knowledge of the quantitative nature of the 
hindering forces,^ it is customary to assume the potential barrier to be 
of a sinusoidal shape appropriate to the first term of a Fourier series 

See, however, E. N. Lassettre and L. B. Dean, J . Chern. Phys.j 17: 317 (1949), for a 
theoretical discussion of the shape of potential barriers in several examples. 



POTENTIAL FUNCTIONS 


203 


Sec, 8-9] _ 

expansion of the periodic potential. Figure 8-4 illustrates the shape of 
V{<l>) used in the case of three equivalent minima, or equilibrium con¬ 
figurations, e.g.j ethane. 

If the barrier height, Fo, is great 
compared with the molecular energy, 
the methods of the previous section 
can be employed, that is, the motions 
may be treated as harmonic oscil¬ 
lations in the potential wells with 
modifications resulting from quantum- 
mechanical tunneling due to the pres¬ 
ence of several potential minima. 

If, however, the barrier height is 
low or zero, a different approach is 
required. It then becomes desirable 
to introduce two or more rotating 
coordinate systems, one called the 



Fig. 8-4. Potential energy. V, 
angle of internal rotation 4*, 


360 


versus 


‘ framework ^ ^ coordinate i^ystem 
describing the atomic system exclusive of rotating groups, to which are 
attached rotating coordinate systems which are fixed relative to each 
rotating group. The case which has been most thoroughly examined is 
that for which each attached group is symmetric or “ balanced, 
i,e., for which the moments of inertia would be independent of the orien¬ 
tation of an axis perpendicular to the connecting bond.^ This follows 
from symmetry alone when the attached group has a threefold or higher 
symmetry about the bond joining it to the framework system. 

For each extra rotating coordinate system introduced, one normal 
coordinate of vibration must be dropped and one new coordinate of 
rotational orientation introduced to describe the position of the group 
coordinate system or 'Hop axes^^ relative to the molecular framework. 
One additional condition on the atomic displacements is therefore 
required to define each group coordinate system; these conditions are 
that there should be no angular momentum about each group axis of 
rotation due to vibrational motions of the atoms in the group—to the first 
order in the displacements from the equilibrium positions (see Sec. 2-1). 

Expressed in the group coordinate systems the conditions for each 
group may be written as 


^ X — 0 (1) 

0 

iH. H. Nielsen, Phys. Rev., 38: 143 (1931). 

L. J. B. La Coste, Phys, Rev., 46: 718 (1934), 

J. B. Howard, J. Chem. Phys., 6: 442 (1937). 

B. L. Crawford and E. B. Wilson, /. Chem. Phys., 0: 323 (1941). 

K. S. Pitzer and W. D. Gwinn, J. Chem. Phys., 10: 428 (1942). 
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in which tUg^ is the niEss of the ^th atom in the (7th group, is the vector 
from the origin of the group coordinates of the ^th group to the equi¬ 
librium position of the ^th atom, Qg^ is the vector displacement of this 
atom from its equilibrium position, and the parentheses enclose the com¬ 
ponent along the group axis of rotation, defined as the z axis, of the 
approximate angular momentum in the group coordinate system. The 
proper normal coordinate for internal rotation (Sec. 2-5) is 


N, 

(Rr = (R7 = 9I7 Yf ~ hg^ AXgfi) 

N, 

= 2X7^ ml^iagpQyg^ - bg^:^p) ( 2 ) 

^=1 


To construct the normal coordinates so that they are orthogonal to 
these coordinates, suppose that one starts with internal coordinates 
which include a twist angle Tg for each top. Then it can be shown that 
the proper procedure is simply to set the tops at any convenient angle of 
twist and to carry out a normal coordinate treatment in the usual way in 
terms of internal coordinates by simply ignoring the twist angles Tg in 
both the F and G matrices. 

The proof starts with a demonstration that the potential energy cannot 
depend upon the coordinate (R 7 , For suppose the molecule is subjected 
to a small internal rotation. This means that the /?th atom of the (/th top 
is given a displacement 


Qgfi = I +rag0 I = I Aygp I (3) 

\ 0 / \AZgj 

in which r, which measures the twist, is small. Such a displacement 
yields the following value of (R7, by substitution in (2): 


Na 

(R, = 917 y + hlg)r 

= ?fl7lgtT 

in which Ig, is the moment of inertia of the grth top about its z axis. But, 
by arguments identical with those given in (Sec. 2 - 5 ), it then follows that 
the potential energy cannot involve (R7, since otherwise the potential 
energy would be changed by changmgr, which is contrary to the hypothe¬ 
sis of free internal rotation. 
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It then follows that the vibrational problem for the 3 iV — 7 other 
normal coordinates can be solved by merely omitting the row and column 
of the G matrix (as well as that of the F matrix) which correspond to the 
twist angle. 

It is also necessary that the frequencies obtained be independent of the 
angle of fixed twist employed. By ignoring interaction terms in the 
potential energy between internal coordinates in different axis systems 
within the molecule, or by taking their average values over all angles of 
twist, the potential energy can be put in a suitable form. The vibra¬ 
tional kinetic energy, for example in the form of the G matrix, will appear 
to depend on the top orientation (even if the dependence of the velocity 
of Uvist has been omitted as discussed above). However, it is found 
that, for symmetrical attached tops, linear combinations of internal 
coordinates within a given top can be formed so that the G matrix does 
not contain the twist angle explicitly. If Sa and Sh are a degenerate pair 
of internal coordinates for a given top, of the sort which have the trans¬ 
formation properties of a pair of translations perpendicular to the top 
axis and rotating with the top, then the combinations 


S'a — Sa cos To -(- Sb sin To 
S'i = Sa sin To — Sb cos ro 

in which to is the arbitrarily fixed angle of twist, will transform like 
vectors fixed to the framework. In terms of these coordinates, to is 
eliminated from G. Furthermore, since Sa and Sb form a degenerate pair, 
they will always occur in pairs in the potential energy in such a way that 
To is not involved when V is expressed in terms of S'^ and S'b- For example. 

Consequently, it is possible to set up F and G in coordinates such that 
To does not enter explicitly. The frequencies will therefore not depend 
on To, even if the above special coordinates are not used. The rule is 
thus proved that one should carry out the normal coordinate treatment 
in the usual way but ignore the twist angles. Set the tops at any con¬ 
venient angles, and proceed as usual. All interaction constants between 
top and framework should be averaged over the twist angles. 

Factoring of the Secular Equation. These considerations also lead to 
the ccnclusion that the secular equation of such molecules can often be 
factored further than would appear from the ordinary point group of the 
whole molecule, for aqy orientation of the tops. Thus in nitromethane 
(CH3NO2) the most favorable orientation leads fo a point group Q,, which 
would 3aeld only two factors, of degrees 9 and 6. However, with the 
approximations used above it will be found that the secular equation 
actually factors into three parts, of degrees 5, 5, and 4. 
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The possible factoring can be established by the following considera¬ 
tions. First, construct internal symmetry coordinates appropriate to 
each top and to the framework, separately. For example, in nitro- 
methane combine the coordinates of the methyl group into symmetry 
coordinates for the group €3^. and the nitro group coordinates into 
symmetry coordinates for 62t?. Then there will be no cross terms 
in either the kinetic or potential energies between symmetry coordinates 
of different species as far as coordinates completely within one or the 
other part of the molecule are concerned. Now consider cross terms 
between a coordinate of a top (here CHs) and a coordinate of the frame¬ 
work (here NOs). Furthermore, concentrate attention on the kinetic 
energy, that is, the G matrix. A nondiagonal element of G can be 
written as (see Sec. 4 - 2 ) 

Gkl = ^ MaSjfca • Sla (6) 

a 

and the only atoms a which will be involved in the cross terms between 
top and framework are those at the ends of the single bond joining the 
top with the framework (here C—N). The vectors for the top 
coordinates at the atoms in question will either be zero, or along the 
single bond, or perpendicular to the bond. In the last case there will 
always be a degenerate pair involved. These statements are a conse¬ 
quence of the fact that the top has a threefold or higher axis of symmetry. 
If the s vectors vanish at these atoms for all the coordinates of a given 
species under the top group, there will be a separate factor of the secular 
equation formed from the top coordinates of this species. The top 
coordinates of species which have $ vectors along the single bond will go 
into the same factor of the secular equation as the framework coordinates 
which have $ vectors with components along the single bond because there 
will be nonvanishing G elements according to (6) above. 

Determination of Height of Potential Barriers. At the present time 
the heights of barriers inhibiting internal rotation must be obtained 
empirically. Thermodynamic data have been the most common source 
of information. The height of the barrier (assumed to be of sinusoidal 
shape) is adjusted until the heat capacity, entropy, or free energy calcu¬ 
lated from statistical mechanics agrees with the measured values. ^ A 
second source of information has been measurements of the change of 
dipole moment with temperature. In a few cases observed Raman or 
infrared absorption lines have been assigned to transitions between 
torsipnal energy levels. 

1 E. Blade and G. E. Kimball, J. Chem. Phys., 18: 630 (1950). 

K. S, Pitzer, Chem. Bev.j 27: 39 (1940). 

K. S. Pitzer, Discussion Faraday Soc.^ 10: 66 (1951). 
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Recently microwave spectroscopy has provided two new methods of 
estimating barrier heights.^ In one technique the relative intensities of 
two absorption lines are measured. One line is due to a pure rotational 
transition for the molecule in its lowest state of vibration and internal 
torsional motion. The other line is due to the same rotational transition 
in molecules which are in an excited state of torsional motion. The ratio 
of these line intensitit>s measures the population ratio of the two torsional 
states and therefore, via the Boltzmann factor, the frequency separation. 
This in turn is linked to the barrier height if the shape is assumed. 

The other microwave technique involves measurement of frequencies of 
lines which involve ^Hunneling^^ of the molecule through the potential 
barrier. Methyl alcohoP is the outstanding example. Tunneling 
through the barrier can split the degeneracy which would otherwise be 
present because of the three equivalent minima in the potential barrier. 
This splitting combines with the over-all rotation in a rather complicated 
way, which has, however, been worked out. The extent of the splitting 
is related to the height of the barrier. 


^ B. P. Dailey, Ann. N.Y. Acad. Set., 66: 915 (1952). 

2 E. V. Ivash and D. M. Dennison, J. Chem. Phya., 21: 1804 (1963). 
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METHODS OF SOLVING THE SECULAR DETERMINANT 


So far no attention has been given to practical methods of solving 
secular equations. When the determinant is small, it presents no prob¬ 
lem, but when the number of rows exceeds about four, special methods 
are almost essential. These will be discussed in this chapter. 

It might be pointed out here that secular equations are important in 
many other fields, such as quantum mechanics, electrical and mechanical 
engineering, astronomy, and statistics. The methods described below 
are applicable no matter what the source of the equation. Fov Ais 
reason, it will prove desirable in Sec. 9-1 to introduce some terminology and 
principles common to all secular equations. Section 9-2 gives a method for 
reducing the secular determinant to a symmetrical form which is frequently 
desirable, while Secs. 9-3 and 9-4 deal with methods of solution appropri¬ 
ate in case only the frequencies, and not the transformations to normal 
coordinates, are required. Following this. Secs. 9-5 to 9-7 deal with 
methods appropriate when both the frequencies and forms of the normal 
modes are desired. The remaining sections include discussions of 
machines which can be used to solve the problem. 

The choice of the most suitable method for a given problem is not 
easy to make. A method which requires the least number of arithmetic 
operations for a given number of rows and columns in the secular deter¬ 
minant is highly desirable. This, however, is not the sole criterion, since 
such factors as ease of learning the routine and of applying ordinary 
computing machines or the question of the elimination of errors are aiso 
of importance. The reader will find discussions of these points in several 
of the articles cited in the footnotes. 

The reader who does not wish to explore the various methods will find 
that the first scheme described in Sec. 9-7 is usually about as good as any 
when the secular equation is symmetrical and has more than four rows 
and columns. Smaller equations are probably best expanded into 
algebraic form. 


208 



209 


Sec. 9-1] methods of solving the secular determinant 
9-1. Characteristic Values and Characteristic Vectors 
One form in which secular equations often occur is 


-X 


Hu . 

. . H,„ 



Hu 

H 22 — X 

H2, . 

H2n 

= 0 

(1) 


Hn2 

. 

. . - X 




This can be abbreviated in matrix notation to 

|H -- XEl (2) 

Examples of such equations are Eq. (11), Sec. 2-2, and Eqs. (7) and (8), 
Sec, 4-3. In the latter, H is GF. Usually the secular equation arises 
as the condition on X required for the existence of nontrivial solutions of 
the set of simultaneous equations 

(H - X,E)A, = 0 (3) 

in which Ak is a one-column matrix, t.6., a vector, whose components Atk 
give the transformation from normal coordinates to internal coordinates. 
A given value of X which satisfies (1) is related to the frequency in the kth 
normal mode by 

\k = (4) 

If (3) is rewritten in the form 

HAa: = XkAk (5) 

it is apparent that multiplication of the vector Ak by the matrix H has 
the effect of multiplying all components of Ak by the same constant, Xfc« 
In this sense, Ak is called a characteristic vector^ of the matrix, H, belong¬ 
ing to the characteristic valuCy X^. This fact in itself suggests a trial-and- 
error method of solution (not recommended without refinements described 
in Sec. 9-7): one could simply guess at a set of values of the Atk, carry out 
the matrix multiplication on the left side of (5), and then see whether 
each component of the resulting vector were a constant multiple of its 
original value. 

The characteristic vectors can be regarded as the columns of a square 
matrix, A. It will now be shown that the matrix A has the power to 
transform H into a diagonal matrix A whose diagonal values are the 
characteristic values X. Multiply (5) on the left by (A“i)z, which is 
the Zth row (not column) of the matrix reciprocal to A. Since, by the 
definition of reciprocal matrices, 

(A~^)iAk — ^ (A“^)ttAefc = 8ik 
t 

^ Also called an eigenvector, latent vector, modal column, etc. 


(6) 
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it follows that 

(A-J)jHA* = (A-i)«AtXt = 5u\jt (7) 

The above equation is an equality between two single numbers which 
shows the truth of the matrix equation 


Xi 

A-‘HA = A = ® 

0 


0 

X2 


0 


0 

0 


Xn 


( 8 ) 


which is the desired result. 

Thus, another statement of the problem of solving the secular equation 
is: Find a matrix A which diagonalizes H. 

If H is symmetric (HI == H), the transformation A has the special 
property that it can be made unitary (A~i = Af) by a suitable normaliza¬ 
tion. For a proof, see Appendix V. In case H is not symmetric, it is 
often desirable to transform it to a symmetric form. A numerical method 
for doing this is given in Sec. 9-2, for the case H = GF. 

Characteristic Values of Modified Matrix, This section will now be 
concluded with a theorem of considerable importance in connection with 
certain numerical methods for the determination of the characteristic 
values to be described in subsequent secJtions. Suppose a constant num¬ 
ber, /X, is subtracted from each of the diagonal elements of H. Then the 
resultant matrix may be written 

M = H - iuE (9) 


The characteristic vectors of M are, however, identical with those of H 
itself, while the characteristic values of M are Xi — ju, X 2 etc. This 
is proved by multiplying M on the right by A (which, by definition, is 
composed of the characteristic vectors of H) and on the left by A~^. The 
result is 


A~iMA = A“'HA ~ nAr^k = A - 

Xi — M 0 ... 0 j 

_ 0 X 2 — ju . . . 0 j 

0 0 . . . Xn - /i i 


( 10 ) 


This result can be generalized in the following manner. In place of 
(9), form 

(H - /xiE)(H ~ M 2 E) • • • (H - MiJE) (11) 


that is, multiply together the matrices formed by subtracting /xi, /X 2 , 
. . . , jUp, respectively, from the diagonal terms of H. Then the char- 




Sec. 9-2] methods of solving the secular determinant 211 

acteristic vectors of (11) are again exactly those bf H, while the char¬ 
acteristic values are (Xi -- M 2 ) ' * * (Xi — /ip), (X 2 ~ /ii)(X 2 — jw^s) 

• • • (X 2 — /ij>), etc. This is seen from the following equations: 

A-^KH ~ /iiE)(H /igE) • • • (H - /ipE)]A 

- A-HH ~ /iiE)AA-i(H - /i2E)A • • • A-KH ~ /ipE)A 
= [A-HH - /iiE)A][A-HH - /i2E)A] • • • [A-^H - /ipE)A] 

= (A — /iiE)(A — /i2E) • • • (A — /ipE) (12) 

in which A is the diagonal matrix with values Xi, X 2 , . . . , Xn. Since 
each factor in the last form of (12) is diagonal, it is clear that the product 
will be diagonal and that the values of the elements are as asserted above. 

9-2. Sjnnmetrization of the Secular Determinant 

The solution of the secular equation by several of the methods to be 
described below. Secs. 9-5 to 9-7, is appreciably simplified if H is sym¬ 
metric. Moreover, in the case of one of the electric analogue devices, 
Sec. 9-10, which can be used to eliminate the numerical work, it is neces¬ 
sary that H be symmetric. Therefore a method which transforms 
H = GF into a symmetrical matrix with the same characteristic values 
as H will now be described. 

The method to be adopted consists in finding numerically the trans¬ 
formation to a new' set of coordinates in terms of which G becomes 
simply a constant matrix, which, for convenience, can be taken as the 
unit matrix, E. Since F is always symmetric in any coordinate system, it 
is evident that in the new coordinate system 


s ^ GF - EF = F 


( 1 ) 


will then be symmetric. The desired transformation is carried out in 
two stages: first, a transformation w^hich makes G diagonal, but not in 
general a unit matrix, is found. It is then not difiScult to transform G 
into a unit matrix and to apply the corresponding transformation to F. 

In order to see how G may be diagonalized, it is convenient (as in 
Appendix VII) to express its elements in terms of the transformation 
coefficients Du from mass-weighted coordinates (g,^ to internal coordi¬ 
nates {St), hamely, as 



( 2 ) 


It will be convenient, moreover, to regard the elements of a given row- of 
D as the components of a row vector, Dt, whence (2) can be written in the 
form 


Gu' = DtDl 


(3) 
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The problem of diagonalizing G is now equivalent to constructing a new 
set of vectors Dj defined as linear combinations of the D( in such a way 
that the members of the new set are mutually orthogonal, i.e., 


= 0 '-dt 7^ t' (4) 

This can be done by a standard method known as the Schmidt orthogonal- 
ization process for vectors. The new vectors are defined by equations 


Di = Di 

Dj = Ds H” cfDi (fi) 

Da = Ds -I- 6Dx -1- cD^ 

D 4 = D 4 -|- dDi -j- + /Da 


in which the constants a, b, c, d, e, f, etc., are to be determined so that the 
orthogonality conditions (4) are satisfied. Thus a is determined by the 
condition 


DiD| = DiD|-t- aDiD[ = 0 


or 


a = 


D>D^ 

DxDl 


(G) 


similarly, b is found from the vanishing of DiD|, c from the vanishing of 
DaDj, etc., the results being 


6 = - 


d = - 


/= - 


DiD| 

DxDl 

D 2 DI 

D 2 DI 

DiPI 

DxDt 

D2DI 

D2DI 

DaPl 

D3DI 


(7) 


Now since Di = Pi, it is seen from (3) that the coefficients a, b, d 
have the values of a = —Gn/Gn, b = —Gu/Gn, d = —Gu/G\i. The 
other coefficients can be found by the following process: first subtract 
GuGit/Gn from each element (C?«0 of G except Gn, and designate the 
resulting matrix as G^‘h Note that according to this procedure, every 
off-diagonal element in the first row of G^^* vanishes and that the calcu¬ 
lation yields a G''> which is symmetric, so that the numerical work, i.e., 
subtraction, is only carried out for the elements G^i^, • • • > 

etc. 
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It can now 

be shown that 



D 2 D 1 = (?<v 

(8) 

and 

DaDf, = t' >2 

(9) 

For, from (5), 

D 2 DI = D.CDj'-t- aDj) = C 2 DI 



= (D 2 + aD,)D| = G 22 - ^ 

trii 

(10) 

by inserting the value of a found above. Moreover, 



DjDt, = (D 2 + aD,)Dt, = Gv - 

trii 

(11) 


But these Jesuits are evidently equal to and by the definition of 
the process for obtaining 

If now a similar process is carried out upon that is, if 
is subtracted from ^34 ? • • • ? with the result being desig¬ 

nated as G^^^, it can be shown by identical reasoning (although greater 
algebraic complexity will be encountered) that 

DsD;. = Gif > 3 (12) 

Therefore it is apparent that successive applications of the subtraction 
process will lead ultimately to a diagonal matrix whose elements 

are Gn, G|^, G^|^ etc., and thatRli the coefficients of the transformation 
(5) can be evaluated as ratios of the G^^^ elements, where p = 0 cor¬ 
responds to G itself. 

In order to subject F to the corresponding transformation, it is impor¬ 
tant to note a distinction in the transformations of F and G under a 
given coordinate transformation, i.e., that F transforms as does G““i (see 
Appendixes VII and VIII). If S-~> S = CS is the coordinate trans¬ 
formation G G == CGC^ and F F = (C~i)+FC”^ Therefore, in 
order to compute the F corresponding to the diagonal G obtained above, 
it is necessary to have the coefficients-uf the inverse transformation, C“^ 
which gives the old coordinates in terms of the new, ^.6., 

S, = (G-i)uaSi + • 

S 2 ~ (G'"^)21/Si + {C~^)22S% -!-••• (13) 

etc. 

Note, however, that the form of Eqs. (5) allows the inverse transformation 
to be written very simply by transposing Di and Di, D 2 and D 2 , etc. 

Di = Di 

D 2 = •—uDi + 1^2 
B 3 = — bt^i — c 152 Cs 
D 4 = —dGi el^2 — ^^4 


(14) 
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Therefore, the matrix which is required in order to transform F is 
triangular, and has the form 


1 

0 

0 

0 • • •] 

Gi2 

1 

0 

0 • •• 

Gii 




Giz 


1 

0 • • • 

Gn 


J. 

(jl4 



1 • • • 

Gn 



. . . 


• • • 

1 


(15) 


This does not quite complete the work, however, since is diag¬ 

onal, but not constant. It is made a unit matrix by a transformation 
equivalent to normalizing the vectors to unity, which amounts to 
defining 


E = 


(16) 


This is equivalent to a coordinate transformation by a matrix ^ 

which means that the desired final transform of F is 


(G<'^”i))iF(G<»‘--i>)i 


(17) 


where F = (C'~0+FC“^ The general element of (17) may be computed 
from the simpler formula 


[(G(-~i>)iF(G(— 




(18) 


9-3. Solution by Direct Expansion of the Secular Determinant 
Suppose the secular equation is 


fill - X 

Hi, 

Hi, 



H2L 

H,2 - X 

H,z 

= 0 

(1) 

Hzr 

Hz2 

H zz X ... 




in determinantal form. Here Hkk' is an element of the product FG or 
GF. If the determinant is expanded, a polynomial equation in X is 
obtained, vjith a highest power equal to n, the number of rows or columns 
in (1): 

X” + CiX’‘“^ + C2X”~^ + ‘ * * + Cn-lX + Cn = 0 (2) 

This equation is frequently called the characteristic equation of the matrix, 
H. The coefficients, Ci, C 2 , . . . , Cn can be seen to have the form: 
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n 

Cl = (-1) J Hu 

<-l 

c, = {-1)» {HuH,, - Hu’H,,) 




Cn-1 = 



Cn - (-I)IH! 


(3) 


where Mu is the determinant obtained by omitting the ^th row and 
^th column of H. Similar, but more complicated, formulas could be 
given for the other c^s. It is evident) that it would be very laborious to 
expand a large determinant directly. 

The reader should compare this development with the method described 
in Sec. 4-5, which was employed when F and G were treated separately. 
The present expansion is better suited to the case in which the product of 
F and 6 is available in numerical form. 

Once a secular equation has been expanded, there are many standard 
methods for solving the resulting polynomial equation. ^ 

As is shown in most standard textbooks on college algebra, the coeffi¬ 
cients appearing in (2) are related to the roots Xi, X 2 , Xg, . . . , Xn as 
follows: 



k 


Cl — ^ XjfcXik' (4) 

k',k<k' 


Cn — { l)"XiX2X3 * • * Xn 

that is, Cp is ( —1)^ times the sum of all distinct products of p of the X's. 
These relations may be combined with (3) to give convenient expressions 
for the determination of force constants as unknowns to fit an experi¬ 
mentally determined set of frequencies (X^’s). 

9-4. Indirect Expansion of the Secular Determinant^ 

There exist several indirect methods of obtaining the coefficients Ci 
through Cn which appear in the expanded form of the secular equation 

1 H. Margenau and G. M. Murphy, '‘The Mathematics of Physics and Chemistry,'' 
p. 477, Van Nostrand, New York, 1943. 

E. T. Whittaker and G. Robinson, ^'The Calculus of Observations," Chap. VI, 
Blackie, Glasgow, 1924. 

2 A review of the various methods under this heading together with comparisons of 
the relative efficiencies is given by H. Wayland, Quart. Appl Math., 2: 277 (1945). 
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[Eq. (2), Sec. 9-3]. Their advantages are that they involve less arith¬ 
metic or a more routine procedure, although the former advantage is 
realized only when n > 4. 

Trace Method. The arithmetic saving by this method is not as great as 
that accomplished by techniques to be described siibse^quently, but the 
procedure is quite simple and provides a good introduction to the other 
methods. 

It will be noted that the simplest of the coefficients defined in terms of 
the elements Hkk' by Eq. (3), Sec. 9-3, is Ci, which is just the negative of 
the sum of the diagonal elements of H. This sum, according to Eq. (4), 
Sec. 9-3, is equal to the sum of the roots 

t k 


Suppose the square of the matrix H is computed numerically. From 
the arguments given in Sec. 9-1, it should be evident that the character¬ 
istic values of are the squares of the characteristic values of H. 
Therefore 



( 2 ) 


This result can be generalized for any power, p, of H, in the form 



(3) 


Therefore, a computation of the first n powers of H makes possible the 
numerical evaluation of 





(4) 


for p = 1, 2, . . . , n. 

It is not difficult to evaluate the coefficients rn through Cn as defined in 
Eq. (4), Sec. 9-3, in terms of the Sp of (4). Clearly 


To find C2, note that 


Cl = 


(5) 


C2 ~ X1X2 + X1X3 -(-•••+ X«-_iXn 

= M(Xl 4* X 2 + ‘ + Xn)“ ~ (Xf 4* X 2 + • • * + X“)] (6) 

- - >^2] 

But (6) can also be written in the form 


C2 = “-K^iCi + Si) 


(7) 


upon substituting (5) for one power of Si. By similar arguments, it is 
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easily shown that 

~ ~ p +■ S2CP-2 + • • • + aSo_iCi + Sp ) (8) 

Thus the computation of the Cp from the Sp is readily carried out in a 
stepwise manner, in which Ci, C 2 , . . . , Cn are obtaineci successively. 

HamUion-Cayley Theorem. A second method of determining the 
coefficients Cp is based upon the following theorem: If the characteristic 
equation of H is 

X” “I" CiX^ ^ “1“ * ’ ’ ~i“ e^t _iX ■”!“ ” 0 

then H satisfies the corresponding matrix equation: 

+ • • • + 4- c«E - 0 (9) 

The proof of this theorem follows directly from the remarks made at the 
end of Sec. 9-1. It is evident that the product matrix 

P - (H - XiE)(H - X2E) • • • (H - XnE) ( 10 ) 

has characteristic values which are all zero. This follows since the charac¬ 
teristic values of P are {\k — Xi)(Xjfc — X 2 ) • * ’ (X^ — Xn), where X^ is any 
characteristic value of H, so that one factor of the product will always 
vanish. But since L"iPL is the diagonal form of^P, L“^PL must be a zero 
ma.trix 

L-iPL - O (11) 

Therefore P is a zero matrix, since upon solving (11) for P, 

P = LOL-i = 0 (12) 

Expansion of P and collection of terms in H, etc., will yield coefficients 
for the various powers equal to Cp, making use of Eq. (4), Sec. 9-3. 

In principle, n of the scalar equations 

-f- * • • + Cn-l^^tt' + ~ 0 

embodied in (9) could be used as a set of simultaneous equations from 
which the unknown coefficients Ci through Cn could be determined. How¬ 
ever, it is possible to reduce the amount of arithmetic required by the 
following device: multipl}^ an arbitrary column vector, V, by both sides 
of (9), thus obtaining, after rearrangement, 

cKn-iy - -H"V (13) 

In (13), there are only n simultaneous equations, since ever\^ term is a 
column vector with n rows. Moreover, it is unnecessary to compute the 
elements of etc., since only the columns HV, H^V H(HV), 
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H*V = HCH^V), etc., are required, and these can be computed succes¬ 
sively, using only n® multiplications in each step rather than the n® 
multiplications necessary when the matrix multiplication HH is carried 
out. This method requires, of course, a solution of a set of simultaneous 
equations, but if an efficient method is used, there is a substantial saving 
as compared with the trace method when n exceeds a value of 4. 

9-6. Solution by Evaluation of the Determinant 

Another method for determining the characteristic values consists 
simply in computing the numerical value of the secular determinant for 
trial values of X. When enough calculations have been performed to 
yield both positive and negative values of the determinant, interpolation 
may be used to approximate a root. A modification of this procedure 
involves a method of constructing the characteristic polynomial from the 
values of the determinant evaluated at n + 1 regularly spaced trial 
values of X. The details of this procedure are given by Hicks. ^ 

In either case considered above, the real problem is the computation of 
the determinant. One of the most efficient methods is described in 
Sec. 9-7 as solution by successive elimination’^; for further details and 
practical refinements of this method, the reader may refer to a paper by 
Dwyer." 


9-6. Rayleigh’s Principle 

At this point it is desirable to reconsider the problem of the secular 
equation from a somewhat different point of view. Such an equation has 
an interpretation as an extreme value^ or variational problem which is very 
useful in connection with the approximate numerical methods of solving 
secular equations to be described in Secs. 9-8 and 9-9. 

Suppose the secular determinant in question is 


^11 ~X 
H21 


H 22 X 


( 1 ) 


and that H is symmetric {H 21 = ^^ 12 )- The characteristic values Xi and 
X 2 (Xi > X 2 ) which satisfy (1) have the following geometrical significance. 
Let X and y he sl pair of numbers which satisfy the equation 


Hiix^ -t- {Hu + H 2 i)xy + H 22 y^ = c (2) 

in which c is a constant not less than zero. It will now be shown that 
(2) is the equation of an ellipse in the xy plane. 

Since H is symmetric, the transformation which diagonalizes H is an 
orthogonal one (Appendix V). But when H is diagonal, Hu becomes Xi, 

^B. L. Hicks, J, Che7n. Phys., 8: 569 (1940). 

* P. S. Dwyer, Psychometrika, 6: 191 (1941). 
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H 22 becomes X 2 ; and the cross terms ^12 and disappear. Therefore, 
if f and ri are the variables into which x and y, respectively, are sent by 
the transformation which diagonalizes H, (2) becomes 

= c (3) 

which is certainly the equation of an ellipse, since Xi and X 2 are greater 
than zero. Since an orthogonal transformation is just a rotation of 
axes, it is true that (2) is likewise an equation of an ellipse. Further¬ 
more, it is evident (see Fig. 9-1) that the 
maximum radius is ( 0 /^ 2 )^ and the minimum 

radius is (c/Xi)*. Therefore any point on - 7^/ 

the ellipse in terms of the f, rj coordinates | 

satisfies ——j- 


since is the square, of the radius. 

Since the transformation is orthogonal, 

r + ^2 « ^2 + ( 




Fig. 9-1. Relation between the 
real roots Xi and X 2 of a quad¬ 
ratic and the principal axes of 
an ellipse. 


Suppose now that x and y are allowed to take on arbitrar 3 " values. This 
will have the effect of changing the scale of the ellipse, i.e., the constant c. 
If c is eliminated from (4) by substitution of (2), and if (5) is used, the 
following inequality is found to hold for arbitrary x and y: 

Xj > + (Hu + H2i)xy + ^^22^^ ^ 

““ x^ y^ 

This result is important in several ways. Since the Htt' are known 
numbers, one could in principle compute Xi and X 2 by varying x and y in 
such a way as to yield the greatest and least values of the expression in the 
middle of (6). Moreover, the values of x and y at which this expression 
attains its extreme values define the characteristic vectors in the sense 
of Eq. (5) Sec. 9-1, which in the two-dimensional case amounts to the 
equations 

HII Aik + Hx2A2k = X^Aifc 

H2lAik + -3^22*4 2& == Xjfe42fc 

Multiplying the first equation of (7) by Aik, the second by 4.2* and 
adding, 

HiiAlk + (Hi2 + H2i)AikA2k + H22A\^ = X*(4fjfe + 41*) (8) 


^ _ HiiA\j^ ■+• {Hi2 + H2^AikA2k + H%%Alk 

“ ^2 4 , J 2 
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The geometrical argument suggests another important application of 
(6). Suppose X and y are known to be approximately equal to Au and 
Aik, respectively. Then on account of the fact that the derivative of 
the radius with respect to angle is zero by definition at the extreme 
points, one might expect that a small error in Au and Aik (which amounts 
to a small error in the angle) would lead to only a very small error in the 
characteristic value as approximated by 


HiiX^ -|- {Hii -f- Hii)xy 4~ Hay^ 

x^ -\- y^ 


( 10 ) 


Modification for n > 2 and H Unsymmetric. These considerations 
would be unimportant were it not for the fact that they generalize to a 
secular determinant of any size. Furthermore, the fact that the X*. 
defined by (10) is a good approximation, even for rather poor approxima¬ 
tions of X, y, etc., to the characteristic vector, can be generalized so as to 
hold even when H is not symmetric. This will now be done. 

Let Ui, Ui, ... ,Un and Fi, Vi, ... , V„ be numbers which satisfy 
the condition 

f^L\Vi = l ( 11 ) 


but which are otherwise arbitrary. Then define W as 



( 12 ) 


It will now be proved that if 6TF = 0, the f/’s and F’s satisfy the respec¬ 
tive secular equations 

^ LhHa = XOV (13a) 

t 

(136) 

t' 


From (12), the variation of TF expressed in terms of the variations of the 
U’a and F’s is 

alF = ^ (5(7, LVF,' + UtHu’ 5Vt’) (14) 

Also, from (11), 

5 2 U,Vt = ^ (U, 5F, -t- SU, F,) = U, SFr -f ^ F, 5(7, = 0 (15) 

^ t t' t 

Multiply (15) by the Lagrangian undetermined multiplier, X. and sub- 
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tract from (14), obtaining 

^ [{Hu’V, ~ XF.) iUt + {UtHw - XUf) 5F,-] = 0 (16) 

Since the introduction of X allows the variations 8Ut and 8Vt' to be 
regarded as arbitrary, it follows that (16) can only be satisfied if 


and 



= X7t 


2 UtH,, = \U^ 

t 


as was to be proved. 

Suppose (136) is inserted in (12); then 


W 


= y u,Hu’Vf = y u,\vt 

w t 



= X 


where the last step follows from the conditional equation, (11). This 
shows that the stationary values of W as defined by (12) are the charac¬ 
teristic values of H. 

Suppose now that H is symmetric and that its characteristic values are 
numbered in order of decreasing magnitude: Xi > X 2 > * * * > Xn. Let 
the arbitrary V, whose components are Vt», be expressed as linear com¬ 
binations of the characteristic vectors: 


Then' 


V == ^ 

W = VtHV = y aJAJHa^, 

M 

== ^ aXoci{K)l\iki = ^ a%aiKibki 

= ^ a*ak\k 
k 

V+V = ^ ccl{k)l ^ aiki = ^ <xW = 1 
from (11), it follows that 

- TF = Xi y ata, - V afa.Xfc 

k k 

= y |a»|*(Xi - X*) > 0 


Since 


(17) 


(18) 


1 When H is 83 rmmetric, U and V in (13a) and (136) become identical. 


(19) 
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Similarly, it can be shown that IF’ — X„ > 0. Therefore the value of W is 
bounded by the greatest and least characteristic values of H, 

Xi > TF > X„ (20) 

9-7. Solution of the Simultaneous Equations 

We now turn to methods which do not attempt to obtain the character¬ 
istic values without the characteristic vectors. Of course, if the charac¬ 
teristic values have been obtained by the methods of Secs. 9-3 or 9-4, one 
may insert any given \k and solve the simultaneous equations. How¬ 
ever, if one requires characteristic vectors as well as the X’s, for problems 
where n > 3, it is much better to use one of the methods to be described in 
this and the following sections. Furthermore, the subsequent methods 
can all be used in conjunction with the principle described in Sec..9-6, 
namely, that an approximate solution of the simultaneous equations, i.e., 
characteristic vector, V, substituted in Eq. (18), Sec. 9-6, yields a rela¬ 
tively accurate estimate of the corresponding Xj. 

Solution by Successive Elimination.^ A method of solving the simul¬ 
taneous equations which is appropriate when H is a symmetric matrix 
proceeds as follows. A numerical value of X = X' is guessed and inserted 
in Eq. (3), Sec. 9-1. The first component equation is left intact; the 
first and second equations are then combined to eliminate Ai from the 
second equation; the first, second, and third equations are combined to 
eliminate Ai and A 2 from the third equation. This process is continued 
until Ai, Ai, . . . , An-i have been eliminated from the last equation. 
The resulting set of equations will have the triangular form^ 

H\^Ax + H[^Ai -f + • • ■ + HJnAn = 0 

H',iAi -f + ■ ■ • + = 0 

H'jAs + • • • 4- H'„A„ = 0 (1) 


H'^nAn = 0 

Equations (1) possess a solution other than At = 0 for all t if and only if 



H[i 

. . . 




0 

Il'ii 

H'ii ... 




0 

0 

... 

HL 

= 0 

( 2 ) 

0 

0 

0 

HL 




^ The elimination process, as applied to simultaneous equations, was described 
early by Gauss. It has been applied to the present problem, for example, by H. M. 
James and A. S. Coolidge, J. Chem. Phys., 1: 825 (1933), 

2 The actual numerical work is carried out in a stepwise manner similar to that 
employed in diagonalizing G (Sec. 9-2). 
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it being understood that the depend upon the trial value of X'. The 
value of a determinant of this form is simply the product of the elements 
on the principal diagonal 

IH'I = • • • //;. (3) 

Unless this product vanishes, X' is not an exact characteristic value. A 
second value of X = X" can then be inserted and the equations again are 
triangularized by the successive elimination process. An improved X can 
then be obtained by interpolation using X', X", |H'|, and |H"|. The 
process is then continued until the determinant vanishes. 

It may now appear to the reader that this method is simply a numerical 
procedure for evaluating a large determinant combined with interpola¬ 
tion. This is in fact true, the procedure being one of the best for the 
evaluation of large determinants, but it may be seen that the method 
really yields a characteristic vector as well as a characteristic value. To 
show this, it is first convenient to describe the practical procedure for 
triangularizing the equations. 

The first equation is left unchanged, so that — Hu — X', = Hu 

for = 2, 3, . . . , n. For the second row 

- bn'\') - (4) 

11 

Since Hi^ — H^i — H[^^ it follows from (4) that H^i = 0, that is, the first 
unknown, Ai, has been eliminated from the second equation as desired. 
The members of the third row are given by the equation 

ut _ / zj s \f\ 

— dsM ) - ^ - ^ (.Oj 

^11 ‘“22 

In general, the elements of the ^th row are given by 

H', = (Ha' - 5u'\') - £ ( 6 ) 

Now in order that the determinant should vanish, it is evident from (3) 
that one or more of the diagonal terms H 22 , . . . , H^^ niust be zero, 
and all the nonzero terms must be finite. Suppose H[i vanishes. Then 
according to (4), (5), and (6), some of the diagonal elements ^ 22 ? 

. . . , H'^^ will therefore go to infinity as H[^ goes to zero unless all the 
elements Hu, = Hu' are zero. If the latter Tvere true, numerical calcula¬ 
tion would be unnecessary, however, since Hu would immediately be 
recognized as a characteristic value corresponding to a characteristic 
vector with components Ai 9 ^ 0 , A 2 ~ A 3 — • * ==An = 0. There¬ 

fore in the numerical calculation it may be assumed that H[^ 9 ^ 0. A 
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similar argument may be advanced to show that the determinant (3) will 
not vanish when ^88) • • • , are zero. One concludes that a 

necessary condition for |H| = 0 is that the last factor should vanish 




( 7 ) 


But when this is true, according to the last equation of (1), An is inde¬ 
terminate. But the next to last equation of (1) may be solved for An-i 
in terms of Any the previous equation for An -^2 in terms of An-i and An, 
etc. On account of the triangular form, therefore, all the A’s may be 
easily expressed in terms of which, as has been seen previously, con¬ 
stitutes a complete solution (characteristic vector belonging to the X' 
which makes == 0) except for normalization. 

Even when is small, but not zero, an approximate set of At could 
be obtained by this procedure, and substitution in Eq. (18), Sec. 9-6, 
should then yield an improved characteristic value. 

Still another method of obtaining an improved X utilizes (6) with 
t zsz n; instead of computing this final element with the value of X' 
which has been used in the triangularization process up to this point, 
is set equal to zero and the equation is used to solve for the next value of 
X - X": 


n —1 





In some cases it may be found necessary to rearrange the order of the 
rows and columns of the original determinant in order to avoid situations 
where very high accuracy in numerical work is required to obtain reason¬ 
ably accurate final results. 

This method may also be used without modification for solving secular 
equations of the form — XG~i| == 0. By suitable modification it may 
be used with unsymmetrical secular equations, but only with somewhat 
greater labor. 

Solution by Relaxation, The method which will next be described was 
first applied extensively by Southwell^ in certain engineering problems 
dealing with static equilibrium. The displacements of a structure sub¬ 
jected to known loads are determined by assuming an arbitrary displace¬ 
ment, computing the forces of constraint necessary to maintain the 
structure in its arbitrary displacement, and then varying the assumed dis¬ 
placement so as to relax all the forces of constraint to negligible values. 

^R. V. Southwell, '^Relaxation Methods in Engineering Science,"' Oxford, New 
York, 1940. 

Closely related methods had been described previously by Seidel, Munch. Ahh.^ 
U (3); 81 (1874), and by Gauss. 
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The method is applicable to any set of simxiltaneous equations; in the 
present example, the A, are assigned arbitrary initial values, Aj®’, and X is 
also assigned an initial trial value, X^®’. The quantities analogous to tbe 
forces of constraint are the e’s defined by 

ei = (ffii - X<®>)A<,« + J?i 2A‘8®> + • • • + Fi„A<«' 

-h (ffii - X(«)Af + • • • + ff*nA«> (9) 


Sn = F»lAi®> -h ff„iAi<» + ■ ■ ■ + (ffnn - X(«>)A<®> 

If the assumed A’s and X constituted a solution, all the e’s would vanish. 
The relaxation procedure consists in altering the assumed A^®^ so as to 
minimize ei, ej, . . . , e» according to the following scheme: if e< is the 
largest error and fftt' the largest coefficient in the ith equation, then 
Aj/*’ is altered by an amount sufficient to reduce e* to approximately zero. 
Of course when this is done, ci, e*, . . . , et-i, et+i, . . . , e» are all 
altered. Next, the largest remaining error is rdaxed by a similar pro¬ 
cedure. The process is continued until all the e's are reasonably small. 
Naturally if X^®^ is not an exact characteristic value, the e’s cannot all be 
made to vanish. When they are sufficiently small in the judgment of the 
computer, the modified values of Aj®’, A^®\ . . • , A{®’ are then used to 
estimate an improved value of X defined by 


X<« 


A«')tHA<®) 

A(®)tA<») 


( 10 ) 


The use of (10) takes advantage of the stationary property discussed in 
Sec. 9-6; division by A<®>tA(®> is equivalent to the normalization condition 
expressed by Eq. (11), Sec. 9-6. 

The cycle may now be repeated using X = X<*^ and starting the relaxa¬ 
tion procedure with the A^i> equal to the modified A<®^ which appeared at 
the end of the previous cycle. For practical details of the numerical 
relaxation procedure, the reader is referred to Southwell’s book. It has 
been shown ^ that this procedure converges upon the greatest character¬ 
istic value Xi, when X<®> > ffa, all t, and upon the least characteristic 
value, Xn, when X<®> < ffu, all t. Actually, the convergence will be more 
rapid if the mnyiTniiTn ct/fftt rather than et is used as the criterion® for 
selecting the equation which determines the size of the correction to Ap. 

Once the characteristic vectors corresponding to the greatest and least 
values (Xi and X„) have been found, it is possible, in principle, to force 
convergence upon some other value by keeping the trial A orthogonal to 
Ai and A„. For another procedure which converges upon the inter¬ 
mediate characteristic values see Sec. 9-8. 

* J. L. B. Cooper, Quart. Appl. Math., 6: 179 (1948). 

•L. Fox, Quart. J. Mechanic* and Appl. Math., 1: 263 (1948). 
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If H is unsymmetric, it can either be reduced to symmetric form by the 
method of Sec. 9-2, or the relaxation procedure can be applied to both 
sets of simultaneous equations (with coefficients H = GF and H' = FG), 
using the successive approximate characteristic vectors as V and U, 
respectively, in Eq. (12), Sec. 9-6, to give an improved X. 

A distinctive feature of the relaxation method is the large freedom left 
to the judgment of the computer. This is particularly true in deciding 
how small to make the e^s in (9) at any given stage (value of X). For this 
reason, the speed of convergence of the method depends very largely on 
the experience of the computer, 

9-8. Matrix Iteration Methods^ 

The methods of solution to be described under this heading have 
several advantages. Although they are not necessarily the most efficient 
in terms of number of arithmetic operations, they are in some ways the 
most systematic and therefore least liable to error. The typical arith¬ 
metic operation, namely, the addition of a set of products of the form 
ab + cd + etc. lends itself more conveniently than some of the computa¬ 
tions involved in the other methods to computation with ordinary 
calculating machines. Furthermore, if a numerical error is made at an 
early stage, it is eliminated as the calculation progresses. Also this 
iteration method is in many cases the most rapid for determining the 
value of the largest characteristic value if, for any reason, that value 
alone is required. 

In its simplest form, the method consists in choosing an arbitrary set 
of numbers, V\^\ . . . , and computing from them a new set, 

to by means of the matrix multiplication 

HV(o> - (1) 

in which and are the column matrices (vectors) whose com¬ 
ponents are the numbers described above and H is the matrix of the ele¬ 
ments of the secular determinant which it is desired to solve. 

This process may then be repeated to give 

V(2) = HV<i> (2) 

and is continued until 

(3j 

i.e.y until the matrix multiplication yields a vector all of whose 

components differ from those of the preceding vector by approxi- 

1 See, for example, the following: 

A. C. Aitken, Proc. Roy. Soc. Edinburgh, 67: 172 (1037). 

H. KoteUing, Ann. Math. Slat., 14: 1 (1943). 

W. M. Kincaid, Quart. Appl. Math., 6; 320 (1947). 



227 


Sec. 9-8] methods of solving the secular determinant 


mately the same constant. It is evident that such a vector is approxi¬ 
mately a characteristic vector, while the constant c is approximatelj^ a 
characteristic value. 

It will now be proved that the process does indeed converge upon 
c = Xi, the greatest characteristic value (and upon the corresponding 
characteristic vector, Ai). The (unknown) characteristic vectors Ak are 
linearly independent (since they constitute the columns of a square 
matrix. A, which has an inverse) so that a vector with arbitrary com¬ 
ponents, such as can always be expressed as some linear combination 
of the Ak : 





(4) 


Next, substitute (4) in (1), obtaining 


V<i> - H 


n n 

(T C^k) = 2 C,KA, 


(5) 


But since A^, is a characteristic vector of H, HAa; = XaAa:, so that (5) 
becomes 

n 

= y XkCi^H (6) 


It is now easy to see the effect of repeated matrix multiplications of 
V'w by H: 


Tf 


(7) 


A;«i 


Assuming that Xi > X 2 > ■ * ‘ > Xn > 0, for large values of p it is 
apparent that the term fc = 1 dominates all others in (7), provided only 
that Cl 7 ^ 0, so that in the limit of large p, 

V<^> = (Xi)pCiAi (8) 

In this same limit 

= (Xi)^-^i(7iAi = XiV(^> (9) 

and since the characteristic vectors are determined only within a propor¬ 
tionality constant (unnormalized), is just as good a characteristic 
vector as Ai. 

It should be clear from this argument that the rate of convergence is 
essentially determined by the ratio of the largest to next largest character¬ 
istic value, X 1 /X 2 . Naturally a good guess at Ai, that is, a such that 
Cl is large while C2, C3, etc., are small, also speeds the process. 

Use of the Rayleigh Principle, The present method can be combined 
with the principle developed in Sec. 9-6, namely, that an approximate 
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characteristic vector will yield a better characteristic value Mrhen sub¬ 
stituted in Eq. (18), Sec. 9-6. Normalization equivalent to Eq. ( 11 ), 
Sec. 9-6, is achieved by division by : 


( 10 ) 


The last form of 
upon expansion 


( 10 ) is particularly simple and convenient, becoming 


Xi 


n 


«-i 


y (FF>)* 

<-i 


( 11 ) 


In case H is not symmetric, the iterative procedure should be carried 
out using as well as H; that is U'*’ = etc., 

should be computed. Then is simply used in place of in ( 10 ). 

Procedure for Finding Xj, Xj, etc. The first of the two methods for this 
purpose which will be described here is a device which yields a new 
matrbc which, in place of the characteristic values Xi, Xj, Xs, . . . ,X«, has 
the characteristic values 0, X*, X 3 , . . . , X». Thus, in the new matrix, X* 
becomes dominant, so that iteration as above •wUl converge upon A* and X 2 . 

The new matrix is obtained from H by subtracting XiL^L,-! from Hu', if 
H is symmetric. Here La is a component of the normalized characteristic 
vector corresponding to Xi, which presumably has just been found by 
iteration with H. A suitable normalization procedure here consists in 
putting 


La 



( 12 ) 


in which the An are approximated by the FJ**’ obtained by iteration. 

If H is unsymmetric, it is necessary instead to subtract Xil/F’FJr’/ 

17^’Fj*'^, since this is an approximation to Xi(L~i)jiL,'i which 

B 

replaces XiLtiLfi when L is not orthogonal. 

The third root is obtained in turn by subtracting \ 2 Lt 2 Lf 2 


[or X 2 (L 

from the matrix elements used in obtaining X 2 , etc. This procedure is 
called deflation and its validity is proved in the paper by Aitken cited in 
the footnote at the beginning of this section. 
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An alternate, and somewhat more versatile, procedure makes use of 
the theorem proved at the end of Sec. 9-1, namely, that a modified 
matrix, say XiE *- H (where Xi has just been determined by iteration 
with H), has characteristic values 0 , Xi — X 2 , Xi — X 3 , . . . , Xi — Xn. 
Iteration with XiE H should therefore converge upon the largest of 
these, which is Xi — Xrj, the characteristic vector being identical with 
that associated with Xn in H. 

Ordinarily, however, it is possible to use this method more effectively. 
If an estimate of the characteristic values is available, which is frequently 
the case in molecular vibrational problems, the approximate values 
X'l, X2, . . . , K used very effectively to yield a matrix which will 

converge rapidly to any desired characteristic value in the iteration 
process. This may best be seen by a representative numerical example. 
Suppose the estimated values are Xi = 5, X 2 = 1, X 3 = 0.5, and X 4 = 0.4. 
The matrix, H — 5E, would have approximate characteristic values of 
0, ““4, —4.5, and —4.6. Similarly H — IE would have 4, 0, —0.5, and 
-0.6, H - 0.5E would have 4.5, 0.5, 0, -0.1, and H - 0.4E would 
have 4.6, 0.6, 0.1, and 0 as characteristic values, respectively. As an 
example of a matrix which could be used in iteration to get X2, consider the 
product, (H — 5 E)(H — 0.5E). lbs roots (characteristic values) would 
occur approximately at 0 X 4.5 = 0, —4 X 0.5 = —2.0, —4.5 X 0 = 0, 
and — 4.6 X ~~0.1 = 0.46, so that convergence should be reasonably 
rapid upon the value ‘-2.0 which is (X2 — 5 )(X 2 — 0.5). Obviously, a 
product of the form (H — 5E)(H — 0.5E)(H — 0.4E) would converge 
even more rapidly upon (X 2 — 5)(X2 -- 0.5) (X2 ~ 0.4), but the computer 
would have to weigh the advantage of more rapid convergence against 
the greater labor of carrying out two matrix multiplications in place of 
one. 

9-9. Perturbation Methods 

In case the off-diagonal elements of H == GF are small compared with 
the diagonal elements, the procedures of perturbation theory may be 
employed. The fact that the off-diagonal elements are small suggests 
that a fair approximation to the characteristic values would be \t = Hu- 
Then a better approximation to Xi can be obtained through the following 
considerations. Replace the exact secular determinant by the approxi¬ 
mate one, 


ffu -X 

Hu 

H^^ 

Hi4 

H 2 I 

Hu - Hn 

0 

0 

Hzi 

0 

Hu — Hn 

0 

Hii 

0 

0 

H 44 - Hu ... 

, . . 

• • • 

. • . 

... ... 


-0 ( 1 ) 
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The X’s which should appear in the second, third, etc., diagonal terms are 
replaced by the approximate value \i *= Hu. This will be justifiable, 
provided the differences Hu — Hii{t ^ 1) are large compared with the 
error in the initial approximation, Xi = Hn. Furthermore, the off- 
diagonal terms, other than those in the first row or column, are neglected. 
The latter approximation is appropriate inasmuch as the neglected off- 
diagonal terms can affect the desired X only indirectly. But now the 
determinant in (1) can be evaluated by the method explained in Sec. 9-7 
as ‘^successive elimination.^^ In the present case, multiply the second 
row by Hi 2 /{H 22 — Hu) and subtract from the first; then multiply the 
third row by Hu/(Hzz — Hu) and subtract from the first, etc. This will 
eliminate the elements Hu, Hu, etc., so that the value of the determinant 
is 

[(^^u - X) - ^ - Hn) • • • 

“ (H.. - Hn) = 0 (2) 

Then if J?ii is not equal to any other diagonal term, 


n 



The same arguments can be employed to obtain a similar approxima¬ 
tion to any other X*- with the result 



In this same approximation, the characteristic vector corresponding 
to Xi is easily foimd to be (putting An = 1) 

^ Hn -Htt’ ^ ^ ^ 


or, corresponding to Xf and putting At't' = 1 


Alt' 


Hw 

Hn' - Hu 


t t' 


( 6 ) 


An approximation superior to (4) could be obtained by using the 
values for the Alt' given by (6) in connection with the Rayleigh principle 
(Sec. 9-6) to obtain 


X^ 


2 


A-t^H 




2 (Aw)^ 


(7) 
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where the division by ^ is equivalent to normalization of the Au^. 

t 

A somewhat different aspect of perturbation theory could be employed 
in the following problem: suppose the characteristic vectors of the 
matrix^ 

W = GF® (8) 

are known: this means that a matrix L® is known which has the property 
that 

LotpoLo = A® and g (9) 

(see Appendix VIII). 

Now suppose it is desired to adjust F® in such a way as to produce 
small changes in the values X?, X^, . . . presumably to sedure better 
agreement with a set of observed X^s. Let H' be defined as 

H' = (Lo)“KG AF)L<> = (L®)-iLOLot aFLo = L<»t aFL<» (10) 

Then the secular determinant for the perturbed problem would have the 
form 


\» + Hi, - \ 

Hi, 

Hi, 

H'n 

+ Hi^ - 

- X Hi, 

Hi, 

Hi, 

\% + Hi,-\ • • • 

• 

. 

. . . . 


( 11 ) 


Since the elements are presumably small, the first approximation 
would be: 

X* = X? + Hi, = Xf + y AF^rL^ 

tY' 

= Xf + y (12) 

A second-order approximation could be carried through employing the 
analogue of (4). 

Just the opposite situation from the one just described may arise: the 
solution for = G°F may be known, and that for 

H = GF - (G« + AG)F 

may be desired. This occurs in the case of isotopic substitution in a 
given molecule (see Sec. 8-5). 

^ In practice, F® might be a diagonal force constant matrix. 
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Before applying perturbation methods it is important to be sure that 
the effect of the perturbation on a given root is small compared with the 
distance to the neighboring roots. Otherwise the method may not give 
a good result, even though the first- and second-order corrections (given 
by the above treatment) turn out to be small. For a method which 
overcomes this difficulty, the reader may refer to a procedure originated 
by Van Vleck.i 

9-10. Use of Electric Circuit Analogues® 

It is natural to consider the possibility of solving the secular equations 
by constructing physical models and observing their behavior. For 
instance, mechanical models have been used® to produce a system 
mechanically and geometrically similar to the molecule; the system is 
excited by a variable-speed motor and the resonant frequencies are noted. 
A more general type of mechanical model, which dispenses with the 
(unnecessary) geometrical similarity, but which is more versatile and 
accurate, has been described.* 

In general, however, mechanical models are unwieldy in comparison 
with electrical models which form the main topic of this section. Two 
quite distinct t 3 q)es of electrical analogues have been employed for the 
solution of secular determinants. The first type to be described here 
solves the simultaneous equations from which the secular determinant 
arises by a method closely related to the relaxation procedure described 
in Sec. 9-6. The essential function of the circuit consists merely in 
carrying out potentiometrically the two fundamental arithmetic opera¬ 
tions of multiplication and addition which appear in the simultaneous 
equations 

^ {Hte - 5«A)Ar = 0 (1) 

t' 

These basic operations are performed as follows: multiplication of Hu’ 
by A^ is carried out by applying a voltage numerically equal to At' across 

‘ Described by E. C. Kemble, “The Fundamental Principles of Quantum 
Mechanics,” McGraw-Hill, p. 394, New York, 1937. 

2 G. Kron, J. Chem. Phys., 14: 19 (1946). 

G. K. Carter and G. Kron, J, Chem. Phys., 14: 32 (1946). 

C. E. Berry, E. E. Wilcox, S. M. Rock, and H. W. Washburn, J. AppL Phys., 17: 
226 (1946). 

R. H. Hughes and E. B. Wilson, Jr., Rev. Sci. Instr., 18: 103 (1947). 

A. A. Frost and M. Tamres, J. Chem. Phys., 16: 383 (1947). 

A. Many and S. Meiboom, Rev. Sci. Instr., 18: 831 (1947). 

F. J. Murray, “The Theory of Mathematical Machines,” King’s Crown, New York, 
1947. 

W. A. Adcock, Rev. Sci. Instr.^ 19: 181 (1948). 

3 C. F. Kettering, L. W. Shutts, and D. H. Andrews, Phys. Rev., 36: 531 (1930). 

^ D. P. MacDougall and E. B. Wilson, Jr., J. Chem. Phys., 6: 940 (1937). 



233 


Sec. 9-10] methods of solving the secular determinant 


a potentiometer, whose slide wire is set at the value Hu'- The voltage 
on the slide wire is then numerically equal to Hu'Atf (see Fig. 9-2). 
Addition could obviously be accomplished by connecting the individual 
voltages in series; in practice, however, it is somewhat better to work 
with the average voltage, rather than the sum, the average being just 



Fig. 9-2. Circuit yielding an output 
voltage which is the product of the in¬ 
put voltage At' and a constant Hu'. 
Actually Hu' is set on the potentiom¬ 
eter as a fraction of the total resis¬ 
tance. The double-pole double-throw 
switch may be used to reverse the 
polarity when Hu' is negative. 



Fig. 9-3. Circuit for summing voltages 
HtaAn through averaging. The equal 
resistances should be large compared 
to internal resistances in the HmAn 
and only one set of are necessary 
if all voltages are grounded on the 
same side. 


useful for computational purposes. An averaging circuit for voltages 
is shown in Fig. 9-3. The currents through the (equal) large resistors- 
V ~ HnAi V - Ht2A2 V - H,nAn 


R are 


2 R 2R ' ^ 2R 

Kirchhoff ^s law, the sum of these currents vanishes so that 


respectively. By 


V - FaAi + v- Ht2A2 • ‘ + F - HtnAn = 0 (2) 

or 

nV - ffnAi + Ht 2 A 2 + * • • + Htr^An (3) 


Frost and Tamres have described a circuit utilizing these basic prin¬ 
ciples which can be applied to the solution of the simultaneous equations 
corresponding to the secular determinant in the form 


|F - XG-^l = 0 

as well 

!FG - XEi = 0 


(4) 

(5) 


t.6., their device is not limited to the case where the X’s appear only on 
the diagonal. The sums of the F terms and G terms are formed sep¬ 
arately, that is, the voltages corresponding to 


n 



(6) 
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(7) 

are formed, the latter then being multiplied in turn by an estimated X.^ 
The process of solution is identical in principle with that described as a 
‘'relaxation^' method under Sec. 9-7 above, the unknowns being varied 
in such a way that the voltage corresponding to 

t' t' 


approaches zero (as evidenced by a null detector) for each equation 
^ = 1, 2, . . . , n. For further practical details, the reader should 
consult the reference cited. Some difficulty in convergence to the inter¬ 
mediate characteristic values^ may be encountered unless a good approxi¬ 
mation is available to start' with. 

A modified procedure suggested by Kohn^ accelerates convergence 
if the X's occur only on the diagonal and if H is symmetric. According 
to this method a value of X ~ X^°^ is guessed and the equation whose 
diagonal element, JSTr*". lies closest to X^°^ is omitted. At'' is set equal 
to one and the n — 1 equations are solved with the circuit^ using X = X^^^ 
When the solution is obtained, the values Al^'^ thus found are inserted 
in the equation omitted earlier, which is then solved for X = an 
intermediate approximation. Then the quantity ^ (Ai^'^)^ is evaluated, 

t 

and finally, 

X<» = 


2 


X«'> + 


X(» - X<») 

2 


calculated. The 


^ In practice, two potentiometers are used: if X <1, the voltage from (6) is compared 
with a certain fraction, X, of (7), whereas if X > 1, a certain fraction, 1/X, of (6) is 
compared with (7). 

* It has been shown that no simple automatic system will converge in these cases. 
F. J. Murray, Quart. Appl. Math., 7: 263 (1948). 

3 W. Kohn, J. Chem. Phys., 17; 670 (1949). 

^This method does not overcome the ^‘instability of the simultaneous equations 
problem when an intermediate X is being sought. 
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To consider the possibility of automatic convergence, suppose first 
that it is desired to solve a set of inhomogeneous simultaneous equations 

^ Cu'A, = B, (8) 

in which the At' are unknowns. The errors 

t, = ^ C,,Ve - Be (9) 

t' 

could be formed potentiometrically, the Vt^ being approximations to the 
Af. Now suppose 

f' - ““ f‘») 

where fc is a negative constant. This last equation can be realized, for 
example, by driving an electric motor with the voltage the motor 
being mechanically coupled to the potentiometer which produces the 
voltage Vt. The constant, fc, can be taken to represent the gain of an 
amplifier whose input is et. Such a system will converge to the solution 
of (8) subject only to certain restrictive conditions on the matrix of the 
coefficients C^^', namely, that the real parts of the characteristic values 
of C shall all have the opposite sign from that of the constant, k. When 
the simultaneous equations 

n 

^ {Htt' — \8tt')Af = 0 

are solved on a machine of the type now under discussion, the usual 
procedure is to set one of the unknowns, say An, equal to a constant, 
insert a trial value of X, and then solve the first n — 1 inhomogeneous 
equations 

{Hii — X)Al + H12A2 -f ' + ffl.n-lAn-l = —HinAn 
II21A1 -f- (H22 — X)A 2 + ' ' H2 ,n-lAn—\ — — H 2 nAn 

Hn—l,lAi + Hn~h2A2 -j- * * * + {Hn—l,n~l ““ X)An-l = — Hn .l,nAn 

( 11 ) 

The values of A 1 , A 2 , , An~i may then be inserted in the last equa¬ 

tion, which will be satisfied only if the trial X is a true characteristic 
value. Thus, even though it is known that the characteristic values of 
the complete H matrix would satisfy the convergence criterion, the 
coefficients equivalent to the Cu' of (8) are the elements of (H' — XE), 
where H' is the matrix obtained by omitting the last row and column of 
H. The characteristic values of (H' — XE) are — X, X 2 — X, . . . , 
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— X, where through X'^j are interleaved between the character¬ 
istic values Xi through Xn of H. Therefore, it follows from the con¬ 
vergence criterion mentioned above that the feedback device described 
above would only converge if X < X«_i, or if the sign of the constant k 
were changed and X > It is therefore apparent that this method can 
be used only to find Xi > X'l and Xn < 

A modification of this type of circuit, which has the distinct advantage 
of automatic convergence, has been described by Murray, and a fourth- 
order model of such a machine has been constructed by Adcock. ‘ The 
automatic operation is achieved through the use of a feedback device 
which is activated by the errors in the several equations and which then 
modifies the trial unknowns Vt' in such a way that they approach the 
Aif as the errors approach zero. 

The feedback arrangement, which is convergent for all the character¬ 
istic values, is based on the following principles. In place of solving 
(8), a machine is designed to solve the related equations 


^ C'.e'Ct-v) Xr = B, 


( 12 ) 


for the unknowns, Xt". Since the coefficients in (12) are the elements of 
the matrix CC^, whose characteristic values are positive for an arbitrary 
matrix, C, the procedure is always convergent (for any trial value of X). 
If (9) and (12) are compared, evidently 


when the ej approach zero. 


Vt' = ^ 


(13) 



Fig. 9-4. Block diagram of the Adcock computer. 


A block diagram of the machine described by Adcock is given in Fig. 
9-4. Two networks are used, one which yields voltages corresponding to 
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(13), the At', and the other which produces the error voltages, The 
cycle is completed by the amplifiers and motors which adjust the voltages 
Xt" according to 


dXt" 

dt 


= ket 


(14) 


which replaces (10). 

In principle, this last function could also be performed electronically by 
a feedback amplifier without mechanical parts. 

The second: type of electric circuit makes use of a well-known analogy 
between alternating-current networks containing inductances and capaci¬ 
tances and coupled mechanical systems. The single 
junction network shown in Fig. 9-5, for example, has 
a resonant frequency v given by 

= X = i (15) 

whei e L is the inductance of the coil and C the capac¬ 
ity of the condenser. The corresponding frequency 
expression for a mechanical system is 

4x^,2 X = (16) 

Thus in* order to solve the (trivial) one-dimensional 
secular equation, FuGn — X == 0 or Fn — = 0, 

one could set 1/C numerically equal (in appropriate 
units) to the force constant, Fn, and L equal to G'^^ and then determine 
the resonant frequency of the electrical network experimentally. 

The analogy can be extended to the n-dimensional case, so that various 
condensers of the network stand for the elements Ft^ and various induct¬ 
ance coils for the elements G^}. But a serious practical limitation is then 
immediately evident, inasmuch as capacitances and inductances are 
limited to positive values, which is not in general true of Fte and 
One way out of this difficulty has been described by Kron. In place of 
setting the quantities analogous to the Ftt* and the (7 at fixed values, and 
then searching for X by applying an external current of varjdng frequency, 
the elements representing the terms Fuf are fixed, but the inductances, 
corresponding to terms of the type — X(t«A, are varied until resonance 
with a'fixed external frequency is found. As formulated by Kron and by 
Carter and Kron, such a circuit was applied to the case in which cartesian 
displacement coordinates were used, which means that G""^ was diagonal. 
Then the n inductances corresponding to the terms G^^, G^h • • • > 
were given values always in the ratio of the G^}, but varied so as to cor¬ 
respond to different X. It is evident that this procedure will become quite 
difficult if is not diagonal and n is large. 



Fig. 9-5.’ Ckcuit 
analogue of simple 
harmonic oscil¬ 
lator. L s ((r“9ll, 

c s (F-9u, E » 
cos (at ^ Q ^ A 
cos 2Trvt « A cos 

Vxt. 
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Hughes and Wilson have described an apparatus based on the principles 
used by Carter and Kron but meant to solve secular equations rather than 
to be a direct electrical analogue of a molecule. It is restricted to equa¬ 
tions which are symmetric and have X only on the diagonal. Consider 
the circuit shown in block form in Fig. 9-6 as an example for the case 



Fig. 9-6. Block diagram of the Hughes and Wilson circuit. 


n = 3, Let the voltage amplitude at the ^th junction be Et. Then, by 
Kirchhoff^s law, the current flowing out of the junction is 


{Yu + X)E, + ^ YuiE, - E,) = h 


(17) 


where the F^s are the admittances of the various fixed elements shown, 
and X is the admittance of the variable condensers. At frequency v, the 
admittance of a condenser of capacity C connected in parallel with an 
inductance L is 

Thus, by a suitable choice of C or L, Y can be given any desired positive 
or negative (imaginary) value. • By collecting the coefficients of the 
Etj (17) can be rewritten in the form 



X.) 


E 


s,+ I 


Yu'E, = -It 


t'^t 


(19) 


Now, if the network is excited by applying a constant current generator 
(at the fixed frequency, v) to one of the junctions, the It will be zero at all 
other junctions, and as resonance is approached, the E^^ will become very 
large so that the right-hand side of (19) can be neglected in comparison 
with the left-hand side. In other words, the condition for resonance is 

the vanishing of the determinant having diagonal terms ~ SYtf — X 
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and off-diagonal terms The in (18) can be canceled from these 

equations, so that, in order to solve the secular determinant, 

IH - XE| = 0 


it is merely necessary to put 


1 


r 

W 


I 




ft' 


— 2Tr vCit> 


1 

2Tr vLtt' 


and 


Hu 

or, combining (21) and (20), 






( 20 ) 

( 21 ) 


( 22 ) 


in order that the v^aiue of X/i at resonance shall be equal to X. 

A somewhat similar circuit has been described by Many and Meiboom. 
In their circuit, the network consists of n simple LC circuits, each one 
coupled to each of the others by two equal condensers. The sign of the 
coupling term is determined by the choice between ^'straight’’ and 
crossed'^ coupling, as illustrated in Fig. 9-7. The inductances are 



Fig. 9-7. An element of the Many and Meiboom circuit. 


given a fixed constant value. The characteristic values are determined 
by varying an external frequency until resonance is detected. The 
characteristic values may also be determined. For practical details, the 
reader is referred to the papers cited. 






CHAPTER 10 


A SAMPLE VIBRATIONAL ANALYSIS: THE 
BENZENE MOLECULE 


In this chapter a detailed analysis of the vibrational spectrum of the 
benzene molecule will be carried out in order to illustrate in a coordinated 
form the material from several previous chapters, in particular, Chap. 4 
through 9. Several representative references to original papers on this 
subiect are given in the footnote. ^ 

10-1. Structure and Symmetry of the Benzene Molecule 

The structure for benzene which will be assumed in this chapter is one 
in which all atoms are coplanar with the carbon atoms and the hydrogen 
atoms at the corners of concentric, regular hexagons (Fig. 10-1') The 
Kekul4 structure, in which alternate carbon-carbon bonds, but not 
adjacent ones, are equivalent, would be somewhat less symmetrical, but 
modern theories of valence rogard all six such bonds as equivalent. 
Moreover, there is good experimental evidence (aside from the vibrational 
spectrum) for the most symmetrical planar structure; for example, it is 
supported by electron diffraction experiments.- 

The symmetry elements possessed by the model illustrated in Fig. 10-1 
will now be enumerated. The axis of highest multiplicity is, of course, 
the sixfold axis, which will be regarded as the z axis of cartesian coordi- 

1 E. B. Wilson, Jr., Phys. Rev.^ 46 : 706 (1934), 

C. Manneback, Ann. soc. sci, Bruxelles, {B)^ 66: 129 (1935). 

C. Manneback, Ann. soc. sci. Bruxelles, {B), 66: 237 (1935). 

C. K. Ingold et al., J. Chem. Soc., 1936, pp. 912-987. 

R. C. Lord, Jr., and D. H. Andrews, J. Chem. Phys., 41: 149 (1937). 

A. Langseth and R. C. Lord, Jr., Kgl. Danske Videnskab. Selskab. Mat.-fys. Medd., 
16: 6 (1938) 

J. Duchesne and W. G. Penney, Bull. soc. roy. sci. LUge, 8: 514 (1939). 

E. Bernard, C. Manneback, and A, Verleysen, Ann. see. sci. Bruxelles, 69: 376 
(1939). 

R. P. Bell, Trans. Faraday Soc., 41: 293 (1945). 

F. A. Miller and B. L. Crawford, Jr., J. Chem. Phys., 14:282 (1946). 

B. L. Crawford, Jr., and P. A. Miller, J. Chem. Phys., 17: 249 (1949). 

* L. Pauling and L^ O. Brockway, J. Chem. Phys., 2: 867 (1934). 
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nates. Lying in the plane of the molecule, perpendicular to the sixfold 
axis, are two sets of twofold axes, each consisting of three members. The 
first set is designated as Cg, the second as As indicated in Fig. 10-1, 
it is assumed that the cartesian y axis is coincident with one of the sym¬ 
metry axes, C'a, while the x axis is coincident with one of the set of 
symmetry axes. The molecule also possesses a horizontal plane of sym¬ 
metry, (Th (coincident with the xy plane), three ‘‘vertical’ planes, one 


y 



Fig. 10-1. Symmetry of the benzene molecule. The z axis, (a Ce and symmetry 
axis) is perpendicular to the plane of the figure, which is the <rh symmetry plane. 

of which is coincident with the yz plane, and three ^‘diagonaP’ planes, <r<i, 
one of which is coincident with the xz plane. The origin of the cartesian 
axis system is a center of inversion, i. Finally, the molecule is seen to 
possess two improper rotations of each of the types, Sz and 8%. In sum¬ 
mary, the symmetry of the molecule is that of the group which con¬ 
sists of the following operations. 2Cz, 2 C 3 , C 2 , SCg, SCJ', i, 2Sz, 28$, 

(Thj 3cr<j, ScTt;. 

10-2. Symmetry Species of Normal Coordinates and Internal 
Coordinates 

Table 10-1 contains in addition to the character table for the group, 
3 ) 6 / 1 , the analyses of the various coordinate representations into the 
irreducible representations or species. Thus the columns headed by the 
symbols and give the number in each species, 7 , of (external) 
symmetry coordinates formed, respectively, from the cartesian displace- 



Table 10-1. Symmbtby Species of the Normal Coordinates of Benzene 



E 

2 C 6 

2Cz 

c. 

3c; 

3c;' 

i 

2Si 

^ ifli 

1 

1 

1 

1 

1 

1 

1 

1 

A., 

1 

1 

1 

1 

~1 

-1 

1 

1 

B\q 

1 

-1 

1 

-1 

1 

-1 

1 

-1 

Bit/ 

1 

-1 

1 

-1 

-1 

1 

1 

-1 

E\g 

2 

1 

-1 

-2 

0 

0 

2 

1 

E,g 

2 

-1 

-1 

2 

0 

0 

2 

-1 

A lu 

1 

1 

1 

1 

1 

1 

-1 

-J 

Aia 

1 

1 

1 

1 

~1 

-1 

-1 

-1 


1 

-1 

1 

~1 

1 

-1 

-1 

1 

B^u 

1 

”1 

1 

~1 

-1 

1 

-1 

1 

Eiu 

2 

1 

-I 

~2 

0 

0 

-2 

-1 

Etu 

2 

-1 

-1 

2 

0 

0 

-2 

1 


2 S 6 

(Th 

S<Td 

IV 1 


„( 7 ) 


^( 7 ) 

tin 


1 

1 

1 

1 

1 

1 

0 

0 

2 

1 

1 

-1 

-1 

1 

1 

0 

1 

1 

1 

-1 

1 


0 

0 

0 

0 

0 

1 

-1 

-1 

1 

1 

1 

0 

0 

2 

~1 

-2 

0 

0 

1 

1 

0 

1 

1 

-1 

2 

0 

0 

2 

2 

0 

0 

4 

-1 

-1 

-1 

-1 

0 

0 

0 

0 

0 

-1 

-1 

1 

1 

1 

1 

1 

0 

1 

-1 

1 

-1 

1 

1 

1 

0 

0 

2 

-1 

1 

1 

-1 

1 

1 

0 

0 

2 

1 

2 

0 

0 

2 

2 

1 

0 

3 

1 

-2 

0 

0 

1 

1 

0 

0 

2 
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merit coordinates of the six equivalent carbon or hydrogen atoms. Like¬ 
wise, the columns headed and give the corresponding quantities 
for translation and for rotation of the molecule as a whole. The column 
headed by gives the number of genuine vibrations, which, in this 
case, is These numbers are all readily com¬ 

puted by employing the methods of Sec. 6-2. 

In the further analysis of the vibrational motions of benzene, it will 
prove convenient to consider the in-plane and out-of-plane modes 
separately. The normal vibrations of species 

r, = 2iA\g -f- A^a "f“ 4JE?2a 4“ 2Btu “h SJBit* (1) 

constitute the in-plane modes, while those of species 

To = 2J52g + Eig + A2u + 215 2w (2) 

are the out-of-plane modes. There should be 2 N —• 3 = 21 in-plane 
modes and iV — 3 = 9 out-of-plane modes, and this is indeed found to be 
the case upon multiplying each of the coeflSicients, in (1) and (2), 
respectively, by the? dimension of the species, and then summing. 
The in-plane and out-of-plane modes are readily distinguished by refer¬ 
ence to the character of <rhj which should be positive in the first case and 
negative in the second. 

Internal Coordinates for the In-plane Modes, The carbon-hydrogen 
(s) and the carbon-carbon {t) bond stretchings yield twelve of the twenty- 
one required coordinates. There are twelve more coordinates (</>) in the 
set of hydrogen-carbon-carbon bendings, so that three redundancies are 
expected. The first step is the determination of the number of sym¬ 
metry coordinates of each species which can be formed from the above 
internal coordinates. 


Table 10-2. Calculation of Symmetry Species fob Benzene in Terms of 

Internal Coordinates 



E 

3c; 

3c;' 


3<r</ 

3<rp 

Species 

s(CH) 

6 

2 


6 


2 

A\g E20 4* Bxu *4" E\u 

((CC) 

6 


2 

6 

2 


Aij + E%g Biu + 

0(HCC) 

12 



12 



Aig -]r A 20 2J^2«7 + B\u + B2U 4“ 2Eiu 

«(+) 

6 

2 


6 


2 

A\g 4- E20 4- Biu 4- E\u 


6 

-2 


6 


-2 

A 2a A- E2g 4* B2U 4* E\u 

7(CH) 

6 

-2 


-6 


2 

B 2 g 4* E\g 4" ^2« 4“ E2U 

8(CCCC) 

6 


2 

-6 

-2 


B 2 g 4“ Elg 4“ 4" E2U 


This can be done in several ways. The most elementary approach is 
that of Sec. 6-2. Table 10-2 summarizes the calculations. The figures 
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in the table are the number of internal coordinates from a given equiv¬ 
alent set (such as the CH stretchings, s) which are left invariant (or 
reversed in sign) by a single operation of a given class. Only those 
classes of operations are included which give nonzero results for some set. 
A minus sign means that the operation reverses the sign of the coordinate. 
The rows are labeled by the symbol for the coordinate set. The a^s and 
are plus and minus combinations of the <^>'s for each carbon atom, 
which will be introduced later in order to simplify the treatment. The 
7 and 8 are out-of-plane coordinates discussed below. 

The numbers in the table, combined with the characters of the species 
listed in Table 10-1, were substituted in Eq. (5), Sec. 6 - 2 , to give the 
results for the species. These should be compared with the species 
given in Table 10-1, obtained by the cartesian method. It will be noted 
that s, t, and 0 together give SAig and AEu instead of 2 Aiy and SEiu, the 
cartesian result. This indicates the location of the redundancies intro¬ 
duced among the HCC angles ( 0 ) by the ring structure. 

Internal Coordinates for the Out-of-plane Modes, Two sets of out-of- 
plane coordinates will be introduced. The first consists of the six equiv¬ 
alent bendings ( 7 ) of a carbon-hydrogen bond out of the plane of the 
three nearest carbons. For the second, six torsions of the type CCCC 
will be employed (§), Thus Si is the dihedral angle between the planes of 
C6-C1-C2 and C1-C2-C3 and is therefore a measure of how much the partial 
double bond C1-C2 has been twisted. 

The behavior of these sets of coordinates is given in Table 10-2 also. 
There are nine out-of-plane internal degrees of freedom but twelve 7 's and 
5^s. There must be three redundancies. Comparison of the out-of-plane 
results of Tables 10-1 and 10-2 shows that there is a redundancy in Aiu 
for S and a pair in Eig either in 7 or 5 (or a combination of these). The 
ultimate decision and check on these will be given later, in connection 
with the G matrix. 


10-3. Selection Rules 

Species of the Electric Moment and the Polarizability. The first step is 
to determine the symmetry species of the electric moment and the 
polarizability in order to discuss the infrared and Raman spectra, respec¬ 
tively. For the electric moment, it is obvious that the z component, m*? 
is of species A 2 «, since iiz is sent into itself by all rotations around the 
sixfold axis and by the planes ad and whereas goes into its negative 
under the twofold rotations C 2 and Cg', the inversion iy the improper 
rotations Sz and Se, and reflection in the horizontal plane, an. Inspection 
of Table 10-1 shows that the characters of A^u describe precisely this 
behavior. The and Hy components are degenerate, and they must 
have a character of —2 under i and +2 under an, since these operations 
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Mx-—^ —Mx 
i 

fly > fly 

Mx Mx 
<rh 

My —^ My 

These arguments show that fXx and fiy are of species Eiu. Therefore, the 
reduced representation of the electric moment is of the form 

r, ■= A2 u + (2) 

which could also be found directly from Appendix X, using the fact that 
fx has the same species as the translations Tx, Ty, and jT*, which are given 
in the tables. 

The symmetry properties of the polarizability components a**, 
o(zzy otxy, ctxzy and ayz can similarly be obtained, using, if desired, the more 
powerful methods of Sec. 7-6. In that section it was shown that the char¬ 
acter for the polarizability corresponded to the character of the second 
overtone of a triply degenerate frequency, which could be expressed in 
the form [Eq. (4), Sec. 7-6]: 

X/2 == 2 cos aR{ ±1+2 cos Ur) (3) 

In (3), aR is the angle of the (proper or improper) rotation by the group 
operation 72, and the sign is positive for a proper, negative for an improper 
rotation. Table 10-3 summarizes the calculation for SOe/i- 


Table 10-3. Calculation of the Character of the Polarizability in SD#* 



E 

2 C6 

2 C 3 

cj 

j 

3c; 

3C" 

i 

2Sz 

2^6 

(Th 

Zcd 

3<r„ 

OtR 

0 

TT 

27r 

T 

TT 

TT 

TV 

2tv 

TV 

0 

0 

0 



3 

3 





3 

3 




i 

2 cos otR{ ± 1 ± 2 cos clr) j 

6 

2 

0 

2 

2 

2 

6 

2 

0 

2 

1 

2 

2 


The reduction of the representation with characters as given in Table 
10-3 leads to the following species: 

To, ~ 2Alg + Elg + E^g (4) 

This result may be confirmed by inspection of the character table for 
given in Appendix X. 

Selection Rules for Fundamentals. It is now possible to determine 
which transitions are permitted by symmetry in the infrared or Raman 
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spectra using (2) or (4), respectively. Recall first the general rule that 
the direct product of the species of the two vibrational states between 
which transitions are investigated, together with (2) or (4), must contain 
the totally symmetric species {Au in the present case). For the funda¬ 
mental transitions, as pointed out in Sec. 7-7, this amounts to the require¬ 
ment that the upper state must be of one of the species appearing in (2) or 
(4). By referee to Table 10-1, it may be concluded tha.t one frequency 
of species A^u and three of species Em may appear in the infrared spec¬ 
trum; likewise in the Raman spectrum two of species Ai^^ one of species 
and four of species E^g are allowed. These allowed fundamentals 
can, in principle, be further distinguished by band type in the infrared 
and polarization type (Chap. 3) in the Raman. Thus the single out-of- 
plane vibration, A 2 u, should give rise to a parallel-type band, while the 
three fundamentals of species Em should give perpendicular-type bands. 
On the other hand, the two Raman fundamentals of species Aig should 
yield polarized Raman lines, whereas the remaining five Raman lines 
are expected to be depolarized. Note that in this case the selection rules 
for fundamentals are mutually exclusive, that is, the infrared active 
fundamentals are Raman inactive, and vice versa. This is generally true 
of molecules possessing a center of inversion, since the dipole moment 
is antisymmetric to such an operation, whereas the polarizability is 
symmetric. 

The frequencies of benzene are conveniently divided into CH stretch¬ 
ing frequencies and others. The activity of the CH stretching fre¬ 
quencies is found by examining the species for the CH coordinates (s) in 
Table 10-2; that is, Aig + E 2 g + Bm + Em- One therefore expects to 
find one polarized (Ai<,) and one depolarized (E^g) Raman line and one 
infrared band (Em) near 3,000 cm“’S the region in which CH stretching 
frequencies occur. Similarly carbon-carbon double bonds generally give 
rise to reasonably characteristic frequencies, near 1,600 cm~^. The 
bonds in benzene are not double bonds but rather hybrid double-single 
bonds so this type of frequency should be lower. Examination of the 
species of the CC coordinates in Table 10-2 shows that there should be 
one polarized (Ai^,) and one depolarized (E 2 g) Raman line and one infra¬ 
red band (Em) in this general region. Because of the strong coupling 
between these CC bonds (and with the CH bending motions) this argu¬ 
ment is not too useful, but these frequencies do fall between the single- 
and double-bond regions. 

Selection Rules for Overtones and Combinations. The selection rules for 
overtone frequencies will next be considered. These are transitions 
between the ground vibrational state and an excited state in which one 
quantum number is greater than one and all other quantum numbers are 
zero. If the excited mode is degenerate, it is the sum of the quantum 
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numbers for the degenerate components which must be greater than one. 
The properties of the overtones of the nondegenerate modes are easily 
described. Since all even overtones in such cases are totally symmetric 
(Aig)j the corresponding frequencies should be found (usually very 
weakly) in the Raman but not in the infrared spectrum. The odd over¬ 
tones have the same species as the fundamentals, whose selection rules 
have been described above. The species for the first few overtones of 
the degenerate modes are not as obvious, but can be computed by the 
methods of Sec. 7-3 and are given in Table 10-4, which also indicates in 
which spectrum the transition may occur. 

It might be noted that Table 10-4 together with the discussion given 
above predicts that no overtone frequencies with v even can occur in the 
infrared spectrum. This is a simple consequence of the presenfete of a 
center of symmetry. 


Table 10-4. Species op the Overtones op Degenerate Fundamentals 


V 

Elg 

Eig 

Elu 

Eiu 

2 

Alg Btg{R) 

Alg EtgiR) 

Alg EtgiR) 


Alg EtgiR) 

3 

Big + Big + Exg(JX) 

Alg -1- Aig + EtgiR) 

Biu + Biu + EiuilR) 

Alu 

4- Atu 4- EtuilR) 

4 

Alg + 2Etg{K) 

Alg + 2Etg{R) 

Alg + 2EtgiR) 


Alg + 2EtgiR) 

5 

Big + + 2Eu{R) 

Alg -j- Aig 2Eig(R) 

Biu + Biu 4- 2ExuiIR) 

Alu 

4- Atu 4- 2EtuiIR) 

6 

2Alg -f" Asg -f" 2Eig{K) 

2Alg -f- Aig -J- 2Eig(R) 

2Alg -J- Aig -f" 2EigiR) 

2Alg 

4" Aig “1" 2EtgiR) 


Finally, the selection rules for simple combination frequencies will be 
considered briefly. Such rules may be obtained readily from Table 10-5, 
which is a multiplication table for the irreducible representations. 
Actually, Table 10-5 is given for the group De in which there is no distinc¬ 
tion between g and u species. In order to apply this table to aOe*, how¬ 
ever, it is only necessary to add g or u subscripts to the species designa¬ 
tions and observe the rule that products of the types g X g and u X u 
are g, while g X u and u X g are u. 

Table 10-5. Symmetry Species op Binary Combinations for a>6 


! 

Ai 

A^ 

Bi 

B2 

El 

El 

Ai 

Ai 

Ai 

Bi 

Bi 

El 

El 

At 


Ai 

Bi 

Bi 

El 

El 

fii 



Ai 

Ai 

El 

El 

B, 




Ai 

El 

El 





A 

1 + A, + 

iSi H" ^2 4- 

El 






Ai 4“ 4.2 4- E2 


For example, the direct product Eig X E^u = Biu + B 2 u + Ex^ which 
shows that a combination frequency corresponding to a transition 
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between the ground state and that in which a Raman active funda¬ 
mental, Eig, and an inactive fundamental, E^u, are each singly excited 
should be infrared active, since the resultant species, Ri„ -f Btv -f E\u, 
contains which is one of the species occurring in the electric moment 
(•^ 2 « + 


I 

10-4. Isotopically Substituted Benzene and the Product Rule 

Because of the large number of possible isotopic derivatives of benzene, 
the application of the product rule has been of great importance in 
making frequency assignments for this molecule. Moreover, the study 
of the vibrational spectra of such related molecules allows a large number 
of the force constants, in particular the interaction constants, to be 
evaluated. 

Derivative of Same Symmetry. In case the isotopic substitution does 
not change the symmetry, the application of the product rule is, as 
pointed out in Sec. 8-5, relatively simple. Therefore the form of the 
product rule for such a case (CeDe compared with CeHe) will be given 
first. 

The general form of the product rule is 


coia)2 • • • ^ [^3) . . . (/-5) fli') [il] (1) 

C*)lC*)2 * * _ \Ma/ \M3/ \ il/ / \Ix/ \^y/ _ 


When (1) is used for the vibrations belonging to a single irreducible 
representation, the exponents a, 6, ... , tj Vxj r^, and are all immedi¬ 
ately obtained from an analysis such as that given in Table 10-1. In the 
case of benzene, there are only t^vo sets of equivalent atoms, the carbons 
and the hydrogens (or deuteriums). Therefore, if we put Ma == Ma = 1 /w^c, 
the first ratio on the right-hand side of (1) drops out and the second one 
becomes == m^imv>. The exponent 6 is then identified with Uh 

appearing in Table 10-1. Furthermore, since the molecule is a sym¬ 
metric top, Ix and Jy always appear together in a degenerate species and 
are equal to each other and to the value of /x, where /x is the moment of 
mertia computed with reference to any axis perpendicular to the principal 
symmetry axis, z. The exponent t is identified with Ut in Table 10-1 for 
any given species. 

The appropriate values of r^, and Vz are found as follows: rotation 
evidently accounts for three degrees of freedom, of species A 2 g + Dig 
according to the column labeled in Table 10-1. Since rotation about 
the z axis is clearly of species Vz = 1 for this species and zero for all 
others. Furthermore, r^ = 1 for one of the degenerate Eig components, 
and Vy — I for the other. Since the frequencies of the a and h components 
are equal only a single expression of the type (1) is written in which 



249 


Sec. 10-4] sample vibrational analysis: benzene 

= 7 ^ = 7 y appears to the first power, and I will not appear in such 
an expression for any other species. 

The product rule formulas can now be written out by inspection of 
Table 10-1. They have the following forms 



w'w'j _ /mnY 
\mj)/ 

( 2 ) 


= [(-H* 

033 L\”i»/ 

(3) 

Bigl 

_ /w^hV 

W4C1J5 \Wd/ 

(4) 

Elgl 

COlO L\^I>/ 

(5) 

E2gl 


( 6 ) 

A2U‘ 

Wii L \«»/ M J 

(7) 

B\u'- 

W 12 W 13 / wihY 

CiJl2C*?13 \Wd/ 

( 8 ) 

B2u: 

^14^: > _ /^hV 

14^15 \Wd/ 

(9) 

Eiui 

^18^19^20 _ /ilf \ 

Ci?l8t*Jl9Ci)20 mT> \M ) 

( 10 ) 

E2u* 

w'lew'u _ /WhV 
\mjy/ 

( 11 ) 


Derivative of Lower Symmetry. In order to apply the product rule in 
the cases in which isotopic substitution lowers the symmetry, it is neces¬ 
sary to make use of the correlation tables between the irreducible repre¬ 
sentations of the group of the parent molecule and the subgroup which 
expresses the symmetry of the derivative. As an example, the case of 
p-dideuterobenzene, 3C = 'U/i, will be considered. If the z axis of benzene 
is correlated with the z axis of p-dideuterobenzene, the relation between 
the irreducible representations is as indicated in Table 10 - 6 . 

From this table the following facts are inferred. The degenerate 
vibrations of benzene are all split in such a way that, for example, wisa, 
a?i 9 a, and oj 20 a of benzene (species Eiu) are of species B 2 u in p-dideutero- 
benzene, whereas the b components of these degenerate pairs fall in the 
species of p-dideuterobenzene. Moreover, all the benzene vibrations 
which correlate with a given species of p-dideuterobenzene must appear in 
the same product: in the case of J 52 m, the correlated benzene frequencies 
1 The numbering of the frequencies conforms with that first employed by W ilson. 
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will be 0)12 and cau (Biu in benzene) and the aforementioned o)i8a, «i9c, and 

O)20a< 


Table 10-6. Correlation of the Species for Benzene (g « 5)**) and 

p-DIDBUTBROBENZBNB (5C « Vh) 



Vh 

Vhh 

Vh 

Alg 

Ag 

Aiu 

Au 

A2g 

Big 

Aiu 

Biu 


Big 

Biu 

Biu 


Bzg ^ 

Btu 

Btu 

Big 

Big A Btg 

Eiu 

Biu 4“ Btu 

Eig 

Ag + Big 

Eiu 

Au 4* Biu 


The right-hand side of the product rule formula (1) must be modified 
inasmuch as p-dideuterobenzene contains both hydrogen and deuterium 
atoihs and the molecule is no longer a symmetric rotor. All that is 
required, however, is the analogue of Table 10-1 for the case of p-dideu- 
terobenzene and in particular, the columns n©, nr, and nij(^). 

Using the character table for *15^ (Appendix X), one finds n© = 1 for all 
species except Au and B 2 gj in which cases rd = 0 ; nr = 1 in 52 u, and 
Bzu\ nfi(x) == 1 in B^g] naiy) = 1 in Big] nBo == 1 in Big. Thus the follow¬ 
ing product rule equations are obtained: 


^1^2^6a^7a^8a^9a ^ 


Jigl 

a)i<()2C06C07a)8a)9 

Blgl 

^3^06^76^86^96 

Ct)3Ct)6C07Ct)8Ci)9 

B^gl 

0)10 

Bzg\ 


0)40)1^10 

Au. 

0)100)17 

Biui 

0)110)160)17 

B^u* 

"'l2"u"'l8a“Wa"20. 

0)120)180)180)190)20 

Bhu' 

0^14^15^186^196^206 

0)140)150)180)190)20 


(^)‘ 

\mj}/ 

(12) 

fe(0] 

(13) 

(0 

(14) 

[fe)a‘ 

(15) 

1 

(16) 

XmoJ M _ 

* (17) 

/ mH\ M' 
\tnj>/ M . 

(18) 

/ tuhS M' 
ymn/ M _ 

* (19) 


The case of Eq. (16) deserves some comment. Further examination 
reveals that not only the product of the frequencies, but their individual 
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values should be identical in p-dideuterobenzene and ordinary benzene. 
Since the frequencies are inactive in both compounds, however, this 
result is not particularly useful. 


10-6. Assignment of Observed Frequencies 

Infrared Active Fundamentals. According to See. 10-3, the allowed 
active fundamentals consisted of one A 2 u frequency and three Eiu fre¬ 
quencies in the infrared, and tw’o Aigy one Eig, and four E^g frequencies 
in the Raman spectrum. In the observed infrared spectrum, there are 
four bands which are appreciably stronger than any others, at 671, 1,037, 
1,485, and in the region of 3,040 to 3,100 wave numbers (see Table 10-7). 
The last mentioned absorption falls in a range which is characteristic of 
CH stretching modes and can therefore be identified as a vibration of 
species Eiu (see Table 10-2). 

In order to assign the remaining infrared frequencies, the frequencies 
of the CeDe molecule together with the product rule will be employed. 
From Eqs. (7) and (10), Sec. 10-4, 


and 


^ = 0.74 Aiu 

C*>11 

= 0.60 Eiu 


( 1 ) 

( 2 ) 


Table 10-7. Strongest Infrared Absorption Bands and Raman Lines of 

AND C6D6 

All values in 


Infrared bands (vapor) 

Raman lines (liquid) 

C,H, 

C«D« 

C«H6 

CJ)6 

671 

503 

605.6 

w 

576.7 

(d) 

1,037 

813 

848.9 

(d) 

661.2 

(d) 

1,485 

1,333 

991.6 

(p) 

944.7 

(P) 

3,045] 


1,178.0 

(d) 

867.2 

(d) 

3,073} 

3,099) 

2,293 

1,584.81 

1,606.4/ 

(d) 

(d) 

1,558.6 

(d) 



3,046.8 

(d) 

2,263.9 

(d) 

i 

1 


3,061.9 

(P) 

2,292.3 

(p) 


The C«D» molecule has its strongest infrared frequencies at 503, 813, 
1,333, and 2,293 cm“‘. The respective ratios («'/«) s-r® 0.75, 0.78, 0.89, 
and 0.74. The first and last of these agree most closely with the pre¬ 
dicted value 0.74, but the last is clearly a CH stretching mode, whereas 
the sin^e Atu vibration is an out-of-plane CH bond bending. It is 
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therefore concluded that 671 for CeHe and 503 for CeDs are the Azu 
vibrations. This choice is supported by other arguments. The product 
of the three remaining ratios, 0.51, is in good agreement with (2), the 
discrepancy being in the direction to be expected on account of neglect 
of anharmonicity. 

Raman Active Fundamentals, Turning to the Raman frequencies, it is 
seen in Table 10-7 that eight, rather than the theoretically predicted 
seven, strong (fundamental) lines are observed. Of these, 991.6 and 
3,061.9 are polarized, and can clearly be assigned as 0 )i and 0)2 of the 
totally symmetric species, A\g^ which should include a symmetrical ring 
stretching mode and a symmetrical CH stretching mode. This assign¬ 
ment is confirmed by the product rule, using CeDe frequencies of 944.7 
and 2,292.3, which give a ratio of 0.71 compared with 0.71 from Eq. (2), 
Sec. 10-4. 

The Raman fundamentals of species Eig, namely, a>io and wJo, should 
satisfy the simple ratio 

= 0.78 

WlO 


froin Eq. (5), Sec. 10-4, using the distances 1.39 A and 1.08 A, respec¬ 
tively, for the CC and CH bond lengths in computing the moment of 
inertia, with respect to an axis perpendicular to the sixfold symmetry 
axis. The fact that CeDe exhibits only a single line, 1,558.6, which can 
be correlated with the doublet 1,584.8 and 1,606.4 in ordinary benzene, 
confirms the interpretation originally made by Wilson that the doublet is 
a case of Fermi resonance between a fundamental in this region and the 
combination 605.6 + 991,6 = 1,597.2 which lies close to the mean value 
of the doublet, namely, 1,595.6. If one then takes 1,595 as an approxi¬ 
mate unperturbed value of the fundamental, the five unassigned funda¬ 
mentals give the observed ratios 0.95, 0.78, 0.74, 0.98, and 0.74. This 
clearly suggests, along with other information, that 848.9 in benzene and 
661.2 in completely deuterated benzene (with ratio 0.78) are the vibra¬ 
tions of species Eig. Therefore the remaining four lines are assigned to 
E 2 g and give a product rule ratio of 0.51 in good agreement with the value 
predicted by Eq. (6), Sec. 10-4, namely, 0.50. Furthermore, the reso¬ 
nance interpretation of the benzene doublet is consistent with the selec¬ 
tion rules, which allow only those motions of the same symmetry species 
to interact. The combination 605.*6 + 991.6 is of species 


Eig y, Alg ^ Eig 

which is exactly the species to which the unperturbed fundamental at 
about 1,595 has just been assigned. 

Reference to Tables 10-2 indicates, moreover, that in Eig, vibrations 
which may roughly be described as CH stretching, two types of carbon 
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ring deformation (CC stretch and a-type bending), and CH bond bending 
are anticipated. These can be identified, respectively, with the benzene 
frequencies 3,046.8, 1,595 and 605.6, and 1,178. Finally, the Ei^ mode 
should be an out-of-plane bending of the CH bond (848.9). These 
assignments are summarized in Table 10-8, 

Table 10-8. Assignment of Active Ftjndamentai^ in CeHg and C«D« 


Species 

Active in: 

Number 

Type 

CJl. 

CJ). 

A Iff 

Raman 

C 02 

s 

(CH) 

3,061.9 

2,292.3 


i 

coi 

t 

(CC) 

991.6 

944.7 

A 2 U 

Infrared 

Oiii 

y 

(HGC,) 

671 

503 

Elg 

Raman 

wio 

y 

(HCC 2 ) 

848-9 

661.2 

Elu 

Infrared 

0)20 

s 

(CH) 

3,080 

2,293 


[ 

0)19 

1 1, a (CC, CCC) 

1,485 

1,333 



0)18 


(HCC) 

1,037 

813 

Eig 

Raman 

Oil 

8 

(CH) 

3,046.8 

2,263.9 



0)8 

t 

(CC) 

1,695 

1,658.6 


j 

0)6 

a 

(CCC) 

605.6 

576.7 



0)9 

/3 

(HCC) 

1,178 

876.2 


10-6. Potential and Elinetic Energy in Internal Coordinates 

In this section, the most general expression for the potential energy 
will be described in terms of the internal coordinates whose symmetry 
properties were discussed in Sec. 10-2. At the same time, the correspond¬ 
ing G matrix elements (which give the kinetic energy as a quadratic 
function of the momenta conjugate to the internal coordinates) will be 
computed in terms of the atomic masses and the requisite geometrical 
parameters, using the methods of Chap. 4. It will be convenient to treat 
the in-plane and out-of-plane motions separately, since there is no inter¬ 
action between these two sets of motions. 

Modified In^plane Coordinates, The twelve CCH angles, <^, are not 
particularly convenient and it is better to use the linear combinations of 
them shown below. 


ai = —(<^1 + <^ 2 ) 

qj2 = — (<^>3 + <^ 4 ) 

as = — (<^>5 + <l>(i) 

Of4 ~ ”-(<^>7 + <l>s) 

= — (<^>9 + ^ 10 ) 

ae = ““(<^11 + ^ 12 ) 


fii = — <^ 2 ) 

^2 = K<^3 ~ ^ 4 ) 

fiz = i(<^5 — <^>«) 

^4 = |•(<^>7 ~ <l>z) 

fib == <^lo) 

fib == ““ <^ 12 ) 


( 1 ) 


The advantage is that this breaks the equivalent set of ^’s into two 
smaller equivalent sets a and fi, each of which is such that no more than 
one degenerate set occurs in any one species, whereas, for example, there 
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were two sets of in 2E2g» As discussed in Sec. 6-7, it is desirable to 
avoid having more than one set in a species. The species for the a and 
were listed in Table 10-2. 

These coordinates a and 0 could have been introduced from the start 
on physical grounds. The a^s are the changes in the CCC ring angles, 

while the jS^s are the angles between 
the CH bonds and the bisectors 
of the outer CCC angles. 

Irir-plane Potential Constants, 
Figure 10-2 shows the in-plane 
coordinates. With these, the 
quadratic force constants can be 
listed in a compact tabular form, 
Table 10-9, in which only the first 
row for each set of equivalent coor¬ 
dinates is given. The other rows 
consist of the same force constants 
in appropriately permuted orders 
determined by the symmetry. 
Furthermore, the constants in a 
given row are not all different. 
Thus the force constant associated 
with Si and is the same as that 
for Si aod a% because the vertical 
plane through Ci-Hi reflects a 2 and 
ae and leaves Si unaltered. Since 
the coordinates can be positive or negative, minus signs occur with some 
of their force constants. 



-(^3+^4). etc. 
ySi- \ («3-«4). etc. 

Fig. 10-2. Numbering of in-plane coordi 
nates for the benzene molecule. 


Table 10-9. Force Constamts for. In-plane Coordinates 




Si 

S2 

8z 

Si Sfi 

Se 


h 

tz ti ib 

tz 



Si 

n 


FI 

Fi Ft 

F; 

n 

Fl, 

Fl, Fl, Fl, 

Fl, 



tx 






F] 

FI 

Fl F\ F» 

Fl 



1 OLX 

az 

cct 

Oii 

OC6 

CH6 


^2 


.ds 

^6 

Si 

Ka 

«a 

Fla 

FI 

: FI, 

Fla 

0 


1 0 

-Fie 

-Fie 

h 



FI 

Fla 

Fla 

FI 


-Fk 

F% FIs 

-Fie 

-Fie 

Ot\ 

n 

n 

pz 
*■ a 

n 

Fi 

FI 

0 

F'a» FU 0 

-FU 

-FU 

181 







n 


Fl Fl 

Fl 

Fl 


In-plane G Matrix. The G matrix elements which determine the 
kinetic energy will follow the same pattern as the force constants except 
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that some of them will vanish because the two coordinates involved have 
no atoms in common. Thus, with a symbolism parallel to that employed 
for the force constants, it follows that G\, G\, G\, G^t, Gh, Gi„, G^, G\, 
Gl (?L, Gle, Gl and all vanish. 



Fig. 10-3. Lengths and directions of s vectors for determination of in-plane Gt^. 
Vectors are shown for si, h, ai, and coordinates only; lengths are shown at side of 
vector with <r = reciprocal of equilibrium CH distance, t = reciprocal of equilibrium 
CC distance. 

The elements which do not vanish can be evaluated, either by the 
methods of Sec. 4-3 or from the tabulations of Appendix VI (see Fig. 10-3). 
The results are listed in Table 10-10. Here <r and t represent the recipro¬ 
cals of the CH and CC bond lengths, respectively, while /ih and mo are the 
reciprocal masses of H and C. The bond angles are all 120°. 


Table 10-10. In-plane G Matbdc Elements for Benzene 

Gl = m + fK Gig \-i sHv + h-lw 

Gl, = -iw = -iSh/K! 


= +31tmc 
Gf„ = -iSh/ic 
Gig = 4-1 


Gl => 2mo 
Gf = -iMC 


Gl, = 5r»MO 
Gi = 

= O’^flEL 4" + OT 4" fT*)A«C 

Off = ir(<r + Wmc 
Off * 


Gla — 0]gff == ir(2r <r)fic 

Gia =* +i3^r/ic 0^^ — iT*/*c 



256 MOLBCULAB VIBBATION8 [SeC. 10-6 

Out-of-plane Vibrations. A figure showing the numbering of the 7 and 
5 coordinates is omitted, since the numbering can be based upon that of 
the in-plane coordinates (Fig. 10-2) in a simple manner. The six 7 ’s 
(bending of CH bond out of the plane of the adjacent CCC linkage) are 
numbered to correspond with the CH bond stretches (set s), while the six 
S’s (torsion of a CCCC linkage) are numbered to correspond to the CC 
stretches (set t) in such a way that the corresponding t coordinate forms 
the central bond, about which torsion occurs, in the linkage, CCCC. 
Using this scheme, the abridged F matrix assumes the form indicated in 
Table 10-11. 

Table 10-11 



71 72 

73 

74 

75 

76 


^2 

^3 

64 

Ss 

66 

71 

F!, F^ 


f4. 

y 


n 

PU 

Kt 

n* 

-n» 



5i 






n 

n 

F\ 

n 

FI 

n 


The only G matrix element which vanishes because the coordinate pair 
involved possesses no atoms in common is Gi^. Since Appendix VI does 
not give general formulas for all G matrix elements of the present type, it 
is necessary to set up the- s vectors as described in Chap. 4. All these 
vectors are perpendicular to the plane of the molecule, so that it is only 
necessary to determine their lengths and signs, which are found from 
Eq. (17), Sec. 4-1, 

S-yH ~ O’ 

Syc, = — (<r + 2r) ^ 2 ) 

Syc, = r 

Syc, = r 

in which Ci is the central carbon atom defining y. Similarly, for the 
torsional coordinate, 3, using Eqs. (21) through (24), Sec. 4rl, 


Sjc, = 

S»c, = ■§ 31t 
Sic, = —x 
Ssc, = f- 31 t 


(3) 


in which the carbon atoms are numbered in order along the benzene ring. 
Recalling that the G matrix elements are given by the general formula, 





a = I 


(4) 


and noting that the scalar products in this case become simple algebraic 
products t8.ken from (2) and (3), the G matrix elements are readily com- 
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puted. For example, is given by 

G}f = + [(v - 1 - 2 t)* -t- 

= vVh + (v* -b 4 vt H- Qt^)hc 

Another example is G|, which involves the entire carbon ring, the two 
coordinates having in common two atoms situated diagonally opposite in 
the ring. In this case the matrix element has the value: 


G{ = (secjSs'c/ ■f' sjc,sj'c,')mc 

= [(-| 3 ir)(| 31 r) -b (# 3 *r)(-| 3 ir)K 




( 6 ) 


The complete set of G matrix elements is given in Table 10-12. 

Table 10-12. G Matrix Elements for Out-of-plane Vibrations in 

Benzene 


Gy = (t’mh + (<r‘ + 4 <rr -t- 6 t®)mc 
Gy = — 2 T(<r -H 2 t)mc 

Gy = tVC 

Gl = 

Gl = —¥t*mc 
G| = ¥rVo 
Gj = — |t*mc 

G\s ~ 2r(2<r 4- 7r)MC 

ol 

(?* j « 2T(<r 4- 4r)MC 

ol 

GiJj- 2 rVo 


10-7. Symmetry Coordinates 

In-plcme Vibrations. The sets of six CH stretches (s) and six bending 
coordinates of type a have similar symmetry properties and will be con¬ 
sidered first. 

Reference to Table 10-2 shows that symmetry coordinates of the non¬ 
degenerate species Axg and Siu are required from the set -s. The totally 
symmetric coordinate as usual is simply the sum of the internal coordi¬ 
nates of the given set 

Si -|- 82 -t- 8* + *4 + *6 + Se (1) 

that of species Bi„ differs by changing its sign under the group operations 
C\ and S\, where fc is odd or under a rotation iC'i'} or reflection (crj) 
which bisects a pair of CC bonds, so that the signs of the CH stretches or 
CCC bendings must alternate going around the ring, 

Si — 82 -b S 3 — 84 -b 85 — s« ( 2 ) 
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The degenerate symmetry coordinates for the same two sets are of 
species Em and (Table 10-2). Only one member of each degenerate 
pair will be constructed, using the simple method described in Sec. 6-4. 
Applying the general formula [Eq. (7), Sec. 6-4], namely, 


S(r) = 91 ^ x'S^ESi 

to a representative CH stretch, si, one finds 

^ ~ d" 2^2 — 2S3 — 4^4 

and 

^ — 2 s 2 — 2sz + 4 s 4 — 


(3) 

2s 5 + 2s« (4) 

2S5 — 2S6 (5) 


Thus all s and a coordinates are accounted for, since the latter will be of 
the same form as those in s. 

The CC stretching coordinates (t) clearly have very similar properties 
to those of the sets just discussed. The symmetry coordinate of species 
Aig is just the sum of the six members of the set (suitably normalized), 
while that of species Bzu is like the Biu s and a coordinates, in that the 
signs must alternate going around the ring. The latter statement can 
be seen from the fact that it is now the CJ axis and cr^ plane (rather than 
Ci' and (Td) under which the symmetry coordinate is required to change 
sign; but this substitution exactly parallels the different orientations of 
the two sets and hence leads to formally identical expressions. 

However, since the subgroup which leaves invariant is not the same 
as that which leaves si invariant, the general formula (3) will not give 
correctly oriented degenerate coordinates if h itself is used as Si in (3). 
To get correct orientation, one needs to use the linear combination 
U + ti the generating element in (3). This is not necessary for the 
nondegenerate combinations; for the degenerate ones, it leads to 


+ h) = 4(^e + h) + 2(ti + U) - 2(^2 + tz) - 4(^3 + U) 

— 2(^4 “h 2(^6 4 " 6^1 — 6^8 — 6^4 + 6^6 (6) 

R{U + ^i) = — 2^2 + <8 + ^4 ■“ 2^6 + tt (7) 


The type coordinates alone remain to be considered. The species of 
the symmetry coordinates required from this set were listed in Table 10-2. 
It is thus seen that 

Vfi = A 20 + Eig + Bzu + Eiu (8) 


The symmetry coordinates of the . nondegenerate species A^g and Bzu 
may be constructed by using (3) again; namely, 
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(6)‘^()Si + i92 + iSa + 1^4 + ^5 + fid) (9) 

and 

Bu: (6)-*(/3i - ^2 + i9a ~ /34 + ^5 ~ Pt) (10) 

In order to construct the degenerate /? combinations, an appropriate 
generating combination to use in (3) is 

$2 — (H) 

because this combination will transform under 62 cr^) in the 

same way as does si, or ai, or + h. Consequently, use of the same 
coefficients as in (4) and (5) gives 

Eiui 4(^2 - iSe) + 2(/3a - Pi) ~ 2(/34 ~ P 2 ) ~ - P 2 ) 

- 2(^6 - ^ 4 ) + 2(]9x - ps) - 6 P 2 + 6 P 2 - 6/96 - 6 p, (12) 

® 2 y: /S 2 -* iSa + ^6 — Pe (13) 

In summary, the normalized combinations are given in Table 10-13. 

Table 10-13 

Atffi 6 'n«i + «s 4* 4“ «4 + «5 + se) 

4” 4“ 4“ ^4 4* ^6 4” it) 

6”“Hai 4“ «2 + at 4” a* 4^ + ae) 

6“^(j8i 4* jS* 4* i^t 4* ^4 4” 4“ fit) 

12"*(28i — «2 — «S + 2S4 - «S — «•) 

12-'b<i - 2U 4- <t 4- ^4 - 2^5 4- it) 

12~l(2ai — <*2 — cr8 4“ 2 a '4 — at *' a^ 

1(^2 — jS* 4- “■ i^t) 

B\u* 0-^«l — «2 4* «4 4“ »5 ““ ^t) 

— a2 4- «3 — a4 4- 06 — Ote) 

Btt*: 6”^(ii — it 4* it — ii 4“ is it) 

6~^(i9i — jSt 4* ^3 — ^4 4 ^s ■“ W 

jEi«: 12-4(2«i 4 st - «» — 2«4 4 st) 

i(ii — is — i4 4 it) 

12~^(2oti 4 02 08 2 o 4 — «6 4 t) 

\(fit 4 /5* iSs ““ ^t) 

Ovirof-plane Vibratians, The methods employed are identical with 
those applied in the case of the in-plane vibrations. Reference to Table 
10-2 shows the number of coordinates required of each species. The 
coordinate 71 is sent into itself by E and a-, and into minus itself by Q 
and cTh- The coordinate Bi does not share these properties but it is 

<r* Ct* 9h 

readily seen that 8 i—> — 5«, 6 i—» +56, 5i—♦ — 3i, and 56-+ — so that 
the linear combination 5j — h transforms exactly the-same as 7i and is 
therefore the correct generating combination to use in place of S\ in (3). 
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Table 10-14 gives the normalized results for the representative sym¬ 
metry coordinates. 

Table 10-14 



— 72 + 73 — 74 + 75 

— y^) 


6 ^(oi — ^2 -}■ ^3 — ^4 

4~ ^6 "■ 

- Be) 

Big' 

4" 72 “ 73 — 

274 ~ 

75 4- 7c) 


12~^(5i “h 252 4" ^3 

54 — 25^ — 

Aju • 

6"^(5i 4~ ^2 4~ ^8 4* ^4 

+ -F ««) 

4 2u • 

6 ^(71 4“ 72 4* 73 4” 74 4" 76 

4“ 75) 


12 H271 — 72 73 4“ 

27a — 

75 — 75) 


1 

4 - 

1 




10-8. Factored Potential and Kinetic Energy Matrices 

Once the properly oriented and normalized symmetry coordinales have 
been obtained, the coefficients which give the potential energy in terms of 
symmetry coordinates can be written down immediately with the aid of 
the expressions given in Sec. 6-6, namely, 



t' 


for the diagonal terms, and 

t' 

for the interaetioD. terms. These two stimmations are extended normally 
over the first rows of suitable blocks of the F matrix, such as are exhibited 
in Tables 10-9 and 10-11. Using the Uh given in Tables 10-13 and 10-14, 
the F elements will now be worked out taking one symmetry species at a 
time. 

The Totally Symmetric Species, Aig. Since the coefficients of each 
internal coordinate appearing in the three symmetry coordinates of this 
species are all equal, application of (1) and (2) yields^ 

= F\ + 2Fl -I- 2Fl + Ft 
F„ = F] -h 2F\ -F 2F’ -F F* 

F„„ = FI -F 2Fl + 2Fl -F Fi 
= 2(FU + -F FI,) 

= Fig, + 2Fl + 2Fl + Ft 

F<. = 2(Fl -F FI + FI) 

1 The superscripts such as on have been omitted here since each symmetry 
species is taken up separately. 
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The G elements are combined into factors in the same way, using 
exactly the same coefficients. Furthermore, expressions were given in 
Table 10-10 for the individual G elements. With these, the Aig kinetic 
energy matrix becomes (only the elements on or above the diagonal are 

given) 


Alg 

s t a 

s 

1 MH + Me "~Mg 0 

t 

o 

o 

OL 

i 0 


The fact that all elements involving a vanish shov/s that the redundancj^ 
predicted for this species in Sec. 10-2 is just the symmetry coordinate 
formed by taking the sum of the six a^s. 

The Carbon Ring versus Hydrogen Ring Lihraiiony A 2 g^ The single 
sj’^mmetrj^ ( oordinate of this in-plane species is simply the normalized 
sum of the This mode is essentially a rigid rotation of the carbon 
ring; opposed by a rigid rotation of the hydrogen “ring"' in the opposite 
direction about the 2 axis. From Table 10-9 the single potential energy 
constant is 

^ FI + 2Fl + 2F| + Ft 

while the corresponding kinetic energy coefficient is 

G/3/9 == + (o' + r)Vc 

The Degenerate Modes of Species E 2 e- Four symmetry coordinates 
constructed, respectively, from the s, ty a, and jS sets are shown in Table 
10-13. Since /3i does not appear in the ^ combination, it is necessary to 
visualize the form of the second row in the fil3 block of the F matrix: by 
cycdic permutation it obviously consists of the elements F|, F|, F|, F|, 

and F|. Thus the resultant potential constants are 

F.. - FI ^ ^ FI + F^ 

F« - Fj -- Ff - Ff + F,^ 

= Fi ~ F^ - F« + F^ 

FI FI - FI + FI 
F., == Fh - 2F2 + Ft, 

F FI — F^ — F^ -I- F^ 

= 3KFh - Fh) 

= FL - 2Fl + FI 

F(i8 — —3^{Flg + Fffi) 
fu, = - FI,) 

By making the corresponding combinations of the appropriate kinetic 
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E 20 

8 t 

a 

0 

s 

Mh -b Me —i-Mo 

f3*TA(c 

irttc 

t 

Imc 

— f3*rMc 

+ ir)Mc 

a 



3*t(1t -b ^)mc 




-b (o'* + loT -b 


The Bxu Modes. The potential constants here are 


F.. = Fi - 2F? -f- 2F5 - FJ 
F„. = FI- 2Fl -I- 2F» - Fi 
F„ = FJ. - 2FL -h 2FL - FJ„ 

and the corresponding kinetic energy matrix becomes 


B\u 

8 a 

8 

Mh “b Me 2 • 3 lT/ic 

a 

12 tVc 


The Bin Modes 

F„ = F/ - 2F? + 2F» - Ft 
Fw = Fi - 2F| + 2FJ - Ft 
= 2(Fi^ -f- Fg, - FU) 



t 0 

t 

3mc 3*<r/ic 

0 

+ Me) 


The Eih Modes. The final species of the in-plane type contains con¬ 
tributions from the internal sets s, t, a, and fi, although the cartesian treat¬ 
ment shows that only three vibrations of this species can occur. Thus the 
second (degenerate pair) redundancy should occur here. The potential 
constants are 

F.. = FI + FI - F* - Fi 
F« = F} -h Ff - Ft - Ft 
F.„ ^ Fi + FI-Fi-Fi 
Fw = Fi -1- F| - F| - Ft 
F., = 3i(FJ, - FI) 

F.„ = Fi, -I- FJ, - FJ, - Fi, 

F.fl = SKFh + Fh) 

F,„ = 3i(Fi, - FI) 

F«, = -FU -b 2Fii, -b Fig 
F«fl = 3*(FJfl -b Fig) 
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The G matrix of this species has the form: 


Em 

8 

t 

a 


8 

Mh + Me 

3* 

- 2Mc 

3* 

3 

^rtio 

t 


3 

gMc 

3 

-gTMO 

S. 

+ 

1 

a 




J (ar + 3r)T>*c 





(r*MH + («■* + !<”■ + 


Since the column labeled a is exactly — t times the column labeled L the 
redundancy has the form + rSf** * 0. It can most simply be 
eliminated by omitting either the t coordinate or the a coordinate. The 
final secular equation will differ in form, depending upon which coordinate 
is retained, but the existence of the redundancy introduces an essential 
ambiguity into the force constants so that no physical difference can 
result (Sec. 8-1). 

Ouirof-plane Coordinates. As shown in Sec. 10-2, redundancies occur 
in Am and in Eig. The former redundancy is the sum of the d^s shown in 
Table 10-14, and the latter is the 6 combination appearing in as can 
be seen by inspection of the appropriate G matrix which follows the 
potential energy matrices given below: 


Big 

y 

s 

y 

F\ - 2F^ + 2F* - F* 

2(F\, - FI, + F>,) 

d 


FI - 2FI + 2FI-Fi 

Elg 

1 ^ 

S 

y 

+ 

1 

1 

Fi, + 2F?, + F», 

8 

Fi-hFi -F!- Ft 


A2 u 


y 


y i 

FI + 2F* + 2f * + F* 


Eiu 

1 

y 

a 

y 

FI - F? - F» + F* 

Vs (Fi, - F*,) 

$ 


FI - Ft -Ft + Ft 
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7 I o-Vk -f- (o + 4r)2juc 


-4 \/3 r(<r + 4T)/ic 
48rVc 


7 I (tVh + ((T + r)Vc 

1 


+ a-2/ic 


+ (o- + 3 t)^mc 


-4r({r -f 3 t)^cc 

IGrVo 


Checking. It is difficult to avoid errors in calculations by formal 
methods. Careful checking is therefore essential. Fortunately there 
are a number of special checks which can be used here. They are mostly 
based on certain invariant properties of a matrix under an orthogonal 
transformation (see Appendix V). Thus the diagonal elements must 
appear with unit coefficients in the factored matrices. The sum of the 
diagonal elements is unchanged, for each block. For example, the aa 
block originally has a diagonal sum GF^. In factored form (F) the corre¬ 
sponding sum is 

(Fi + 2Fl + 2Fi + Fi) + 2(Fi FI --- FI -f- F^) 

+ {FI -- 2Fl + 2Fi - Fi) T 2(Fi + FI - FI - Fi) - GFi 

Note that redundant cumbinatioius must be included and degeneracy 
taken into account. The characteristic values of the matrices are 
unaltered the transformation. If all force constants are put equal to 
unity, this property shows that all the elements should vanish except 
those involving coordinates which can be negative 5, 7 ) and except 
those in Aig. Thus for F 20 , ia one has 


whose coefficients do add to zero. 

The sum of all possible diagonal two-by-two determinantal minors foi 
any double block (for example, the aa, and la blocks) is invariant. 
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By putting all but one oiBF-diagonal force constant equal to zero and that 
one equal to unity, this test is not difficult to apply. 

The above checks test only the transformation to symmetry coordi¬ 
nates and can be used on the G matrix as well as on F. They do not 
reveal errors in the original G elements. When factors of the secular 
equation are expanded, further tests are available. 

10-9. Expansion of Secular Equation 

Benzene has a number of two-by-two factors which are most con¬ 
veniently handled by expansion into algebraic equations (quadratic). 

Thus the Aig factor immediately yields the equation 

~ X[(mh + /xc)(FJ + 2FJ + 2FJ + Fi) + ndF} + 2Ff + 2FI -f- Fj) 

- 4Mc(n + FI + n)] + i + 2F? + 2Fl + Fi) 

X (FI + 2F? + 2Ff + Ft) - 4(n + ^ -f- = 0 

The other quadratic factors can also be written down at once and will 
not be given here. It should be noted, however, that a check on the G 
elements arises from the fact that the last term will always involve /xhmc 
and never ot This can be seen if the factored secular equation in 
terms of external symmetry coordinates (combinations of cartesians) is 
visualized. In terms of these the kinetic energy is diagonal, with the 
appropriate atomic masses as diagonal coefficients. The Aig factor, 
according to Table 10-1, would involve one H mass and one C mass 
(n^> = 1, » 1, = 0) so that the product of the roots 

would involve mhmo. 

It may be worthwhile to expand cubic factors, but the advantages of 
expansion diminish rather rapidly for factors of higher degree. In the 
next section some numerical solutions will bh presented for illustration. 

10-10. Calculation of Some Force Constants and Frequencies^ 

In principle, some of the inactive fundamental frequencies might be 
determined by computing force constants from the frequencies assigned 
in Sec. 10-5 and then using such force constants to compute the inactive 
frequencies. For example, if all off-diagonal force constants were 
neglected, there would be only the six constants, FJ, FJ, Fi, FJ, F\y and FJ, 
to be computed from twenty-two frequencies as assigned. Perhaps the 
most obvious difficulty with this procedure is that none of the active 
frequencies involves the 8 coordinate; therefore FI cannot be determined. 
Furthermore, it will be seen that the assumption of a completely diagonal 
potential energy function is not justified on the basis of the observed 
frequencies. A common procedure is to introduce several interaction 

»B. L. Crawford, Jr., and F. A. Miller, J. Chem. Phys., 17 : 249 (1949); 14: 282 
(1946). 
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constants judiciously so as to obtain the best fit to all the observed 
frequencies. One could then proceed to an estimate of the inactive 
fundamentals somewhat more confidently. 

Naturally, if the observed frequencies of other deuterobenzenes can 
be assigned with confidence, more equations become available for the 
determination of force constants. When the secular determinants 
involved are large, however, the problem is complicated by the occur¬ 
rence of several sets of force constants which fit a given set of frequencies. 

Obviously the best starting point in computing force constants is 
with the species A^u and Ei^ in each of which only a single frequency is 
involved. The secular determinants reduce, respectively, to the equa¬ 
tions (see Sec. 10-8) 

(Fi -f- 2F? + 2F? -t- -b Mc) - Xn = 0 (1) 

and 

(FI -f- F? - + (<r + r)Vo] - Xio = 0 (2) 

One may now substitute numerical values of it = 1/1.08 A, t = 1/1.39 A, 
and values of the frequencies through the relation 

X = (3) 

The last form of (3) is consistent with the following system of units: 
masses in atomic weight units, lengths in angstroms, stretching force 
constants ni 10“ dynes cm“b bending force constants in 10““ dyne-cm, 

and stretch-bend interaction constants in lO”’ dyne. The results are 

• 

+ 2F2 + 2F3 + _ 0.288 (4) 

F\ -f - 0.394 (5) 

which immediately shows the inadequacy of the potential function in 
which the interaction constants and are all neglected. 

The Aig factor can next be considered. Because of the wide separation 
of frequencies, the technique described in Sec. 4-8 may be applied, 
separating the problem into two uncoupled frequencies. The kinetic 
energy matrix has the form (Sec. 10-8) 


QUlg) — 


Mh + Me “Me 
“Me Me 


( 6 ) 


In the present instance, after applying Eq, (2), Sec. 4-8, this separates 
into MH + Me for the high-frequency part and 


Me “ 


Me 


Mh + Me 


MbMc 
Mh + Me 
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for the low-frequency part. In this manner one obtains the equations 


(FI + 2^1 -h 2Fi + Ft)(i,n + Mc) « X2 (7) 

{F} + 2F] + 2Fl + Ft) « Xi (8) 

MH + Me 

After numerical substitution, the following values are obtained for the 
force constants: 


F\ -f 2Fl + 2F] + Fi ^ 5.14 (9) 

F} -f 2Ff + 2FI -f Ff « 7.55 (10) 

Actually it is unnecessary to make this last approximation, since the 
CfiHe and CeDe frequencies include four observed values from which 
three force constants can be obtained. As pointed out by Crawford et aZ., 
this is just a sufficient number, since one of the relations derivable from 
the frequencies is the product rule, which gives no information on the 
individual values of the force constants. 

A convenient procedure for the determination of the force constants 
utilizes the fact that in the present instance the coefficients Ci and C 2 in 
the expanded secular equation 

-|~ ciX “h C2 = 0 (11) 


are, respectively, minus the sum of the diagonal terms and the determi¬ 
nant of the matrix FG: 


Cl = 



C2 - iFGI = |F1 |G| 


( 12 ) 

(13) 


On the other hand, the same coefficients are i elated to the frequencies 
through the equations 


Cl == —• (Xi + X 2 ) (14) 

C2 ~ X1X2 (IS) 


Expanding (12) and (13) and combining with (14) and (15), one 
obtains 


F«(mh + Me) — 2F««Mc + F<Mc = Xi + X 2 (16) 

[F-F. - (F,0']mhmc - X 1 X 2 (17) 

When the equations are put in this form, the remark made above becomes 
clear, since one can obtain two equations from (16) by using mh with the 
benzene frequencies and then substituting md on the left and using the 
deuterobenzene frequencies, whereas the second equation yields only a 
value for FsF^ — (F^O^ together with the product rule check. 
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lAsertion of iJroper numerical values yields two sets of roots, of which 
only the following set is physically reasonable: 

F. = + 2F? + 2F; + FJ - 5.003 

Fi - F} + 2Ff + 2Ff+Fi==^ 7.832 (18) 

F.I - 2(Fh -f FJe + FI,) - -0.4198 

These values may be compared with the approximate results obtained in 
(9) and (10). 

No attempt will be made here to compute further force constants; 
instead the reader is referred to the papers of Crawford and Miller cited 
above. However, as an example of the calculation of frequencies from a 
set of known constants, the factor (infrared active) will be worked 
out, using Crawford and Miller's constants. Although a problem of this 
size (three frequencies) can be carried through by direct expansion to the 
polynomial form, we shall not use such a method, but shall instead 
illustrate some of the matrix numerical methods which were described in 
Sec. 9-7. This method will also yield the transformation coefficients 
between symmetry and normal coordinates. 

Use will be made of the fact that the force constants to be employed 
are chosen to fit the observed frequencies; namely, ccis == 1,037, 
6 >i« == 1,485, and W 20 = 3,080. The corresponding values of X are 
Xi8.= 0.63, Xi 9 — 1.30, and X 20 == 5.59. As shown below, these approxi¬ 
mate values can be used to make the iteration process converge upon any 
desired root. 

The F and G matrices for the Eiu factor have the forms 

11F, F,. F.^ 

F - (19) 

I! F, 

3* 3 

^ Me I r/zc 

I /*c — ^ (2 «r + 3t)hc (20) 

+ ^<r* "f" ^ "f" g 

after elimination of the redundancy as described in Sec. 10-8. Note that 
the force constants appearing in (19) are in terms of symmetry coordi¬ 
nates, e.g., 

F. == F] -f F? - F» - F* 

In order to find the numerical values of the force constants in terms of 
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those of Crawford and Miller, we use the equations 
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F. - n4 « 5.147 
F, = 2A« = 12.286 

= 4 r« = 1.01452 

F., = 2*^4 = 0 (21) 

F,^ = - T4 = 0 
a 

Fw = -M4 = 2.13676 

(T 

in which O 4 , A 4 , etc., are the constants given by Crawford and Miller. 
There are two reasons why the elements of the F matrix are not simply 
equal to Crawford and Miller's constahts. First, the internal bending 
coordinates a and ^ are slightly different from those employed by Craw¬ 
ford and Miller, who used coordinates with the dimensions of length 
throughout. Second, Crawford and Miller used a slightly different 
method of eliminating the redundancy. These differences are of such a 
nature, however, that although the numerical values of the elements of 
the F matrix on the one hand, and of the elements of the G matrix on the 
other, will differ from Crawford and Miller's values, the elements of the 
product matrix FG will be identical. 

We now proceed with the numerical evaluation of FG. From (21), 



5.14700 

0 

0 

F = 

0 

12.28600 

2.13676 


0 

2.13676 

1.01452 


( 22 ) 


while insertion of numerical values of mo, cr, and r yields: 



1.07532 

-0.07210 

0.04492 

G = 

-0.07210 

0.12489 

-0.14458 


0.04492 

-0.14458 

1.05357 


(23) 


Matrix multiplication of (22) and (23) then gives: 



5.53467 

-0.37110 

0.32699 

H = FG = 

-0.78983 

1.22548 

0.67174 


-0.07671 

0.08498 

0.75995 


(24) 


Note that H is not symmetric. 

Since the approximate value of the largest X(X 2 o « 6.69), as estimated 
from the observed frequencies above, is four times greater than the next 
largest estimated X, one expects that the iteration process described in 
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Sec. 9-6 should converge rapidly upon X 20 , using H as it stfiirnds. It is 
reasonable to start the iteration upon a row matrix, with components 
1, 0, 0 and upon a column matrix, with components 1, 0, 0, since in 
(24) the desired X clearly is most closely approximated in the first row and 
column. The numerical details of the iteration are given in Table 10-15. 


Table 30-15. Iterative Calculation of the Characteristic Value of X 20 
OF THE Eiu Factor of Benzene and of the Corresponding Vectors 







B(2) 

B<3) 

B(4> 

A<") 

1 

0 

0 1 

6.535 

30.9024 

172.8555 

967.2833 

A<« 

5 535 

-0.371 

0.327 0 

-0.790 

-5.3916 

-31.3845 

-177 1685 

A<« 

30.9023 

-2.4809 

1.8092 0 

-0.077 

-0.5502 

-3.2468 

-18.3942 

A<3) 

172.8547 

-14.3544 

9.8131 






X(o) = 

5.535, 

- 6.5936, 

X(2) « 

5.5964, 

X<« = 5.69666 


The successive values of X are computed from 


X(p) 


Y__ 


(25) 


Since, as shown in Seo. 9-8, the X^^^ are always less than the true value, 
it seems reasonable to take X 20 = 5.5966. Furthermore, the numbers 
listed in the final row for A, after normalization according to Eq. (7), 
Sec. 4-7, give the transformation from normal to symmetry coordinates, 
while the final B column, normalized as described in Appendix VIII, 
yields the inverse transformation from symmetry to normal coordinates. 

At this stage, Xis and X 19 remain to be evaluated. The method 
adopted is that described in Sec. 9-7 which consists in using a modified 
H in such a way that a root corresponding to Xis or to Xig will become 
dominant. Suppose that iteration is used with 


(H - 5.5966E)(H - 1.3E) (26) 

The roots of the first factor of (26) are Xis — 5.5966, X 19 — 5.5966, and 
X 20 — 5.5966. The last of these differences is zero; the first two are 
approximately 0.63 — 5.60 = —4.97 and 1.30 — 5.60 = —4.30, respec¬ 
tively, using estimates of Xis and X 19 based on experimental frequencies 
as described above. Similarly, the second factor should have roots at 
approximate!}^ —0.67, 0, and —4.3. Therefore the matrix product in 
(26) should have roots at —4.97 X —0.67 = 3.33, 0, and 0. Therefore 
the root corresponding to Xis should be strongly dominant and the con¬ 
vergence rapid. 
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The numerical value of (26) is obtained by multiplying the matrices 
formed by subtracting 5.5966 and 1.3, respectively, from the diagonal ele¬ 
ments of (24): 

0.00577 0.07842 -0.44612 

(H - 5.5966E)(H - 1.3E) == 0.05624 0.67593 -3.55730 

-0.02094 -0.38888 2.64403 

(27) 

In selecting the arbitrary components of and for iteration with 
(27), it must be borne in mind that the characteristic vectors of (27) are 
exactly the characteristic vectors of the original matrix (24). Since the 
root we are now seeking appears (approximately) in the last row and 
column of (24), it is reasonable to start the iteration with (27) on row 
or column vectors with components 0, 0 1. A few preliminary trials, 
however, show that better initial choices are —0.01, —0.15, and 1.0, for 
and —0.05, —0.4, and 0.3 for The remaining numerical com¬ 

putations are summarized in Table 10-16. 


Table 10-16. Iterative Calculation of tee Characteristic Value 
(Xi8 — 5.5966) (Xi8 — 1.3) of the Modified Eiu Factor of Benzene 






B(o) 

BCD 

BCD 

BCD 


-0.01 

-0.15 

1.0 

-0.05 

-0.16549 

-0.52980 

-1.69423 

Ad) 

-0.02943 

-0.49105 

3.18209 

-0.4 

-1.34037 

-4.29406 

-13.73235 

Ad) 

-0.09442 

-1.57167 

10.17348 

0.3 

0.94981 

3.0.3603 

9.70832 


(XS«> - 5.5966)(xi«^ - 1.3) = 3.19700 
(Xi'g^ - 5.5966)(Xi^> - 1.3) = 3.19774 
(X^g) - 5.5966)(Xl|^ - 1.3) - 3.19775 


Evidently the convergence is rapid, and the result in the second 
approximation (3.19775) leads to a value Xi 8 = 0.65314 (note that the 
other root of the quadratic equation for is discarded). 

One can now use the fact that 

Xi 8 4" Xi 9 X 20 “ ^ (FGj)fcfc = 7.2015 (28) 

k 

to obtain X 19 == 1.27036. The iterative process which would lead to the 
characteristic vector associated with this root is omitted. Note that 
when Xi 9 is obtained by this method there is stiU ai^ easy check available, 
namely, the sum of the diagonal terms of (H — 6.5966E)(H — 1.3E) 
which should equal 

(X 18 - 5.5966)(Xi8 - 1.3) + (X39 - 5.5966)(Xi9 - 1.3) 

+ (X 20 “ 5.5966) (X 20 - 1.3) (29) 
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One finds the sum of the diagonal tenns to be 3.32696, while the expres¬ 
sion (29) equals 3.32573, which is satisfactory. 

The frequencies corresponding to the X’s just found are wig = 1,053, 
«i 9 = 1,468, and uto - 3,082, which are in good agreement with the 
experimental values. 

The reader who plans to carry out similar numerical calculations is 
urged to check all these computations using a standard desk-type com¬ 
puting machine so as to gain a facility in the typical numerical operation 
involved, namely, matrix multiplication. 



CHAPTER 1 1 


THE SEPARATION OF ROTATION AND VIBRATION 


In Sec. 2-1 there was given a qualitative discussion of the justification 
for treating the vibrational and rotational motions separately. In this 
chapter more detailed proofs will be worked out, and the nature of the 
approximations involved will be discussed. 

11 -1. Classical Kinetic Energy 

The molecular model used in this book consists of point masses—the 
atoms—connected by forces which keep the atoms near their equilibrium 
positions.^ A rigorous treatment of such a model must start with the 
determination of the kinetic energy in terms of a suitable set of coordi¬ 
nates. These coordinates consist of the cartesian coordinates X, Y, Z, 
which describe the position of the center of mass; the three Eulerian 

angles 6, and x (see Appendix I) which describe the orientation in space 

of a set of rotating coordinate axes z, whose origin coincides with the 
center of mass, and finally 3N — 6 normal coordinates which give the 
positions of the atoms relative to each other in the rotating axis system. 

Vectorial methods are especially useful for this problem.^ Let the 
position of the ath particle be given by the vector to. from a point 0, 

wliich is the center of mass of the particles and the origin of a moving 

1 For a consideration of the effect of the electronic motion, see the following: 

M. Born and J. R. Oppenheimer, Ann. d. Physik^ 84: 457 (1927). 

R. Karpins, J. Cheni. Phys., 16 : 1170 (1948). 

H. K. Nielsen, Revs. Mod. Phys., 23 : 90 (1951). 

Even when electronic effects are considered, Karpins shows that in most cases the 
molecule can still be treated as a set of atoms thought of as point masses, up to and 
including the correction for centrifugal distortion, but the moments of inertia I,, etc., 
may have values slightly different from what would be calculated if the electronic 
structure were ignored. 

2 The treatment which follows is based on that in E. B. Wilson, Jr., and J. B. 
Howard, J. Chem. Phys., 4: 260 (1936), but has been corrected to conform to the 
criticism of B. T. Darling and D. M. Dennison, Phys. Rev., 67: 128 (1940). The 
vector technique used was adapted from the similar treatment of rigid bodies by 
L. Page, ‘Tntroduction to Theoretical Physics/’ 2d ed.. Chap. 2, Van Nostrand, 
New York, 1934. See also H. Margenau and G. M. Murphy, “The Mathematics of 
Physics and Chemistry,” Chap. 9, Van Nostrand, New York, 1943. 
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system of cartesian axes, to be specified later. Let Va, and Za be the 
components of r« in the moving system of axes. The position of 0 is 
given by another vector R whose origin is fixed in space. The equi¬ 
librium position of the ath particle of mass m*, is described by a*, a 
vector fixed to the moving axis system. The displacement vector ga is 
defined by the relation 

a« (1) 


If at any instant the rotating system of axes has the angular velocity 
and if the vector Va is defined as the vector with the components Xay Va, 
and Za in the moving system, then the velocity of the ath particle in 
space is^ 

ft + t» X r„ + v„ (2) 


The kinetic energy T of the whole molecule is obtained from this velocity, 
and is 


2r 5= ^ ma + ^ Wa (w X ta) * (w X T*) + ^ 

IX a. a 

+ 2fe • o X ^ niaTa + 2]fe • ^ maV« + 2w ^ imaXa X v«) (3) 


Since the point 0 is the center of gravity of the whole molecule, at 
every instant it must be true that 

^ mafa s= 0 (4) 

a 

whence it follows that® 




niaYa 


0 


( 5 ) 


These conditions, however, do not suffice to define the rotating coordinate 
system completely. If the molecule were rigid, the rotating axes could 
be attached in some definite way to it, but the molecule is not rigid and all 
of its atoms can move about their equilibrium positions. The definition 
which is adopted was discussed in Sec. 2-1 and consists of the conditions® 


^ For further details concerning this step, see L. Page, ^‘Introduction to Theoretical 
Physics,*' 2d ed., Chap. 2, Van Nostrand, New York, 1934. 




*U 2^ mcfa 


.y. 


0, then 2^ niaTa 


^ »»«[(< 


[» X r«) + Va] = 0, or 


X ^ ^ maVa - ^ 


ntaVa 


0 . 


* See C. Eckart, Phya. Rev., 47 : 662 (1936). 
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^ TO„a« X v„ = 0 (6) 

a 

As explained in Sec. 2-1, this is almost but not quite equivalent to stating 
that there must be no angular momentum with respect to the rotating 
system of axes.^ 

By replacing r* by a« + Qcc in the last term of (3) and introducing the 
conditions in (4), (5), and (6), the kinetic energy becomes 

2r == ^ ^ X r«) • (« X r«) 

a 

+ ^ mj)l -f 2*4 • ^ X Va) (7) 

The first term is the translational energy of the molecule and will not be 
included hereafter because it can be separated in field-free problems. 
The second term is the rotational energy, the third the vibrational energy, 
and the last the coupling between rotation and vibration, the so-called 
Coriolis energy. When the terms of (7) are expanded by the standard 
methods of vector analysis,- they become 


2T = + ^yy^l + 

+ V 

a a 


+ y rriavl 


— 2IxyO>x(J>>y ~ 2Iyg03yit3z 

rtai^Qa X Vof)a5 “f" 2o}y ^ 


— 2 Ig^O>zO>x 

X Va)^/ 


+ 2o}z 


I 


X v«). 


( 8 ) 


Here lyy, hz are the instantaneous moments of inertia with respect to 
the moving Xy y, z axes; I^y] lyz, and Isx are the products of inertia. 
These quantities are not constants but functions of the positions of the 


^ It is perhaps better to use the condition 


^ X fa ** 0 

a 


(6a) 


This implies Eq. (6) since, on differentiating, 

0 ** X fa “f" ^ X ta 

« ^ X aa) X Ta -f ^ maSLa X (« X ta) -f ^ X ^ 
= ^ mafia X ▼« 


from the properties of the triple vector product. 

* See, for example, L. Page, ^Tntroduction to Theoretical Physics,*' 2d ed., Introduc¬ 
tion, Van Nostrand, New York, 1934, or H. Margenau and G. M. Murphy, '*The 
Mathematics of Physics and Chemistry," Chap. 4, Van Nostrand, New York, 1943. 
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particles, u);,, Wjy, are the coRiponerits of the angular velocity o> of the 
rotating system of axes. 

Introduction of Normal Coordinates. The normal coordinates, Qk, are 
defined in terms of the components Axaj etc., of Qa by the relations (see 
Secs. 2-4 and 2-5) 


AXa 

At/« 

AZa 




2 I'aA 

m'^kQk 


SN-6 

V 

L 4 

k^l 

3V-6 




/iJ-l 


(9) 


in which the constants and are determined so that 


while 


N BN~6 

y m„vi -= y Qi 

L 4 w 

a /v - 1 

2V = ZXkQl + higher terms 


( 10 ) 

( 11 ) 


The primes on and 71 ' are used to distinguish them from the similar 

unprimed letters emplo^md in Sec. 2^5, where rdass-adjusted coordinates 
were used. 

In terms of the normal coordinates, parts of the coupling terms become 


in which 


m^iQa X v«)* = Ay^) 

a ot 

SiV-e 

- V 

A:-=J 

SiY_-8 

/ 77lct\pa X ^ 

L 4 .w 

a . 

2 mciffa X Va)z = 2, ■SfcQi 


k^l 


Xfc = y 'rriaim^aiKh ^ KmU)Qi 

a,I 

= 2 - ialKkjQl 

a,l 

Bk = 2 “ 'in'Jak)Qx 


( 12 ) 


( 13 ) 
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27* i zx^x "~h ^yy^y "~h Izz^ z ^ly^iiOyOiz 

— 2lzx^z0iz- + 2c0a; ^ HkQk + 2o)y ^ ^kQk 


+ (14) 


11-2. Hamiltonian Form of the Kinetic Energy 

In order to obtain the wave equation, it is necessary to have the kinetic 
energy expressed in terms of the angular momenta instead of the angular 
velocities. The angular momentum is a vector defined by the equation 


This leads to the relation 


911 = ^ niaTa X ta 

a 


( 1 ) 


3n; = ^ m„[r„ X (w X ta)] + ^ maTc X v„ (2) 

a cs 

Expansion of the vector products^ yields the following expressions for the 
components of the angular momentum: 



WLz — — Izz<^x — IyzOOy -f- /^zCO^ + 

h 

The momentum Pk conjugate to the normal coordinate Qu is 
dT 

Pk ^ — Qk + 'S^kCOx + ^kOOy + Sk<*>z (4) 

Equations (3) and (4) may be solved for oj^, ooyy ooz and the Qk's in terms of 
snXx, and the PkS, and the results used in Eq. (14), Sec. 11-1, to 

obtain the energy in terms of the momenta; that is, the Hamiltonian form 
of the energy. The method of carrying out this substitution will be out¬ 
lined below, but the complete Hamiltonian form for the kinetic energy 

iJSee L. Page, '‘Introduction to Theoretical Physics/' 2d ed., Introduction, Van 
Nostrand, New york, 1934. 
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thus found is 

2T = - m,)* + /x^Cariy - nt„)* + - m.)* 

-h 2fixy(fm„ — in,)(3n:y — m») -H 2/t„,(sn:„ — m»)(9illz — m,) 

+ 2m..( 311. - - m,) + ^ PI (6) 

k 

Here ttix, and vXz are the components of the vibrational angular 
momentum, given by the expressions 

nix = ^ JikPk m„ = 

The coefficients juxx, etc., are functions of the normal coordinates only and 
arise as shown below. 

The following steps were used to obtain (5). From Eq. (14), See. 11-1, 
and from (3) and (4) it is seen that 

2T = gRx<Ox + + 9R.<0, -f ^ P'kQk (7) 

* 

Substitution in this equation of the expression for Qk obtained by solving 
(4) yields 

2T = (aWx - Tnx)a>x + (miy - + (911. - m.)w. + ^ P? (8) 

k 

when the definitions of Tn*, m*,, and are introduced. The same expres¬ 
sion for Qk may be substituted in (3); the rearranged result is 

3TCx Xtix ^ I^zy^y ^ 

~ m*, = — I'xyOix + Jyy^y — tyz^z (9) 

9nXz nt* = Ig^O)x “ ^yz^y *4” ^ zz^z 

in which 

= /x. - J n iL = im,- 2 m il = - X 

k k k 

Ky = +y 3e»g). = 4.+y ^ikSk (10) 

T T 

n. = +1! -3*** 

The inverse of (9) may be written 

03x “ Mxx(911x ntx) ”f" MxyC^Hy ~ “1“ IJ-xzi^^z ' m*) 

^y ~ Mya:(911x ttl*) “{“ MyyC^^y ^y) “b ^•yzi^SXLx TH*) (H) 

(jiz ~ MzxC^^x ttlx) ”f" MzyC^^y tU|^) -b f^zzi^^z Wl*) 

This set of equations defines the coefficients juxx, etc., and if these expres- 
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sions for w*, and cog are substituted in (8), the desired Hamiltonian 
form of (6) is obtained. 

11-3. A General Theorem Concerning Quantum-mechanical 
Hamiltonians 

It is next necessary to obtain the Schrodinger wave equation (in 
operator form) corresponding to the classical Hamiltonian given in 
Eq. (6), Sec. 11-2. The customary method of obtaining the wave equa¬ 
tion from the classical Hamiltonian is not directly applicable to this case 
without slight extension, because momenta SfTla;, SfTlj,, have been used 
which are not conjugate to any coordinates. Let the classical kinetic 
energy of a system be given by an expression 

25 ^ = ^ guMi ( 1 ) 

ij 

in which the q^s are generalized coordinates^ and the g^/s are coefficients 
which may be functions of the coordinates. When expressed in terms of 
the momenta which are conjugate to the coordinates g*, this becomes 

2r = ^ (2) 

ij 

in which the coefficients^ are different from the gij. Then the wave- 
mechanical Hamiltonian operator is® 

^ Pig~*g'’Pig^ + v (3) 

i,3 

No distinction in notation will be made between the classical Hamiltonian 
H, the quantum-mechanical Hamiltonian operator or, later, the 
quantum-mechanical matrix H, Likewise, the symbol p* will be used 
for the classical momentum, for the quantum operator {h/2'Ki){d/dq^^ 
and for the quantum-mechanical matrix for p,-. Any equation which is 
correct in terms of the latter two meanings of these symbols is also valid 
in the classical sense. The converse is not always true, however, because 
of the ambiguities introduced by the noncommuting nature of operators 
and matrices. In (3), g is the determinant of the quantities and V is 
the potential energy. 

1 The symbol g* is used here to represent a general coordinate for any system, and 
is not to be confused with the special use of qi made elsewhere, especially in Chap. 2. 

^ The g*? are the elements of the matrix which is the inverse of the matrix formed 
by the g*,-. 

® See for example, E. C. Kemble, '^The Fundamental Principles of Quantum 
Mechanics,” Sec. 356, McGraw-Hill, New York, 1937. Note, however, th^t his g 
is our \/g. 
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The above Hamiltonian is correct for the case in which the volume 
element used in normalizing the wave function is dqi dq^ . . . , that is, 
no weight factor. In the present application Eulerian angles and 
normal coordinates will be used, and it is customary to normalize the wave 
functions with 

sin 6 do d4> dx dQ\ dQ^ • • • (4) 

with respect to ordinary space, so that the volume element weight 
factor sin 6 enters. Let the weight factor (here sin d) be generally repre¬ 
sented by s' so that the wave function appropriate to the Hamiltonian 
(3) (in the sense that = TF^') is related to the function in (4) by 

= s'^ (5) 

so that the Hamiltonian appropriate to ^ is given by 

■ff = I ^ + V (6) 

ij 

Consider now a set of momenta all the members of which are not 
conjugate to any coordinates but are defined in terms of the original 
momenta pi by the linear equations 

Pi = J (7) 

m 

In terms of the new momenta the kinetic energy becomes 

m,n 

with 

= y Sjcmg^^Sln 
k,l 

The question arises as to what conditions must be satisfied in order that 
the wave-mechanical Hamiltonian operator may be written in the form 
analogous to (3), that is, 

^ ^ + V (10) 

m,n 

in which G is the determinant To obtain the conditions which 

must be satisfied, substitute in (10) the expression 

are; = ^ 8”^% 

i 


( 8 ) 

(9) 


(11) 
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whWi is the inverse of the transformation (7). The result is that 

H = ^ -f V (12) 

ijkm 

in which s is the determinant |s,m| and use has been made of (9) and of the 
relation G = s^g, as well as of the equation ^ si^s”’ = Sij. Equation (12) 

n 

will reduce to (6): this is the condition which would justify the use of 
(10), provided the follomng relations hold: 

8^ ^ - 8-^Pk (13) 

and s = s'. 


11-4. The Quantum-mechanical Hamiltonian for a Molecule 

The general theorem of the previous section will now be applied to the 
problem under discussion. If the kinetic energy were expressed in terms 
of the Eulerian angles x aud 

the normal coordinates Q*, together 
with the conjugate momenta p$j p^, p^ 
and Pky the Hamiltonian operator 
would assume the form of Eq. (6), 

Sec. 11-3. The kinetic energy is, how¬ 
ever, not so expressed, but is written 
in terms of the quantities — m*, 

— uXy, SfTTe — itia and P*. In order 
to apply Eq. (13), Sec. 11-3, so as to 
find out whether the Hamiltonian oper¬ 
ator has the form, Eq. (10), Sec. 11-3, 
in terms of these momenta, it is first 
necessary to obtain the relations be¬ 
tween 9fll„ Pjb and p^, p^^ 

and P*. 

Figure 11-1 shows the various com- 
ponents of the angular velocity vector 

in terms of which these relations will be developed. The total angular 
velocity vector satisfies the following relations: 



cd — 0 + 4> + ^== coai + (ayl + c«);sk ~ wxi^ + + a>xk' (1) 

where the components are given by relations such as 

cij* = i*c.> = i- 6 + i.^+i.^, etc. (2) 

Thus in terms of the amplitudes, 6, x> and the cosines of the angles 
between the x, y, z axes and the directions of 6, x, the components in the 
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rotating axes are readily shown to be 


oj* == sin X * ^ — sin B cos x * <l> 

. Wy =- cos X • ^ + sin ^ sin X * (3) 

coz = cos 6 • ^ + X 

The transformation which is the inverse of’ (3) is 
^ = sin X • + cos X * wy 

^ = — CSC 0 cos X ' w* + CSC ^ sin x * Wy (4) 

X = cot ^ cos X * — cot (9 sin X ' Wy + 

The components OTar, 9Tly, of the angular momentum were defined by 
Eq. (3), Sec. 11-2. Comparison with Eq. (14), Sec. 11-1, shows the 
following equation to be valid: 




dT 

dd 


d6 do)x die 


I .die 


(5) 


with similar equations for 9E„ and 3TI,. The values of {d^/dca^), etc., can 
be obtained from (4), with the result that 


91lx = sin xv« ~ CSC 6 cos xv* + cot ^ cos xPx 

SfRj, = cos xp» + CSC d sin xp^ — cot 6 sin x Px (6) 

911. = p. 

These results may be combined with the definitions [Eq. (6), Sec. 11-2] of 
ni:., etc., to give 


gni = arc* — m» = sin xP« ~ esc 6 cos xp* + cot B cos xPx ~ ^ ^-kPk 

k 

911^ = 9rc„ — ntj = cos xp« + CSC 6 sin xP* — cot 6 sin xPx ~ T ''dkPk 


k 


(7) 


arc' = arc. - tn. = 

Pk = 


Px 


^ ^kPk 


Pk 


This is the equivalent of the transformation Eq. (11), Sec. 11-3, of the 
general theory and therefore provides the coefficients s”‘\ The inverse 
equations are readily found to be 


p« = sin xarci -1- cos xarc' + ^ (sin xHk 4- cos x^k)Pk 

k 

= — sin e cos x31t* + sin B sin xail^ -f cos B3(C'^ 

-b ^ (— sin 6 cos xX* + sin B sin x2)i + cos BSk)Pk (8) 

Px = arcj -b i^SkPk 

Pk = Pk 
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thus providing the inverse coefficients Sim, whose determinant has the 
value 

s = sin d ( 9 ) 

so that the condition s' = s is satisfied. The other part of the condition, 
Eq, (13), Sec. 11-3, can be rewritten as 

y S^^PiSkmS-") = 0 

ikm 

where the parentheses are used here to indicate that the differential 
operator pi operates only on the functions in the parentheses and not on 
any which follow. This reduces to 

^ S^%m(PiS-^) + S-1 ^ S”*^' (PiSkm) 

ikm ikm 

= Y, Y *”** (^' Z ®*”*) “ ® 

i im k 

This may now be applied to the case in hand and, with a little manipula¬ 
tion, it will be found that the above condition is in fact satisfied. 

Consequently, the quantum-mechanical form of the Hamiltonian is 
that of Eq. (10), Sec. 11-3, namely, 

7,5 

+y +F (10) 

k 

in which y, 5 denote Xy Py or z and is the determinant of the coefficients 
fxysy Eq, ( 11 ), Sec. 11-2. It is important to note that (10) is exact; no 
approximations whatsoever have been introduced in its derivation.^ 
The quantities fx and are functions of the normal coordinates, so that 
no limit has been placed on the amplitudes of the vibrations. In prac¬ 
tical applications, however, it is necessary to introduce approximations. 

11-6. Practical Approximations 

In many molecules, including most of the simple ones, the potential 
energy has a deep minimum at the equilibrium position so that classically 
the atoms will ordinarily vibrate with only small amplitudes about their 
equilibrium positions. In this case it is a good approximation to neglect 
the dependence of p and pys on the normal coordinates. If these quanti¬ 
ties are constants, they are not operated upon by 11 X 7 or Pk (they are 

^ Except the molecular model which ignores the electronic structure. 
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never lUSected by 311^), so that the Hamiltonian reduces to the form 

H ^ — ntrXatta — m) PI + V (1) 

y,S * 

Furthermore, the x, y, and z axes moving with the molecule can be chosen 
so as to coincide with the principal axes of inertia of the molecule in 
the equilibrixim configuration, so that 7*^, lyzj and vanish, ^ If 

^ Xfc2)jb, etc., are neglected because they depend on the squares of the 

vibrational displacements, then the coefficients 7^, 7^*, and 7J, in Eq. (9), 
Sec. 11-2, vanish and 7^-^ 7®, 7J-> 7®, 7i-> 7®, so that these equations 
are quickly inverted with the result that the inverse coefficients fiyi are 
Mx* == 1/7®, Hyy = 1/7®, M*. == 1/72, and others are zero. The superscript 
zero indicates the equilibrium values. 

The Hamiltonian operator is therefore approximately* 


H 1 ^ (an, roy ll + 1PH- y ( 2 ) 

Here the terms in the brackets represent the rotational energy together 
with the interaction of the angular momenta of rotation and vibration. 
The other terms refer to vibration. 

In many cases, some or all of the vibrational momenta rtty can be 
ignored. In this event, the energy operator takes on the form 




^ afll* 
ro » 




Pl + Y 


(3) 


which consists of the energy of a rigid, rotating body plus the vibrational 
energy of a nonrotating molecule. 


^ Ike principal values of the moments of inertia 7*, ly, I* are the values of X which 
satisfy the secular equation 


I XX 
-/ 


- X 

yx 

XX 




- 0 


The coefficients of the transformation from arbitrary to principal axes may then be 
determined by a procedure analogous to that employed in the transformation to 
normal coordinates as described in Chap. 2. 

* This expression has been justified in another way by J. H. Van Vleck, Phys. Ito-, 
47 : 487 (1935). 
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CXX>RDINATE SYSTEMS AND EULERIAN ANGLES 


Throughout this book it has been necessary to refer to several cartesian 
coordinate systems described as follows: 

1. Space-fixed, XYZ; the “observer’s” axis system. 

2. Nonrotating, XYZ; parallel to XYZ but with its origin translating 
with the molecular center of mass. 

3. Rotating, xyz; the mcfiecule-fixed axis system. The conditions 
specifying how this system is attached to a nonrigid molecule are dis¬ 
cussed in Chaps. 2 and 11. For a rigid body, these axes may be taken 
coincident with the principal axes of inertia. 

The translation of the molecule is readily separable as the motion of 
the molecular center of mass, O, in the XYZ coordinates (see Chap. 2). 



Fiq. I-l. Coordinate axes and Eulerian angles. 


For further analysis of rotation and vibration, the observer may imagine 
his coordinates to be the XYZ system, that is, assume the molecular 
center of mass to be fixed. 

Unfortunately, there are numerous ways of specifying the so-called 
Eulerian angl^ describing the orientation erf the Xy y, z ^es in the XYZ 
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Table I-l. Direction Cosines Relating Rotating to Nonrotatinq Axes 
AS Functions of Eulerian Angles 


■" ‘""1 

X 

Y 

Z 

X 

cos 0 cos <j> cos X — sin 0 sin x 

cos 0 sin <j> cos x + cos 0 sin x 

— sin 0 cos X 

y 

— cos 0 cos X — sin 0 cos x 

— cos 0 sin sin X 4* cos <f) cos x 

sin 0 sin x 

z 

1 

sin 0 cos <f> 

sin 0 sin 0 

cos 0 


coordinate system. We have chosen the 
angles 6j s-ud x so that 6 and <l> are the 
ordinary polar coordinates of the z axis 
in the XYZ system and x is an angle in 
the xy plane measuring the rotation 
clockwise about the z axis. Figure I-i 
shows schematically the above coordi¬ 
nate axes and Eulerian angles, while Fig. 
1-2 depicts the Eulerian angles here 
selected in greater detail. 

The relations between the coordinates 
X, z and X, F, Z of a point in space are 
given by Table I-l. Since the transfor¬ 
mation is orthogonal, the table may be 
read either across or down. Read across 
it gives the coordinates x, z in terms 
of X, F, Z; read down it gives X, F, Z in 
terms of x, z. The entries in the table 
are, of course, the cosines of the angles 
between the various pairs of axes, e.c., 
the direction cosines or ^pg (Chap. 

3). 

For the determination of the symmetry 
species of rotational states, it is conven¬ 
ient to note the following effects of rota¬ 
tion by TT about one of the moving axes. 

Rotation of tt about x: ir — 6 <^—>7r + 0 X”^ —X 

Rotation of tt about y: 6 t — 6 0—>7r + <^ X"^^"~X 

Rotation of t about z: 0—^6 0—X”^^ + X 

In general, if the system is rotated by tt about an axis OA in the xy plane 
and making an angle a with x, the effect is 

B —> TT — 6 <j> —> TT X —^ —2a: — x 

Note that a is measured clockwise around z. 



Fig. 1-2. Definition of Eulerian 
angles. 

ON » positive direction of line 
of nodes, the intersection of the XY 
and xy planes. Also positive 
sense of a rotation of OZ to Oz. 

6 = angle from OZ to Oz 
(0 <e < tt). 

0 = angle in XY plane from 
OX to the projection of Oz on the 
XY plane. Also angle from OF to 
ON (0 <<t> < 2ir). 

X = angle in xy plane from ON 
to Oy. Also angle from projection 
of on xy plane to Oa; (0 < x ^ 

2ir). 





APPENDIX II 


JUSTIFICATION OF THE PROCEDURE USED IN SECTION 
2-2 FOR OBTAINING NORMAL VIBRATIONS 


The arguments given in Chap. 11 show that the kinetic energy of a 
molecule which is moving as a whole, rotating, and vibrating can be 
written approximately in the form 

3iV^-6 

r =/(x,Y, W,x) + i y tiM (1) 

ij “ 1 


in which X, Y, Z are the coordinates in a space fixed system of axes of the 
center of mass; 6, x are the Eulerian angles of the rotating system of 
axes; and the coordinates Si are some set of independent internal coordi¬ 
nates, ZN — 6 in number. The function /(X,Y,Z,^,<^,x) is, to this 
approximation, independent of the vibrational coordinate Si, 

Consequently, ZN — 6 of the Lagrange equations of motion will be of 
the form 


d dLv dLv 
d&i 


( 2 ) 


ZN-6 


where Ly = ^ ^ Uj&i&j — V, with V the potential energy (a function of 




the S's only). The coefficients Uj in the vibrational kinetic energy may 
be functions of the coordinates Si. 

If the six conditions [Eqs. (2) and (5), Sec. 2-1] on the cartesian coordi¬ 
nates are considered as dummy coordinates which are not involved in 
Lvy six additional Lagrange equations such as (2) will be satisfied for 
these dummy coordinates. With these six coordinates included, the 
transformation from internal coordinates to cartesian displacement 
coordinates (or g,) is unique and does not differ from ordinary 
transformations. 

By the standard method^ for showing that the Lagrange form of the 
equations of motion are the same in all coordinate systems, it follows 


^ See, for example, L. Pauling and E. B. Wilson, Jr., “Introduction to Quantum 
Mechanics,’’ Secs. 16 and Ic, McGraw-Hill, New York, 1935, 
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d dij dZj 

Jt ~ Hi 


3 =* 1 , 2 , 


SN 


(3) 


in which = Axi, = Ayi, etc. Consequently, it was legitimate in 
Sec. 2-2 to use Eq. (3), App. I, even though the coordinates ^i, {j, etc., are 
not independent. 

To show that even though the coordinates used in Sec. 2-2 are not all 
independent, the relations 



(4) 


are nevertheless valid, use is made of the fact that 


dQi 


3W-6 


2 


dV^ 

dSj dqi 


i = i, 2, 3, . . . , ZN 


(5) 


At the equilibrium position 



( 6 ) 


and there is no uncertainty in this case because all the S^s are independent. 
Insertion of these values in (5) shows that (dV/dqi) also is zero when 
evaluated at the equilibrium position, as previously stated. 



APPENDIX III 


HERMITE POLYNOMIALS AND SOME INTEGRALS 
INVOLVING THE HARMONIC OSCILLATOR 
WAVE FUNCTIONS 


The following equations give several of the Hermite polynomials, 

' z = y^Q, in terms of which the harmonic oscillator wave functions 

are expressed in Eq. (1), Sec. 3-3. Additional explicit forms may be 
readily evaluated by use of the recursion formula, Eq. (4), Sec. 3-3. 

Ho{z) = 1 
Hiiz) = 2z 
Hiiz) = iz^ -2 
H,iz) = - 12z 

Hi{z) == 160‘ - 48z" + 12 
H,(z) = 32z« - 160z» + 1200 
H,iz) = 640« - 48O0‘ + 720z^ - 120 
H^{z) = 1282^ - 1,3442‘ + 3,3602» - 1,6802 
Hi(z) = 2562* - 3,5842* + 13,4402* - 13,4402* + 1,680 
Ihiz) = 5122* - 9,2162* -t- 48,3842* - 80,6-^2* + 30,2402 
Hio{z) = 1,0242’“ - 23,0402* + 161 , 2802 * - 403,2002* -1- 302,4002* 

- 30,240 

In the equations below, the symbol [/(P,0)].,.' has the significance 

[/(P,<?)]...' = PJ dQ (1) 

in which f(PfQ) is some function of the coordinate Q and the conjugate 
momentum P. The boldface type represents the corresponding quan¬ 
tum-mechanical operator in which P has been replaced by 



and Q by Q = Q. is the wave function for the rth state of the har¬ 
monic oscillator. In other words, [f{P,Q)]v,v' is the t;,t;'th element of the 
matrix for/(P,Q) for the harmonic oscillator. 
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4t»>- 


(Q).. 


K+l 




y SK 

V + i V 

2y ) 


(Q*)i>.»+s 

(Q*)»,r+1 

(Q^)...+4 

(0‘)».»+s 

(Q*)v.v-4 

(Q*).y 

(P)f,r+1 

(Phr-1 

iP)vy 

( P *)...+2 



\2y} 


0 , 

1 


if p' V ± 1 

A [(„ + i)(, + 2)]i 

V + h 

y 

^ [«(«> - 1)P 

0 if v' 7 «^ or ± 2 

r (p + i)(p + 2)(p + 3) ]* 

L 87» J 

/ «» \i 


r p(p - i)(p - 2) ? 

L 87 * J 

0 if p' 7 ^ p ± 1 , ( 

1 r/.. I 1 \/.. 1 r>\/. 


w - » ^ - J. or p ± 3 
' 4 ^ K*' + !)(*' + 2)(p + 3)(p + 4)]J 

, ( 2 „ + 3)[(p + l)(p + 2)]i 

■■ (2*'* + 2p + 1) 

~(2v- l)[(p - l)p]i 

^ 4 ^ [«'(«' -!)(»'- 2)(p - 3)]* 

0 \i V* 9^ V, V ± 2, QT V ± ^ 

• ^ [5 (»+ 

■-m-1 

' 0 if t;' 5 ^ t; ± 1 
' - £ t(«' + l)(.v + 2)t*]» 


[App. hi 

( 2 ) 
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201 


(P*)..,' =0 if !>' 3 I»« v, or 0 ± 2 
(QPW = A [(«' + !)(«'+ 2)]» 


® 

(QP).,.' =0 if v' 7^ », or w ± 2 

(PQk.+* = A[(«' + 1)(«' + 2)]* 


(PQ) 


J. 

4>t 




(PQ),.,' - 0 if r' P, or p ± 2 




APPENDIX IV 


AVERAGES OF DIRECTION COSINES OVER ALL 
ORIENTATIONS 


In Sec. 3-6 the averages and were required, where 

is the cosine of the angle between a nonrotating axis, F = X, F, Z, 
and a principal axis of polarizability in the rotating molecule, i = 1, 2, 3. 
First consider F — F' \ using polar coordinates 

_ _ 1 ^ /*2ir -t 

= cos'^ ^ = 1 — / / cos^ 6 sin B dB d4> ^ ^ (1) 

w Jo Jo o 

The ^Fi are coefficients in an orthogonal transformation, hence 

1 * ( 2 ) 

By squaring and averaging (2) and using symmetry, 

== I F 9^ F' (3) 

from which it follows, using (1), that 


^ (4) 

The result of (4) is clearly also the value of when i == j. To 

compute ^F^^^F'i^Fj^F'h i ^ i, use again the orthogonality condition, this 
lime in the form 

+ 4>r»4>ri + ^zi^zj == 0 (5) 

Squaring (5), averaging, and using symmetry, 

+ mi^F'i^Fj^F'j = 0 ( 6 ) 

from which, using (4), there is obtained finally 

^Fi^F'i^Fj^Fj = -A i ^ j CO 
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A SUMMARY OF MATRIX NOTATION' 


If the coefficients Gtey in the expression for the kinetic energy of a 
molecule [Eqr'(4), Sec. 4-2], are written in a tabular array as below, the 
whole set of numbers together can be represented by a single symbol G 

Gi2 . . . Gin 

G21 G22 . . . G^n 


Gnl Gn 2 . • . Gnn 

It is to be emphasized that G is not a number but a collection of 
numbers, if the table has n rows and n columns. G is called a matrix and 
is often written 

G -||G,H1 = (G«0 

The numbers Gu' in the table are called the elements of the matrix. 

In this book several other sets of quantities occur which can con¬ 
veniently be treated in matrix language. Thus the table of force con¬ 
stants/iy for a given molecule, in terms of any coord'nate system, can be 
written in tabular form and the whole table called F, the force constant 
matrix. Similarly, the coefficients of various linear transformations a id 
the quantum-mechanical integrals in Chap. 3 can be treated as elements 
pf matrices. 

Two matrices v hose corresponding elements are equal are said to be 
equal; that is, 

j if Aij = Bij for all values of ^ and j, A = B 

The sum C of two matrices A and B is, by definition, the matrix whose 
typical element Cij is the sum of the corresponding elements of A and B ; 

^ For more complete discussions of the properties of matrices, see the follo^ving: 

A. C. Aitken, '^Determinants and Matrices,'’ Oliver & Boyd, Edinburgh and 
London, 1939. 

R. A. Frazer, W. J. Duncan, and A, R. Collar, “Elementary Matrices,” Cambridge, 
New York and London, 1938. 

H. Margenau and G, M. Murphy, “The Mathematics of Physics and Chemistry,” 
Van Nostrand, New York, 1943. 

S. Perils, “Theory of Matrices,” Addison-Wesley, Cambridge, Mass., 1952. 
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that is^ 

C « A + B Aii + Bii (2) 

The matrix all of whose elements are zero is called the zero or nvJl 
matrix and is given the symbol 0. 

The product of a number c and a matrix A is defined as the matrix B 
whose elements are the elements of A multiplied by c; that is, 

B 9 cA if Sty =* cAyy (£) 

The product C of two matrices A and B is defined by the equations 

C - AB if Ci, - ^ AaBki (4) 

the sum being over the number of columns of A (which must equal the 
number of rows of B). It is not necessarily true that AB » BA. If AB 
does equal BA, A and B are said to commuie. 

The ordinary matrix multiplication as just defined clearly yields a 
product whose number of rows is equal to the number of rows of the first 
matrix and whose number of columns is equal to the number of columns in 
the second matrix. While this kind of multiplication occurs much more 
frequently, a second kind of product is occasionally encountered, called 
the direct product and designated by the symbol A X B; if A is a p-rowed 
square matrix and B is a ^-rowed square matrix, then A X B is a square 
matrix with pq rows and columns, and its elements consist of the products 
of all possible pairs of elements, one from A and one from B, 

(A X B)tjfe,yi = AijBhi 

The rows and columns are usually arranged in “dictionary order, which 
means that the row labeled ik precedes i'fc' if i < i' or if i =* and k < k\ 
A diagoTial matrix is one with zeros everywhere except on the principal 
diagonal (running from upper left to lower right comer); that is A^y = 0 
unless i = j. The unit matrix E is a special diagonal matrix whose 
diagonal elements are each unity. Therefore E = !|5ty|l* The unit 
matrix has the property that EA == AE = A. A constant matrix, C, is a 
multiple of the unit matrix by a constant; that is C = cE, 

A constant matrix, C ( = cE and includes the null and unit matrices as 
special cases c « 0 and c = 1, respectively), commutes with any matrix, 
A, since 

(CA)fy = V cSikAks =* cAij (5) 

k 

and 

(AC)i,- = ^ = cAa (6) 



ApP. V] A SUMMARY OF MATRIX NOTATION 

Any two diagonal matrices commute, for if 

A-ij = 8ijAi ~ dijAj and Bn — = bij-By 

then 


AifcBjej — 


^ bik^kjAiBj — bijAiBj 

k 


and 


^ BikAkj — ^ ^ik^kjBiAj — bijBiAj 
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( 7 ) 

( 8 ) 


which show that AB and BA are diagonal matrices whose elements are 
equal to the products of the corresponding diagonal elements of A and B, 
and are consequently such that AB = BA. 

The inverse (or recAprocal) of a matrix A is denoted by A ~ and defined by 
the relation 

A-^A = AA-i = E (9) 


Not all matrices possess inverses. The determinant^ of a square matrix is 
the determinant whose elements are equal to the corresponding elements 
of the matrix. A matrix whose determinant vanishes is said to be 
singular and one whose determinant does not vanish is called a non¬ 
singular matrix. Only square nonsingular matrices possess inverses, as 
can be seen by writing out (9) and attempting to solve for the elements of 
k-K 

The transpose of a matrix A is a matrix A' obtained from A by inter¬ 
changing rows and columns; ^.6., 

A[, = Ay, (10) 

The complex conjugate of A is the matrix A* whose elements are the 
complex conjugates of the corresponding elements of A. The conjugate 
transpose is the matrix Af which is the complex conjugate of the transpose 
of A, that is, 

A+ = A'* or At = At (11) 

Certain restricted classes of matrices have special names, as indicated 
in Table V-1. 


1 A determinant is a number expressed by an r^-dimensional square array of quanti¬ 
ties, aijy the expansion rule for which is 


S ( 1) * ’ * Onjn 

where P is the number of interchanges of pairs necessary to convert the sequence 
3h Jh ’ ‘ • } jn into 1, 2, 3, ... , n, and the summation extends over all possible 
permutations. For example, the three-dimensional determinant expands to 


Ui 1022^83 “h (llzOltlO,Z2 — nisfl22<^31 — ~~ CllldziClZi 
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Table V-1 


Name 

Condition 

Condition on elements 

Real... 

A* « A 

Elements are real, Atj 

Au “ Aij 

Symmetric. 

A' * A 

Hermitian.. 

A^ =s A or A* * A' 

A% - Ai, 

- Aii 

Orthogonal... 

A-i « A' or AA' « E 

Unitary.. 

A-i « A^ or AA^ =» E 

U-% - Ati 



If A is real and Hermitian A » A' so that real Hermitian is equivalent 
to symmetric. Similarly, real unitary is equivalent to orthogonal. Most 
discussions in this book deal with real matrices for which the conjugate 
transpose (^) is equivalent to the transpose (') and the notation (^) is 
generally used although the expansions may be in terms of real elements. 
Thus, in this text, the notation (') is available for other purposes, and, 
except in this appendix, does not signify the transpose* 

The transpose of a product of several matrices is obtained by inverting 
the order of the matrices and taking the transpose of each; 

(ABC C'B'A' (12) 

as is readily proved by use of the definition of the matrix product. 

An exactly similar rule applies to the inverse of a product of non¬ 
singular square matrices; therefore 

(ABC)~i = C-iB-iA-i (13) 

as is proved by the result 

(ABC)~HABC) = C“1B~KA-’'A)BC 

« C“«-iEBC = C~«-iBC = * E 

All the above considerations apply particularly to square matrices, but 
it is often useful to extend the concepts to rectangular arrays of elements. 
The definitions of elements^ equalityy sum^ null matrix, product, commutes 
lion, transpose, complex conjugate, conjugate transpose, and real matrix, all 
apply equally well to rectangular matrices. Note that AB exists only if 
the number of columns of A equals the number of rows of B, whether 
either one is square or rectangular. Therefore, for rectangular matrices, 
if AB exists, BA may or may not exist. 

There can be no diagonal, unit, constant, inverse, symmetric, Hermitian, 
orthogonal, or unitary rectangular matrices. The theorem on the trans¬ 
pose of a product does apply to rectangular matrices, but the correspond¬ 
ing theorem on the reciprocal of a product is meaningless in the rectangu¬ 
lar case. 








297 


ApP. V] A SUMMARY OF MATRIX NOTATION 

A special case of a rectangular matrix is the column matrix which has 
only one column of elements. This is often called a vectorj an extension 
of this term not limited to three-dimensional cases. Similarly a row 
matrix has cwaly one row. A linear transformation such as 

yi = Aii^i A12X2 + AuXz + 

y 2 = A 21 X 1 + A 22^2 + A 23^3 + A 2 aXa 

yz = Asi^Ti + A 322^2 + A 33 X 3 + A 34 X 4 (14) 

2/4 = A 41 X 1 + A 42 X 2 + A 430^3 4” AuXi 

can be written in the compact form 

y = Ax (15) 

in which 



and the regular rule for matrix multiplication has been used. The ele¬ 
ments of a row matrix are often called components. 

The transpose of a column matrix is clearly a row matrix. The 
generalization of an ordinary scalar product of three-dimensional vectors is 
conveniently written as 

y'x = 2 (17) 

i 

if y and x are column matrices with the same number of rows, y' is then 
a row matrix and the product of y' and x is a one-by-one matrix; i.e., a 
single number. If A is square and x a column, then Ax is also a column; 
therefore 

x'Ax = ^ AijXiXj (18) 

ij 

This is also a one-row and one-column matrix; i.e., a number, and is 
called a quadratic form. 

The coefficient of XiXj (i 9 ^ j) is A,*y + Ay* and the value of the form will 
be unchanged if A is replaced by the symmetric matrix in which 
(Ayy + Aji)/2 replaces A»y and Ay,. 

If such a quadratic form is greater than zero for all real a: 7 *^ 0 , A is said 
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to be positive definite. If the form is merely nonnegative for all real 
X 9^ 0 ; A is said to be semidefinite. 

If A is Hermitian, the form x^Ax is called a Hermitian form^ and is 
positive or semidefinite under the same conditions as those described 
above, except that the components of x may now assume complex values. 

Since matrices, square or rectangular, obey all the laws of ordinary 
algebra except the commutation law of multiplication, the letters repre¬ 
senting matrices can be manipulated by all ordinary algebraic techniques 
except as follows. There is no operation of division, this being replaced 
by multiplication by a reciprocal, if one exists. The order of products 
becomes important and must be preserved. Two matrices may not be 
multiplied unless they match, f.e., the columns of the first must equal in 
number the rows of the second. Such matrices are said to be conformable. 

It is often very useful to partition matrices, either square or rectangu¬ 
lar, into submatriceSf as indicated by the examples below. 


11 

21 

A12 
A 22 

A 13 
A 23 

A 14 
A 24 

A 15 

A 26 

i 

All 

Ai, 

— 

A 

A 

31 

A 32 

Ass i 

A 34 

A 35 


A2j 

A 22 


(19) 


where light-faced letters have been used here for the elements of A and 
bold-faced letters with subscripts for the submatrices into which A has 
been partitioned by the dashed lines. Thus 


All 

A12 

A 13 

A21 

A 22 

A23 

II ^*1 

A 32 

A 33 1 


Ai 2 = 

A 14 

A 15 


A 24 

A 25 

A 22 == 

II 34 

A 35 1 


( 20 ) 


In other words by one or more dashed lines either vertical or horizontal, 
or both, a matrix may be divided into parts or submatrices which are 
themselves smaller matrices whose positions in the larger matrix are 
indicated by subscripts; 

If two matrices are partitioned in the same way, their sum can be con¬ 
structed by adding corresponding submatrices, or 


Alt 

Ai 2 

+ 

Bu 

B12 

A21 

A22 


B22 


All + Bii 

Ai2 + Bi2 

A21 + B21 

A22 + B22 


( 21 ) 


This follows from the definition of the sum and clearly requires that cor¬ 
responding submatrices be of the same size. 

If the partitioning of the columns of A matches the partitioning of the 
rows of B, the product AB can be expressed in terms of the submatrices: 
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AB = All Ai2 Ai3 


Bn 

B 21 

B 31 


AiiBii + A 12 B 21 + AisBai 11 (22) 


This result follows if the basic definition of a product is applied. 

Partitioning is useful where there is something special about certain 
rows or columns of a matrix so that these form submatrices with special 
properties. 

The reader is warned that symbols such as are ambiguous when 
submatrices are involved and should be written as (A-^On or (Aii)“S 
depending on the sense intended. 

An important concept is that of the characteristic values^ or eigenvalues 
of a square matrix. Let A be a square matrix with elements Then 
the determinantal equation 


All X A 12 

A 21 A22 — X 

Aa'i Am 


A Ilf 
A 2A' 


= 0 


AnS ~~~ X 


(23) 


is equivalent to an algebraic equation of degree N in the unknown X and 
therefore has N roots, some of which may be repeated. These roots are 
called the characteristic values of A. 

When the algebraic equation is obtained by expansion of the deter- 
minantal equation and the coefficients of the various powers of X are col¬ 
lected, it is found that in 


(-X)^ + Ci(~X)^-i + C2(~X)^-2 + • • • + c^^i(--X) + Ca - 0 (24) 



C2 (Ay^Ayy AyyAyy) 

<3 


Cn = lAj (25) 

Moreover, in a polynomi^tl equation of the form (24) it is known that 


Cl 


C2 



% 


1 

3,i<3 


Cif — X 1 X 2 * * ’ (26) 

Comparison of (25) and (26) shows, for example, that jA] is equal to the 
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product of the characteristic values of A; thus if A is nonsingular, no 
characteristic value can vanish. 

The special kinds of matrices listed in the table earlier have special 
types of characteristic values. Thus Hermitian matrices have only real 
characteristic values, as proved below. By definition, if A is Hermitian 

The result of taking the complex conjugate of (23) above is therefore 
equivalent to interchanging rows and columns and replacing X by X*. 
But a determinant is unaltered by the interchanging rows and columns so 
the roots X* must be the same as the roots X; that is, they must be real. 

Another special class of matrix, the unitary matrix, A~i = A'^, has 
characteristic values of absolute value unity, X*X = 1. Consider its 
secular equation, written in matrix form 

!A -- XE| = 0 (27) 

Since multiplication of determinants and of matrices follows the same 
rules, multiplication of (27) by — lA-^^l will yield 

~-|A - XEl lA“i| = l-AA~i + XA-i| == |-E + XA-i| = 0 

Dividing every element by X will then give 



provided X 5 *^ 0, which must be true if A~^ exists. But replacement of 
A“i by A+ in (28), followed by taking the complex conjugate, will result in 



Since transposing the rows and columns does not alter the value of a 
determinant, (29) shows 1/X* is identical with the characteristic value of 
A itself, 1/X* = X, or X*X = 1, which was to be proved. 

As indicated in Sec. 9-1, the characteristic equation usually arises as 
the condition that the simultaneous equations involving the components 
of the vector Xi as unknowns 

Axi = XiXi (30) 

should possess a solution other than x = 0 . When N distinct character¬ 
istic vectors have been found, they may be compounded in a square 
matrix, X == |jxiX 2 • • * x^r|j, and (30) becomes 

AX - XA 


or 


X“^AX - A 


(31) 
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where A is a diagonal matrix whose elements are the characteristic values 
Xi, X 2 , • • * , Xat of A. The transformation of A effected by multiplying 
it on the right by a matrix and on the left by the inverse of a matrix is 
called a similarity transformation, and when the similarity transformation 
yields the characteristic values, as in (31), A is said to be diagonalized 
by X. 

If A is symmetric, the matrix X which diagonalizes A = A' can be 
orthogonal. To see this, merely take the transpose of (31): 

(X-AX)' = X'A'(X-i)' = X'A(X')“' = A' = A 

Thus (X')“^ satisfies the same equation as X so that X' = X~^ In a 
similar fashion, it can be shown that the matrix which diagonalizes either 
a Hermitian or unitary matrix can be unitary. In the Hermitian case, 
the proof is exactly parallel, except that conjugate transpose is used in 
place of transpose. In the unitary case, take the reciprocal conjugate 
transpose of (31), obtaining 


XtA(Xt)-i = (A-f)-i = A 


in which the special property of the characteristic values of unitary 
matrices, X* = X“h has been used. Evidently the same equations deter¬ 
mine X and (X^)~^ so that X can therefore be unitary. 

If A is symmetric and positive definite, its characteristic values are 
real positive. This follows from the fact that 

X-iAX = X'AX = A 

(A can be diagonalized by an orthogonal matrix ) or 

Xi = XjAXi > 0 

where Xi is a column of X. 

In exactly similar fashion, if A is Hermitian and positive definite, its 
characteristic values are real positive. If A is only semidefinite, X > 0. 

It may readily be shown that the matrices A = B'B and C = D+D are 
symmetric positive definite and Hermitian positive definite, respectively, 
for arbitrary nonsingular B and D. 

It is sometimes important to know the conditions under which several 
matrices can be simultaneously diagonalized by the same similarity 
transformation, that is, X~AiX = Ai, X~A 2 X = A 2 , etc. If Ai, A 2 , etc., 
are all symmetric, Hermitian, or unitary, respectively, a necessary and 
sufficient condition is that they should all commute with one another. 
The proof will be given for two matrices only and the reader will sub¬ 
sequently see how it may be extended to any number of matrices. The 
necessity of the condition is proved by noting that Ai and A 2 must cer- 
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tainly commute, since they are both diagonal. But then 

X-^AiXX-^AaX = X-iAiAsX 

= X-1A2XX-1A1X 
= X-iAaAiX 

hence it must follow that 

A1A2 = A2A1 

To prove the sufficiency of the condition, suppose that X is a matrix 
which diagonalizes Ai. Let X“^A 2 X = B 2 ; it is easy to show that if 
A 1 A 2 = A 2 A 1 , then 

A 1 B 2 == B 2 A 1 

Expanding the ij element of this result, 

= (B2)ty(Xi)jj 

or 

[(Xx).. - (Xi),,](B 2 ).y = 0 (32) 

When i 9 ^ j, either (Xi)*h — (Xi)j> or = 0. Let the order of the rows 

and columns be so arranged that equal characteristic values of Ai occur 
adjacent to one another along the diagonal: 

(Xi)iEi 0 

0 (Xi)2E2 


where E* is a unit matrix having a number of rows equal to the number of 
repetitions of the A th distinct X. Then if B 2 is partitioned to correspond 
to Ai, it will have the form 

Bii Bi2 . . . 

B 2 = B 21 B 22 • . • 

. Bpp 

But then B^y = 0, when i 9 ^ j from (32). The diagonalization of B 2 can 
then be completed by applying a similarity transformation with 

Yx 0 . . . 

Y = 0 Y 2 . . . 

. Yp 

such that Y^^By*Yi is diagonal: such a transformation will not disturb the 
diagonal form of Ax since a similarity transformation on a constant 
matrix, such as Y 7 '^(Xi)tEYi, yields the same constant matrix. Thus 
Y-ix-iAxXY and Y'~^X~^A 2 XY will both be diagonal, proving the suffi¬ 
ciency of the commutation condition for two matrices. 

The same arguments can be extended in a stepwise fashion to any 
number of commuting matrices. 
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A TABULATION OF G MATRIX ELEMENTS 


In this appendix, formulas for some of the more frequently used kinetic 
energy matrix elmients will be tabulated. It is evident from Sec. 4-3 
that these elements will, in general, depend upon the atomic masses and 
upon the equilibrium bond lengths and angles of the molecules. Since 
the masses and bond lengths frequently appear in the denominators, it 
will be convenient to introduce the symbols /x^, for the reciprocal of the 
caass of'the ath atom, and pa^ for the reciprocal of the a-ff interatomic 
distance. 

In order to systematize the tabulation of formulas, a system of classi¬ 
fication and of notation for the different matrix elements must be devised. 
First, the matrix elements are classified in terms of the general types of 
coordinates involved. In what follows, only two types of coordinates 
will appear: bond stretching and valence angle bending.^ These types 
have been described in Sec. 4-2. 

A kinetic energy matrix element will be given a double subscript to 
indicate the general types of the two coordinates involved, as (jrr, 

Within each of these three categories, a subclassification is immedi¬ 
ately possible on the basis of the number of atoms common to the two 
coordinates. For instance, designates a matrix element involving a 
stretching and bending coordinate in such a way that two atoms are 
common; since no cyclic^ configurations are included in this appendix, 
the symbol G^^ is unique, the common atoms forming one side of the 
valence angle bending. The symbol (?J^, on the other hand, is not 
unique, since the common atom may be either an end atom or a central 
atom of the bending coordinate. 

Figure VI-1 depicts all the G matrix elements for which formulas will 
subsequently be given. In these diagrams, the atoms common to both 

^ For more extensive tabulations of the G matrix elements including bond torsion 
and out-of-plane displacement, see J. C. Decius, J. Chem. Phys., 16: 1025 (1948). 

For linear cases, see S. M. Ferigle and A. G. Meister, J. Chem, Phys., 19: 982 (1951). 

* It can be shown that coordinate sets which are kinematically complete can be 
selected without involving any cyclic configurations. On the other hand, such sets 
will not be symmetrically complete in the case of cyclic symmetric molecules. 

See J. C. Decius, J, Chem. Phys,, 17: 1315 (1949). 
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coordinates are indicated by double circles to distinguish them from the 
noncommon atoms which are indicated by single circles. Furthermore, 
the common atoms are always put on a horizontal line. 

The noncommon atoms are then indicated along 45° diagonals (regard¬ 
less of the actual geometry of the molecule); those above the common set 
belong to the first coordinate, those below to the second. 



Fig. VI-1. Schematic representation of kinetic energy matrix elements. 

This device makes it possible to provide a unique notation for most of 
the matrix elements. It is merely necessary to add to a symbol such as 
a pair of numbers corresponding to the numbers of noncommon 
atoms along the upper left and lower left diagonals in the diagrams. 
Thus, when the single common atom is a terminal atom of the bending, 
the complete symbol is whereas in the other possible case (com¬ 

mon atom a central atom of the bending) the symbol is Gr,^(i)* 

As a further standardization, a uniform atom numbering convention is 
employed for the coordinates. As indicated in the diagrams, the com- 
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mon atoms are numbered first, running from right to left. The non¬ 
common atoms are then numbered, running outwards along the upper 
left, lower left, upper right, and lower right diagonals in that order. 

Table VI-1 gives completely general expressions for elements of the 
types Grrj Gr<f,j and G^^,. The formulas involve certain angles given the 
symbol ^ in addition to the angles <l> and r which have been previously 
defined. The ^^s are dihedral angles and are related to the <^>^s according 
to the formula of spherical trigonometry: 

cos 4>aSy ““ COS <l>aS$ COS 
sin (I)a6$ sin 


p 



Fio. Vl-2. Angies relating to the atomics positions a, 7 , 5. 

In Table VI-2, the values of the matrix elements are given for the 
special case that the valence bond angles are tetrahedral, 109°28'. In 
evaluating these elements, certain conventions of sign concerning the 
r^s must be observed (see Sec. 4-1). 

Table VT-3 is similar to Table VI-2, but the valence bond angles have 
been given the special value of 120®. 

Table Vi-i. General Formulas for Grr, and Elements 
(c<l> — cos <l>, s<fi ~ sin 0) 

Grr Ml + M2 

Grr MlC<^> 

Grd> —p2Zfl2S<f> 

Gl^d) Pi8Mi«<^iCr 

( 1 ) ~~ {piiS<l>2ldC4/2Z4 -f" PuS<^2140X^24 3 )Ml 

G^4, P 12 MI “F P 23 M 3 + (Pl2 “F pL ■“ 2pi£023C</>)p2 

G%,f,{\) {p\c4'Zl^Pl + [(PJ2 “ P23C<^123 “ p24C</>l24)pl2C^814 “T 

(s</> 1235<^ 1245^314 -f- C<^324t;^8u)p23p2i]M2 

( 0 ) ~Pl 2 Cr[(pi 2 — p\iC4n)pi -f (pi 2 — P23C</>2)m21 
^ 4 ^( 2 ) — (i'r26ST34 4- Cr25CT34C</>l)pi2pl4Ml 

( 1 ) [(s^ 214C<^41SCT84 — S</>2l5Cr86)pl4 4* (s02l5C</>415Cr36 ““ 5</>214Cr84)pi8] 

«0416 

(l) l(c<t>4lb — C<t>9UC4>U6 — C<t>2UC<t>2l5 4* C<^213C</>2l4C<^3l5)pi2Pl3 

4“ (c<f>UZ *“ C</>514C</>518 C4>214C4>2U 4" C02l6C<^214C<^813)pl2Pl8 

4* (c</>21o “*■ C<^Z12C4>Z1& — C<f>Ai2C<i>U6 4“ C0413(’<>412C0316)pi4Pl3 

4" (C<I>2U C<I>612C4>61Z ~ C<^412C</>413 4" C<l>4lbC<t>U2C^6n)pupis] ' " - - 

S<p2l4«<p8l6 


COS ^ a^y ~ 

(See Fig. VI-2.) 
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Tabijs VI-2. Special Fobhttlas fob 0 „, Or ^ and Elements 
(AU ♦ - 109°28') 

<5?, Ml + M* 


Olr 

Ml 

3 


21 

— -g- P*«Ms 

2? 

"3 PuMi^ 

( 

ti) ^ (pi« + Pu)mi 


PljMl Ps#M» + J(3pj2 + 3p2a + 2pi2P23)M2 


(i) ‘~i{3pJiMl 4- [3p2i -f* (p23 + P24)p21 — 5p28P24]m21 

to) "”iPl2CT[(3pl2 4* P14)mi + (3pi2 “h P2«)M2] 


( 2 ) — i(3«T26Sr84 — Cr28Cr34)pi2Pl4Ml 

tD ~'M(3ct*5 4“ CTn)pu 4 - (3cr84 4* cr*6)p«]pi2Mi 

tl) “JCpif 4“Pl4)(pi3 4* P16 )m1 

Table VI-3. 

Special Fokmulas for Grrj anp (7^^ Elements 


(AU ^ « 120^*) 

Glr 

Ml + M2 

Gir 

Ml 

2 

G?* 

”* •^P28M2 


31 

PuMiCr 

(}) 

^ (pi8 -h P14)mi 

GU 

P 12 MI 4* P 2 »M 2 4" (pi 2 4* P 28 4“ P12P28)m2 

(J) 

J!2pi2Ml 4" [pi2(2pi2 4“ P 28 + P 24 ) — P28P241m8} 

- ipi2C7-[(2pi2 4* P14 )m 1 4* (2pl2 4* P28)M2] 

(!) 

(1) 

i(CT2sCru — 2sr26«T*4)pl2Pl4Ml 
icr84G>14 — Pl5)pI2Ml 

Element of this type impossible with all </> =» 120° 
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CONNECTION BETWEEN G MATRIX AND 
KINETIC ENERGY 


It is desired to prove that the matrix G whose elements are given by 

2 ( 1 ) 

y 

gives the kinetic energy in the form 

2T = P^,GP (2) 

where P is the (column) matrix of the momenta, conjugate to the 
coordinates St. 

In terms of mass-weighted cartesian coordinates, the kinetic energy is 
given hy 

2T - 4^q (3) 

But if pj is the momentum conjugate to g,-, 

- i - ( 4 ) 

so that (3) in terms of the momenta is simply 

2T = ptp (5) 

Let S be the column matrix of the internal coordinates (S may include 
redundant coordinates) and let the transformation from the mass- 
weighted cartesian displacement to interp^ coordinate be given by 

S = Dq '(6) 


Suppose that T is now considered as a function of the velocities in the 
internal coordinates: using the rules for partial digerentiation, 


. = ^ = V —— 

Mi 2if d&t Mi 

t 


(7) 


But dT/d^t = Pt and =» dS,/dgj =»^ D,j, and (7) becomes in matrix 
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pt = ptD 

(8) 

From (8) it follow's also that 


p = D^P 

(9; 

Substituting (8) and (9) in (6), 


2T = P+(DDt)P 

(10) 


Now Dtj = Bt/nifi, since B gives the transformation from the unweighted 
cartesian coordinates, f,-, to the internal coordinates; therefore, 

(DDt)„. = y DtsD], = y 

j 3 

= ^ = <?«' ( 11 ) 

3 

or DD+ = G, which completes the proof. 

If |G| 9 ^ 0, Gexists, and, by Hamilton's equations, 6t - dT/dPt, 
use of (2) gives 

S = GP (12) 

which can be solved for P: 

P = G-'S (13) 

Appropriate substitution in (2) yields the kinetic energy in ternis of the 

velocities: 

2T - S^G-'S (14) 

In case jGj = 0, the reader is referred to Sec. 6-8. In any event G can 
always be defined as the matrix which gives the kinetic energy directly in 
terms of the momenta. 
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MATRIX TREATMENT OF NORMAL 
COORDINATE PROBLEM 


In terms of the column matrices S and S (made up of the internal 
coordinates and their time derivatives, respectively), the kinetic and 
potential energies of vibration are (see Sec. 2-2 and Appendixes VII and 

II) 

2T = S^G-'S 2V = S+FS (1) 

where G has been defined by Eq. (1), Sec. 4-3, and F is the force constant 
matrix (for internal coordinates). The normal coordinates (column 
matrix Q) are linearly related to the internal coordinates S by a 
transformation 

S = LQ (2) 

in which the (constant) transformation coefficients making up L are to be 
chosen so that the energies in terms of the normal coordinates have the 
diagonal forms 

2F - Q+LtFLQ = Q+AQ (3) 

2r= QtLtG-^Q = O^Q (4) 

where A is a diagonal matrix (whose diagonal elements will be the quan¬ 
tities Xfc = while E is the unit matrix. Therefore 

LtFL = A and L+G-^L - E (5) 

or solving the second equation for = L""^G and substituting in the 
first; then multiplying by L on the left, 


GFL = LA (6) 

This is a set of simultaneous equations which determine the transforma¬ 
tion L (except for normalization). Multiplication on both left and right 
by gives similarly 

L-'GF = AL~i 

FG(L-i)^ = (L-O^A 
309 


whose transpose is 


(^) 

( 8 ) 
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^ [(GF)ie - ««pX*]L,-* = 0 A: = 1, 2, . . . , n (9) 

Y 

and 

^ [(FG}„> - =0 A: = 1, 2, . . . , n (10) 

in agreement with Eqs. (10) and (13), Sec. 4-7. 

The condition of compatibility of (9) is 

IGF - EX*1 =0 (11) 

which is one form of the secular equation [see Eq. (8), Sec. 4-4]. 

From (6) one obtains a relation between the transformation L and its 
inverse; i.e., 

L-i = or (L~0^ = O-^h (12) 

But Eq. (13), Sec. 4-4, can be written as 

GA' = -Ad (13) 

if A is the matrix of the amplitudes Atk, 4' is the matrix of the amplitudes 
and 4 is a diagonal matrix with elements o-*. Consequently, 

A' = -G-^Ad (14) 

But L = AN where N is a diagonal matrix whose elements are the numbers 
required to normalize the amplitudes Atk» 

(L-^y = G~'t = G-'AN - -A'lriN (15) 

Consequently, the amplitudes AJ* of Eq* (11), Sec. 4-4, are, except for 
multiplication by the appropriate constant (—tr^Wib), the elements of the 
(transposed) inverste transformation (L~^)^ as stated in Sec. 4-7. 
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THE SEPARATION OF HIGH AND LOW FREQUENCIES 


What is desired in order to prove the correctness of Eq. (2), Sec. 4-8, is 
the reciprocal of the matrix which results when certain rows and columns 
of G”^ are omitted. Let be written in terms of submatrices (Appen¬ 
dix V) Yii, Yi2, etc., as follows: 


Y„ 

Y,* 


Y22 


( 1 ) 


in which the subscript 1 includes those rows and columns of G~^ which 
are to be dropped. Let G be written in terms of submatrices Gn, G12, 
etc., as follows: 


G = 


Gii 

G12 

G21 

G22 


( 2 ) 


Then since GG~^ = E, 


and 


G11Y12 + G12Y22 0 

G21Y12 + G22Y22 — E22 


(3) 

(4) 


where E22 is the unit matrix of appropriate size. 

The quantity sought for is (Y 22 )”^. But (3) and (4) are two equations 
containing Y 22 (and also Y 12 ). Solve (3) for Y 12 by multiplying by 
(Gii)'^S the result being 

Yi 2 = -(Gn)“^Gi2Y22 (5) 

Substitute this in (4) and solve for (Y 22 )-': 

"-“G2i(Gii)“^Gi2Y22 + G22Y22 == E22 ( 6 ) 

thus (Y22)~'^ = G22 G2 i(Gii)~^Gi2. 

This is equivalent to Eq. (2), Sec. 4-8, if it is realized*that (Gn)”*^ is the 
matrix reciprocal to the svbmcUrix Gn of G. 
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SOME PROPERTIES OF GROUP REPRESENTATIONS: 
CHARACTER TABLES AND CORRELATION TABLES 


It is the purpose of this appendix to derive and present in convenient 
form tables of the characters for the molecular symmetry groups described 
in Chap. 5. Certain additional information, such as the species (irre¬ 
ducible representations) of the molecular translational and rotational 
coordinates, and of the dipole moment and the polarizability, will also be 
indicated. Following the character tables proper, some information on 
the resolution of direct products will be given. The latter is useful in 
determining selection rules for overtone and combination transitions (see 
Chap. 7). Finally, the correlation tables mentioned in Chaps. 6 and 8 
will be given. 

A complete derivation of all the character tables will not be attempted, 
but it will be found instructive to derive the tables for the cyclic groups, 
Cn, and the dihedral groups, a>n, inasmuch as the results can then be 
extended to obtain the characters of all except the cubic groups, 5 , 3 <i, etc. 

X-1. Derivation of Characters for the Cyclic Groups, Cn^ 

The character tables of the groups, Cn, which consist solely of the rota¬ 
tions about an n-fold axis, are particularly simple to derive. In such 
groups, every pair of operations commute: 

CJCi = C'C* = (7^^ (1) 

Now consider the regular representation of such a group; such a repre¬ 
sentation was defined in Sec. 6-2 as that afforded by a set of coordinates 
consisting of exactly as many members as there are group operations 
{g — d = n). The matrices of this representation, by definition, must 
also satisfy (1), 

CJCi = CiCS (2) 

that is, they all commute. But in Appendix V it is proved that any set 

^ The derivations given below are not necessary for use of the tables given later. 
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of (unitary) matrices which all commute with one another can be simul¬ 
taneously diagonalized. 

Therefore, when the regular representation is completely reduced, each 
matrix will be diagonal. But in Eq. (6), Sec. 6-2, it was proved that 
= dy for the regular representation, which means that each species 
appears in the completely reduced form times. From these facts it 
then follows that = 1 for all species of such a group. 

For one-dimensional species, the character of a product of group opera¬ 
tions is the arithmetic product of the characters of the group operations 

“ Xns * (3) 

But since the character of the identity, must always be 1 for one¬ 
dimensional species, and since (Cn)** **= Ej it follows that 

(xcj*" = Xjf = 1 (4) 

This last equation means that xc» must be an nth root of unity; such 
numbers, which are in general complex, lie on the unit circle in the com¬ 
plex plane and have the form e^. Then, by (4), 

(g*>)»* s= 1 ss g2Tfflt ^5^ 

where m is an integer. But (6) implies that n^ * m2ir or ^ 2wfn/n. 
The characters of the totally symmetric representation are obtained by 
putting m == 0; other possible values of m = 1, 2, . . . , n — 1 3 deld 
n — 1 further sets of characters. If m =* n, the totally symmetric 
representation would be obtained again, so that all possible char¬ 
acters (for the generating element, Cn) are given by e®*^****/”, where 
m = 0, 1, . . . , n — 1. Identifying y with m, one could then express 
the character of any operation as 

= ixV - (6) 

X-2. Character Orthogonality Relations 

In order to derive character tables for more complicated groups, it is 
convenient to develop some general relations which must be satisfied by 
the characters of any group. From the orthogonality theorem [Eq. (1), 
App. XI] one such set of relations may be obtained directly. In the 
orthogonality theorem 


^ (7) 
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put a = fc and a' = 6' and sum over a and a', obtaining 




This is an orthogonality relation involving the characters, and may also 
be written 

e 

2 gjxfxT = (9) 

y-1 

where j is an index for a class, is the number of symmetry operations in 

the yth class, and c is the number of classes. 

It is also possible to derive orthogonality relations of fche form 

X *?•*■’■ - if 

7 

In order to prove (10) it is necessary to employ the concept of class 
multiplication.^’ The class product, GyC/, is defined as the collection of 
products of all possible pairs of group operations, where one member of 
the pair belongs to the class C;, and the other to the class 6/. Such a 
product is itself a collection of complete classes and may be described 
symbolically by the equation 

^ Cy/y"®/' (H) 

The proof of this statement follows from the fact that if the left side of 
(11) is transformed by any group operation, i2, the collection of group 
operations is unchanged (except in order of listing) 

RejR^^RefR-^ = CyC/ (12) 

by the definition of a class. Since the right side is therefore unchanged 
for all R, it can only be a sum of complete classes, the coefficient c^yy' 
denoting the number of appearances of the j"th class. 

Now let C] be the sum of the matrices of the yth species over the ^‘th 
cla^. Such matrix sums must also satisfy (11), 

C/C; - y cy/rC;. 
r 



(13) 
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These matrix sums are necessarily constant matrices, == a/E, since 
they commute with any R'^ of the irreducible representation (Appendix 
XI). This is seen from 

C; = R'yC7(R'y)~i 
or 

C/R'y == R'^c; (14) 


Consider now the sum of the diagonal terms on each side of the matrix 
equation, (13). Since 

CjC} = a/a^E (15) 

it follows that 

dyajaj, ^ (16) 

T 

But 


- gjx] 


(17) 


since each of the Qj matrices appearing in the sum C/ has xj as its sum of 
diagonal terms, and substitution of (17) in (16) therefore yields a relation 
involving the characters which may be written in the form: 


9i9i'x7x} = C)}'r9rx7» (18) 

f 

To obtain the desired orthogonality relation (10), the next step is to s u m 
(18) over 7 : 

9m ^ x7x7' = ^ ^ d-^x}, 

7 y 

= \ Cjj'f'gfghijf' 

= Ci,ng (19) 

in which use is made of the properties of the regular representation whose 
characters are: 

X* = 9 = ^ <^yXl 

7 

X/ = 0 = ^ dyx] j ^ i (20) 

7 

The symbol cjfi appearing in (19) has the following significance: it is 
the number of times that Ci (consisting solely of the identity) appears in 
the class product, e,-Cy'. Clearly, if cy,'i 0, an operation of Gj must be 
the inverse of some operation of C/. It is a consequence of the group 
properties and the de^tion of classes that the inverses of the operations 
of a given class themselves constitute a class having the same number of 
members; a class and its inverse class may or may not be identical. 
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From these considerations it follows that = 0 unless j and f refer to 
mutually inverse classes, in which case Cjfi => gj ^ gf. Thus it follows 

from (19) that the expression ^ yQx} vanishes unless j and / refer to 

inverse classes, in which case the sum is equal to g/gj = But since 

the representation matrices are unitary (R~^ = R^), it follows that the 
character of the inverse of an operation is equal to the complex conjugate 
of the character of the operation, so that the results just obtained may be 
expressed in the form 





which is the desired result. 

The two types of character orthogonality relations expressed by (9) 
and (10) taken together prove that c — s, that is, the number of classes 
equals the number of distinct species. For if a symbol, a;/, is defined as a 
sort of normalized'’ character by 


*7 = (l)* x7 (21) 

then the orthogonality equations (9) and (10) become 

c 

y-1 

and 

« 

7-1 

In the first of these equation, x\, , xj can be regarded as the 

components of a c-dimensional vector, and since the number of mutually 
orthogonal vectors cannot exceed the number of components, 8 < c 
Vice versa, in the second equation, x}, x/, . . . , xj can be regarded as 
components, and analogously, c < 8. Combining these facts, c = s, as 
was to be proved. 

X-3. Characters of the Dihedral Groups, 

It is now quite feasible to derive the characters for the dihedral groups, 
which, in addition to a principal n-fold axis, possess n 2-fold axes in the 
plane perpendicular to the principal axis. In contrast to the cyclic 
groups, Cn, in which each operation is in a class by itself, the classes of the 


( 22 ) 

(23) 
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dihedral groups may involve more than one operation. The identity 
constitutes a class by itself (this is true in all groups). The operations 
CJ and its inverse, constitute a class, as a consequence of the 

relation 

CtCJ = (24) 

where C% is any one of the rotations about an axis perpendicular to the 
principal symmetry axis. Furthermore, the twofold axes themselves are 
either all in the same class, if n is odd, or fall into two classes, each con¬ 
taining n/2 members, if n is even. 

Thus when n is odd, the classes are £?, Cn and Cl and C;-®, 

. . . , and and nC 2 . This gives a total number of classes 


c 


n + 3 


2 


(25) 


Furthermore, the order of the group is 

g ^ 2n 


(26) 


On the other hand, when n is even, the classes are jB, Cn and Cj 
Cl and Cr^ • • • , Cl^^C 2 ; (n/2)Ci, and (n/2)C^ The total number of 
classes is 


n + 6 

~ 2 ~ 


(27) 


The characters of the one-dimensional species must satisfy the same 
multiplication rules as the group operations. In particular, this observa¬ 
tion immediately limits the possible characters of C 2 to ± 1. In the case 
of the cyclic groups, 6n, it was found that xc» was an nth root of unity. 
This must likewise be true in the dihedral groups, but since Cn and 
(7j-i = belong to the same class, 

Xcn = Xc7^ = Xc« (28) 

which means that xc, must be a real nth root of unity. Thus if n is even, 
Xcn he ± 1, but if n is odd, xcn can only be +1. 

From these results, it readily follows that there are only two one¬ 
dimensional species of Dn when n is odd (corresponding to the two choices 
for the character of Cj), and only four when n is even (by combining the 
two choices for the character of Cn with the two choices for the character 
of C^). The characters are given in Table X-1 below. 

The next step in the derivation of the complete character tables of 
Dn is the proof that the only other species are two-dimensional. Suppose 
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Tabub X-1. CaABAcmBS fob thb Oenebal Dihedbal Gbouf 


n odd: 

SOn 

E 

2C, 2C’ 

... 20* 

nc; 


a — 2T/n 


1 

1 1 

1 

1 


1 

1 

r* 

1 

1 1 

... 1 

-1 



r» 

2 

2 cos a 2 cos 2a 

... 2cQsga 

0 



T* 

2 

2 cos 2a 2 cos 4^ 

... 2 cos 2qa 

0 



r»" 

2 

2 cos qa 2 cos 2qa 

... 2 cos q^ix 

0 


^ even: 

SOh 

E 

2Cn 

Cl - c. 

2^« 

n 

2^* 

a ■■ 2x/n 


1 

1 

1 

1 

1 

q « n/2 

r* 

1 

1 

1 


-1 


r» 

1 

-1 . . 

(-!)» 

1 

-1 


r* 

1 


(-!)« 

~1 

1 


r» 

2 

2 cos a . . 

2 cos qa 

0 

0 


r« 

2 

2 cos 2a . . 

2 cos 2qa 

0 

0 


r» 

i 2 

2 cos (q — l)a , . 

. 2 cos g(g — l)a 

0 

0 


«i is the number of distinct one-dimensional species, 82 the number of 
distinct two-dimensional sp^ies, etc. Then since the total number of 
species equals the number of classes, it follows from (25) and (27) that 




w 3 
~ 2 ~~ 
n + 6 
2 


n odd 
n even 


(29) 


Moreover, since 2 ^ d* = jf =» 2», from (10), an additional equation 

Y 

involving 81 , etc., is obtained, namely. 


Si -|- 482 + 9s$ -h 1684 = 2n (30) 

Substitution of the value Si = 2 for the case of n odd, followed by 
elimination of 82 between (29) and (30), gives 


5 s 3 -|- 1284 =0 

Since the s,- are nonnegative integers, this proves that there are no species 
of dimensions greater than two. Moreover, 


n — 1 


82 = 


2 


(31) 
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When n is even, similar arguments show that «, = 0 for i > 2, and 


«a 



(32) 


It will now be assumed that the two-dimensional representations, in 
addition to being unitary, are real. Since real unitdry matrices are also 
real orthogonal, and since all real, two-dimensional, orthogonal matrices 
can be written in thS form 


cos ^ 

— sin 

± sia <l> 

± cos 


the characters of the two-dimensional representations will be 2 cos ^ or 
zero. 

The characters of the twofold rotatioi^ about axes perpendicular to the 
principal axis are necessarily zero. This assertion foflows from the 
orthogonality relation (10), which is, 

y X?*x7 = — = = 4 n even 

4 ' ^ ( 3 ® 

= — ~ 2 n odd 
n 

when j = / is the index for one of these classes. It has already been seen 
that the characters for these classes are ± 1 in the one-dimensional species, 
of which there are 4 when n is even and 2 when n is odd. One may there¬ 
fore conclude that the summation in (33) has a value of zero when 
extended only over the two-diniensional species, and since each term in 
such a sum is'^a nonnegative number, it is necessarily zero. 

Finally, the character of Cn remains to be determined. Since the nth 
power of -the matrix representing Cn must be a unit matrix, and since 


cos <l> 

— sin ^ _ 

cos n<^ 

— sin 

sin <l> 

cos 4> 

sin n4> 

cos n4> 


it follows that 
or 


n4> == 2ri 


<l> = 


n 


(34) 


where I is an integer. 

The values of I which give rise to distinct representations are, when n is 
even, i = 1, 2, . . . , (n/2) — 1, since when I > n/2, duplications of 
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characters will occur, and when I = n/2, the representation is reducible 
(diagonal). When n is odd, the values of I are restricted to i = 1, 2, 
. . . , (n ~ l)/2. 

These results are summarized in the character tables for the general 
dihedral group (Table X-1). 


X-4L Isomorphic and Direct Product Groups 

In addition to the cyclic and dihedral groups, there are to be considered 
groups of the types Cn^, C**, g», and a>nd. Two additional concepts 
will make it very easy to obtain the character tables of these groups from 
those of the cyclic or dihedral groups. First, it may happen that two 
groups consisting of different geometrical symmetry operations may 
nevertheless possess identical multiplication tables. As an example, 
3^3 and Csv will be found to possess identical multiplication tables, the 
operations cr„, etc., in 63 * playing the same role as C 2 , etc., in 3 D 3 . Such 
groups are said to be isomorphic. Since the characters are completely 
determined by the group multiplication tables, ismorphic groups will have 
identical character tables. 

The isomorphism between SDa and Csv is merely a special case of a 
general isomorphism between a)n and Cn^,. Further isomorphisms which 
are useful in obtaining character tables are the following: 


(i) a) 2 n and ^nd when n is even 

(ii) 3D2n and X>nh when n is odd 


The second principle which may be used to obtain further character 
tables is concerned with groups which are expressible as direct products of 
two groups. If one group consists of the operations E = JRi, R 2 , . . . jRg 
and the other of the operations E = • • • > ^2'^, then the direct 

product group is the set of all products of the type == R^Ri. Note 
that it is explicitly assumed that all elements of the first group commute 
with all elements of the second group. 

Suppose that R,- and R< are representation matrices for the respective 
group operations. Then the direct product matrix, R. X Ry (not to be 
confused with an ordinary matrix product; see Appendix V), is a repre¬ 
sentation matrix for the direct product group. The proof that this is true 
may be given by demonstrating that if the group operations satisfy a 
relation of the type 

(RiR^jHRuRi) = Rn.K (35) 

then the direct product matrices satisfy the corresponding matrix 
equation 


(Ry X R;)(Rib X R{) =* Rn X r; 


(36) 
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where the symbols enelosed in parentheses are combined by ordinary 

matrix multiplication. 

For the construction of character tables, the following theorem is 
important: 

XRiRi' = XrW 

By definition, 

Xi.. = ^ {R.)aa (38) 

a 

The character of the direct product matrix is 

X«**/ - 2 y ^ iRi)aa ^ (R'^' 

a o' a a'^ 

= x«(X*/ (39) 

The direct product representation may be either reducible or irreducible 
but it IS always irreducible if either or both of the two representations 
entering into the direct product are one-dimensional. Thus the con¬ 
struction of a direct product character table is particularly simple when 
one of the two groups being combined possesses only one-dimensional 
species. This will indeed be true for all cases which will be considered 
here, since the direct products involve either 6,* = {E,i) or 
which are isomorphic and have characters 1, 1 and 1,-1. 

The groups of the type ^nh {n even) are all expressible as a direct 
product of SDn with Ci which is usually indicated by X i, emphasizing 
the element i which generates the new group. Similarly, Cw/i = X 
when n is even. 

Table X-2. Isomorphisms and Direct Products Relating Certain 
Point Groups to e„ and S)„ 



n odd 

\ n even 


3D2n 

X i 

CnA 

Cn X CT,, 

X i 

Gtiv 

3>n 


$2n 

e« X i 


1 

£>« X i 

X)2n 


On the other hand, when n is odd, Qnh = 6n X which means that 
Cnfc is the direct product of Cn and e«. Finally, the groups g 2 n and 
T>nd (n odd) may be expressed as direct products g 2 n = Cn X i and 
3Dnd = 3Dn X i. These isomorphisms and direct product relationships are 
summarized in Table X-2. 
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The derivation of the character tables of the remaining groups, 3, 3ci, 
0, Ofc, and is more complicated and wUl not be attempted here. 
The interested reader may refer tp the treatise by Littlewood.^ 

Although molecular symm^etries are not limited to the cases n = 1, 2, 
3, 4, and 6 as are crystal symmetries, molecules possessing 7-fold and 
higher symmetries are presumably rare. For this reason, as a matter of 
convenience, explicit ^character tables will be given below only for n = 2 
through 6 together with the cubic groups and the infinite groups, Coot; 
and IDoofc, which express the symmetry of linear molecules. 


X-6. Species Notation 

It is customary to designate the one-dimensional species by the letters 
A or By the two-dimensional species by By three-dimensional species by 
F. A and B distingui^ the species which are respectively symmetric or 
antisymmetric with respect to the generating operation Cn in the groups 
£>n, or to the corresponding operations in groups isomorphic with SDn.. 
Subscripts 1 or 3 are used with A or B to designate the species which are 
symmetric or antisymmetric under one of the twofold rotations about an 
axis perpendicular to the principal symmetry axis in a)n, or its analogue, 
such as a vertical plane, in a group like 6nt» which is isomorphic with 
Finally, when a group such as ^nh is constructed by forming a direct 
product, all the species are doubled. The species which are symmetric 
under i are given a subscript Qy while the antisymmetric species are 
denoted with a subscript u. If the direct product employs the horizontal 
plane, o-*, as the generating element, the species symmetric under cr* are 
primed and the antisymmetric species are double primed. 

Numerical subscripts are also employed in the case of degenerate 
species, E, F, etc. The subscripts on E may be identified with the index I 
of (34); loosely speaking, one might say that Ei represents the transformar- 
tion properties of coordinates which rotate I times as fast as the cartesian 
coordinates, x and y, which are always taken in the plane perpendicular 
to the principal symmetry axis. 

Although the cyclic groups have one-dimensional species, the charac¬ 
ters are frequently complex numbers. It is sometimes convenient to 
group the species by pairs where the characters of one member of the 
pair are the complex conjugates of the corresponding characters of the 
other member of the pair. Then if these pairs are regarded as doubly 
degenerate species, the resultant characters (sum of a number and its 
complex conjugate) will all be real. In the following tables the complex 
characters of each representation of the pair are given, but the species 
notation E is used for the pair to emphasize the frequency degeneracy. 

1 D. E. Littlewood, “The Theory of Group Characters/' Oxford, New York and 
London, 1940. 
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Table X-3; Character Tables of C*, and the Cyclic Groups e« 




(n = 2, 3, 4, 5, 6) 

c. j 

E 

rh 



1 

1 1 T X, T y] Rx 

Otxx) ^yyj OlgXf 0£»y 

A" 1 

1 

1 1 T* J Rzf Ry 

<5£y*, OCgx 


c. 

B i 



Ay j 

1 

1 

R 

a 

A. 1 

1 

-1 

T 



e* 

E C 2 j ! 


A 

1 1 

i T.; R. 

OlxXf Ctyy, atXf OLxy 

B 

1 -1 

i T., Ty; R., Ry 1 

ayx, CLtx 


Cs 

E C, Cl 


2ir» 

e « e 3 

A 

1 1 1 

T. ] R. 

Otxx “f* CCyy, agt 

E 

i: :• :*) 

{Ty,Ty)-, (R.,R.) 

(otxx ocyyj («»*,«#») 


C 4 

E C 4 Ct c; 



A 

1111 

T. ; R. 

OLxx “h ®VV» 

B 

1 -1 1 -1 


OLxx ®|fV> 

E 

11 1-1 

ti -i -1 »/ 

{Ty,Ty); iRy,R,) 

(«»*,«#») 










2iri 

Ci 

E 

c, 

Cl 

Cl 

ct 



e » € 5 

A 

1 

1 

1 

1 

1 

T., 

Rt 

otxx “h Olyy, OtxX 

Ex 

(1 

c 

€* 

e* 

^2* 


n 

(T.:Tih 

{RxfRy) 

{Otyx, Of,x) 

Et 

{: 


€* 

e 

€ 

e* 




(xOCxX Otyy^ OCxy) 
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Table X-4. Character Tables op the Dihedral Groups a)* 

(n « 2, 3, 4, 5, 6) 


s>t* “ V 

E 

C,(z) 

CM Ctix) 



A 

1 

1 

1 

1 


Otjtxy 

Bi 

1 

1 

-1 

-1 

T^Rs 


Bt 

1 

-1 

1 

-1 

Ty, 

a.M» 

B, 

1 

-1 

-1 

1 

T,,R, 

0(y» 


s>« 

E 2Ci 3C, 



Ai 

111 


«*» + Otyyf CLmm 

Ai 

1 1-1 

T.;R, 


E 

2-1 0 

(TxjTy)*, {RxjRy) 

(<**» “ Clyy, CXsy); (otys,ass) 



3)6 

E 

2<7i 

2C| 

6Cs 



ill 

1 

1 

1 

1 


otxx ”1“ *^vyt 

A 2 

1 

1 

1 

-1 

'Ezy R» 


El 

2 

2 cos 72® 

2 cos 144® 

0 

{TxyTy)} {RxfRy) 

{oLyMyCtnx) 

E% 

2 

2 cos 144® 

2 cos 72® 

0 


{cLxx ‘ ^»v) 


3)6 

E 

2C6 

2C8 

Ci 

3 C 2 

3c;' 



ill 

1 

1 

1 

1 

1 

1 


OCxx -f Olyyy OLtu 

A 2 

1 

1 

1 

1 

-1 

-1 

T»j Ru 


B, 

1 

-1 

1 

-1 

1 

-1 



Bi 

1 

-1 

1 

-1 

-1 

1 



El 

2 

1 

-1 

-2 

0 

0 

(TxfTy)f (Rx,Ry) 

*}<*»») 

Ei 

2 

-1 

-1 

2 

0 

0 


(of** ^vv) ®»y) 


* Because of the complete equivalence of the three twofold axes, the species notation 
is modified in this group as compared with the other SDn 
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Table X-5. Characteb Tables of the Groups 
Oni> (r ~ 2, 3, 4, 5, 6 ) 



C 21 ? 

E 

c, 

<r»( 2 x) 

<Tv{yz) 





1 

1 

1 

1 


T. 

(XxZ) OLyVi Ottx 


Az 

1 

1 

-1 

-1 


R. 

OCxy 


B, 

1 

-1 

1 



T^;Ry 

<Xkx 


Bz 

1 

-1 

-1 

1 

j Vy Bx 1 

Otyx 

Oav 1 

E 2Cs 

ZcTv 1 






1 

1 

1 

1 


T, 


OtxX "f* Olyy, Otgz 

‘4-2 1 

1 

1 

-1 


R. 




E 1 

2 - 

-1 

0 

1 {T.,Tyy, {R,,Ry) \ 


^VVy ^xy)'i 


e„ j 

E 

2Ca 

C 2 

2 <tv 

2o‘<f 



Ai 

1 

1 

1 

1 

1 

Tx 

GCxx “1” ^yyf 

A, 

1 

1 

1 

-1 

-1 

Rx 


Bi 

1 

-1 

1 

1 

-1 


Otxx ^yy 

82 

1 1 

-1 

1 

-1 

1 


^*y 

E 1 

1 2 

0 

-2 

0 

0 

(TxyTy); (RxM 

(oiyMfatx) 


65 ,. j 
_ 1 

E 

2C, 

2Cl 

b<rv 

! 


A. j 

1 

1 

1 

1 

1 T. 

Ofxx "f" ^VVy Oitt 

Ai 

1 

1 

1 

-1 

R. 


El 

2 

2 cos 72° 

2 cos 144° 

0 

1 (TxyTy)) (Rx,Ry) 

{ptyxyCixx) 

Ez j 

2 

2 cos 144° 

2 cos 72° 

0 

1 

{otxx ^yyy <^xy} 


eg. 

E 

206 

2Ci 

C 2 

ScTv 

Sa-d 




1 

1 

1 

1 

1 

1 

T. 

OCxX + CXyy, atz 

Az 

1 

1 

1 

1 

-1 

-1 

R. 


Bi 

1 

-1 

1 

-1 

1 

-1 



Bz 

1 

~1 

1 

-1 

~1 

1 



El 

2 

1 

-1 

-2 

0 

0 

(l^Xf'Ey)’, (RxfRy) 

{oCyt,axx) 

Ez 

2 

-1 

-1 

2 

0 

0 


ifitxx ^yyy O?®!/) 
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Table X-6. Character Tables of the Groups 


<3aA 

E 

c. 

(n « 

i 

2, 3, 4 

5, 6) 


A, . 

1 

1 

1 

1 


Otxxy Ofj/Vj Olxv 

B, 

1 

-1 

1 

-1 

Rxf Ry 

Oiygf Otgx 

A„ 

1 

1 

-1 

-1 

r. 


Bu 

1 

-1 

-1 

1 

T xt Ty 











2iri 

Cat 

E 

c^ 

C\ 


s, 

s; 


e ** € ^ 

A' 

1 

1 

1 

1 

1 

1 

Rs 

Otxx + OCyyf ag» 

E' 

{; 

€ 

€* 

e* 

6 

1 

1 

e 

€* 

;•) 

{TxfTy) 

(oCxx ^xy) 

A" 

1 

1 

1 

-1 

-1 

-1 

Tg 


E" 

(1 

e 

€* 

e* 

e 

-1 

-1 

— e 

-6* 

;;•) 

(RxfRy) 

(oCyt,agx) 


eih 

E 

C4 

Ca 

c: 

i 

S\ 

<rh 

^4 



A, 

1 

1 

1 

1 

1 

1 

1 

1 

Rg 

Otxx + Olyy, «« 

B, 

1 

-1 

1 

-1 

1 

-1 

1 

-1 


Otxx Otyyy Olxy 

Be 

{; 

i 

—i 

-1 

-1 

— i 
i 

1 

1 

i 

~i 

-1 

-1 


{RxfRy) 

(otytfOCfx) 

A. 

1 

1 

1 

1 

-1 

-1 

-1 

-1 

Tg 


Be 

1 

-1 

1 

-1 

-1 

1 

-1 

1 



Be 

i: 

i 

— i 

-1 

i 

-1 

~1 

—t 

i 

1 

1 


iTx,Ty) 



Csh 

E 

Ci 

Cj* 

cv 

Ci* 


&% 


S6» 

Si* 


2vi 

5 

« **= e 

A' 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

12. 

otxx “1“ Olyy, OC»t 


i 1 

c 

ci 

e2>|( 

e* 

1 

c 


«*♦ 




El' 

il 

e* 

fi* 

(2 

e 

1 

€* 

e2>K 

«* 


(Ts,Ty) 


Et' 


e2 

€* 

e 

f2* 

1 

e* 


e 

6**1 


i^Ctxx — Otyy, Otxy') 

ll 

^241 

e 

e* 

f2 

1 

e2>l. 

e 

6* 

e* f 



A" 

1 

1 

1 

1 

1 

-1 

-1 

-1 

-1 

-1 

Tt 



i 1 

g 


f2* 


-1 

— e 

— 

— 6** 

-e* \ 



Ex" 

il 

«* 

e2* 

f2 

€ 

-1 

“ e* 

_ j2>l« 

-«* 

f 

{fix, Ry) 

oiy*t otxx 


il 

«* 

f* 

e 

g2* 

-1 

-e* 


— e 

~€»*l 



Ei" 

ll 


e 

e* 

(2 

-1 

— e** 

-€ 

-«♦ 

-€» 1 




Qih 

E 

Cl 

c» 

Ct 

Ct* 

Ce* 

t 

St* 

Si* 

Oh 

8i 

£^1 


2iri 

Ag 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

Rx 

otxx “ 1 “ otyy, otst 

Bg 

1 

-1 

1 

-1 

1 

-1 

1 

-1 

1 

-1 

1 

-1 



Elg 

11 

t 

«♦ 

— e 

-1 

-1 

— t 

€♦ 

C 

1 

1 

e 

e* 

— « 

-1 

-1 

— « 

-€* 

:*} 

(Rx,Ry) 

(cKy., Otxx') 


il 


— € 

1 


— e 

1 


— « 

1 

— «* 



/ \ 

Eig 

ll 


-t* 

1 

— € 

— «* 

1 

— « 

— e* 

1 

— « 

-«♦/ 


— Otyy, Otxy) 

Au 

1 

1 

1 

. 1 

1 

1 

-1 

-1 

-1 

-1 

-1 

-1 

T, 


Bu 

1 

-1 

1 

-1 

1 

-1 

~1 

1 

-1 

1 

-1 

1 




I 1 

e 

-e* 

-1 

— c 

«* 

-1 


i* 

1 

t 




Eiu 

il 

e* 

~ « 

-1 


e 

-1 


t 

1 

(* 

; 

(Tx.Ty) 


I?- 

{1 


— < 

1 


— e 

-1 


< 

-1 

t* 

e 1 



IStu 

ll 



1 

•—€ 

-6* 

-1 

c 


-1 

C 
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Table X- 7 . Tables op Characters of the Groups ^nh (n ~ 2 , 3 , 4 , 5 , 6) 


« Vk 

E 

c,(*) 

Ct{y) 

C,(x) 

i 

<T(.xy) 

c{zx) 

a{yz) 



Ag 

1 

1 

1 

1 

1 

1 

•1 

1 


Otxx^ <Xygf Otgg 

Bi, 

1 

1 


-1 

1 

1 

-1 

-1 

R. 

OLxy 

^ 2 flr 

1 


1 

-1 

1 


1 

-1 

Ry 

OLzx 

Bzg 

1 

-1 

-1 

1 

1 

-1 

-1 

1 

R, 

Clyt 

A„ 

1 

1 

1 

1 

-1 

-1 

-1 

-1 



Bin 

1 

1 

-1 

-1 

-1 

-1 

1 

1 

T. 


Biu, 

1 

-1 

1 

-1 

-1 

1 


1 

Ty 


B$u 

1 

-1 

-1 

1 

-1 

1 

1 

-1 

Ty 



SDs* 

E 

2C, 

3C* 


2^t 

3 <r, 



A[ 

1 

1 

1 

1 

1 

1 


OLxx + OLyy, CL„ 

A', 

1 

1 

-1 

1 

1 

-1 

R. 


E' 

2 

-1 

0 

2 

-1 

0 

(.Ty,Ty) 

{plx9 «*») 

A[' 

1 

1 

1 

-1 

-1 

-1 



Ay' 

1 

1 

-1 

-1 

-1 

1 

T. 


E" 

2 

-1 

0 

~2 

1 

0 

(RxjRy) 

(ary„at,,) 


_ 1 

E 

2C4 

Ct 

2C; 

2c;' 

i 

2^4 

«r* 

ar. 

2crrf 



A \g 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 


ctxx “{” ^yyt 

A2a 

1 

1 

1 

-1 

-1 

1 

1 

1 

-1 

-1 

R. 


B\g 

1 

-1 

1 

1 

-1 

1 

-1 

1 

1 

-1 


Clxx — Oiyy 

B^g 

1 

-1 

1 


1 

1 

-1 

1 

-1 

1 


CLxy 

Eg 

2 

0 

-2 

0 

0 

2 

0 

~2 

0 

0 

i^RxfRy) 

(oty*,a*a:) 

Aiu 

1 

1 

1 

1 

1 

-1 

-1 

-1 

-1 

-1 



Atu 

1 

1 

1 

-1 

-1 


-1 

-1 

1 

1 

T. 


B,u 

1 


1 

1 

-1 

-1 

1 

-1 

-1 

1 



B2u 

1 

-1 

1 

-1 

1 

-1 

1 

-1 

1 

-1 



Eu 

2 

0 

-2 

0 

0 

-2 

0 

2 

0 

0 

{Ty,Ty) 




E 

2C, 

2C»* 

SCj 

trk 

2St 

2Sb* 




Ax' 

1 

1 

1 

1 

1 

1 

1 

1 


Otxx CCyyr «J»* 

At* 

1 

1 

1 

-1 

1 

1 

1 

-1 

R, 


Ex' 

2 

2 co» 72® 

2 cos 144® 

0 

2 

2 cos 72® 

2 cos 144® 

0 

(Tx,Tg) 


Et' 

2 

2 coft 144® 

2 cos 72® 

0 

2 

2 cos 144® 

2 COB 72® 

0 


(ctcs ~ Ctygt <*xy) 

Ax** 

1 

1 

1 

1 

-1 

-1 

-1 

-1 



At" 

1 

1 

1 

-1 

-1 

-1 

-1 

1 

Tt 


Ex" 

2 

2 coa 72® 

2 cos 144® 

0 

-2 

-2 cos 72® 

-2 cos 144® 

0 

iRx,Ry) 


Et" 

2 

2 cos 144® 

2 cos 72® 

0 

-2 

-2 cos 144® 

-2 cos 72® 

0 
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Table X-7. Tables of Characters of the Groups 2>nJi (n == 2, 3, 4, 5, 6) 

{Continued) 



E 

2 C 6 

2C% 

C% 

3 Ca' 

SCa" 

i - 

2 S, 

256 

ah 

Sad 

3 .. 



A\q 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 


tXxx "f" 

Aict 

1 

1 

1 

1 

-1 


1 

1 

1 

1 



R . 


H\q 

1 

-1 

1 

-1 

1 


1 

-1 

1 

-1 

1 




Rig 

1 

-1 

1 

-1 

-1 

1 

1 

-1 

1 

~1 

-1 

1 



Elg 

2 

1 

-1 

-2 

0 

0 

2 

1 

-1 

-2 

0 

0 


(ayZfOUx) 

Eig 

2 

-1 


2 

0 

0 

2 

-1 

-1 

2 

0 

0 


(ttx* ■“ a»y, a*v) 

Aik 

1 

1 

1 

1 

1 

1 * 

-1 

-1 

-1 

-1 

-1 

-1 



A % u \ 

1 

1 

1 

1 


-1 


-1 

-I 

-1 

1 

1 

T , 


Biu 

1 

-1 

1 

-1 

i 

-1 

~1 

1 

-1 

1 


1 



Biu 

1 


1 

-1 

-1 

1 

-1 

1 

-1 

1 

1 




Eiu 

2 

1 

-1 

-2 

0 

0 

~2 

-1 

1 

2 

0 

0 

{T^,Ty) 


Eiu 

2 

-1 

~1 

2 

0 

0 

-2 

1 

1 

-2 

0 

0 




Table X-8. Character Tables of the Groups (n « 2, 3, 4, 5, 6) 



E 

2814 

C2 

2c; 

2crrf 



Ai 

1 

1 

1 

1 

1 


<Xxx H“ 

Aa 

1 

1 

1 

-1 

-1 

R, 


Bi 

1 

~1 

1 

1 

i 


Olxx ^yy 


1 

-1 

1 

-1 

1 1 

T. 

Otxy 

E 

2 

0 

-2 

0 

0 i 


{oCytfCXzx) 


Siii 

E 

208 

3 C 2 

i 

286 

Z<rd 



A.lg 

1 

1 

1 

1 

1 

1 


Otxx + Olyy, <Xzz 

A2g 

1 

1 

-1 

1 

1 

-1 

R. 


Eg 

2 

-1 

0 

2 

-1 

0 

{R„ Ry) 

{ctxx OEyV) {oLygfCXzx) 

Alu 

1 

1 

1 

-1 


-1 



Aiu 

1 

1 

-1 

-1 

-1 

1 

T, 


Eu 

2 

-1 

0 

-2 

1 

0 

{Ty, Ty)\ 




E 

288 

204 

2 S| 

Oi 

40; 

4a d 



Ai 

1 

1 

1 

1 

1 

1 

1 


otxx ~h ^VVf 

A 2 

1 

1 

1 

1 

1 


-1 

R. 


Bi 

1 

-1 

1 

-1 

1 

1 

-1 



B, 

1 

-1 

1 

-1 

1 

~1 

1 

T. 


El 

2 

V2 

0 

-V2 

-2 

0 

0 

{Ty,Ty) 


E 2 

2 

0 

-2 

0 

2 

0 

0 


{ocxx ^vvf ^xy) 

Ez 

2 

-V2 

0 

V2 

-2 

0 

0 

{RxfEy) 

{oiyZjCizz) 
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Table X-8. Character Tables op the Groups ^nd (n = 2, 3, 4, 5, 6). 

{Comifi.ued) 


SD»d 

E 

2C6 

2C»* 

5C» 

i 

25io« 


2Sto 




Aly 

1 


1 

1 

1 

1 


1 


1 

11 


et^M + «w, 4-** 

A-tg 

1 


1 

1 

-1 

1 


1 


1 

-1 

n. 


Eia 

2 

2 C 08 72° 

2 cos 144° 

0 

2 

2 cos 72° 


2 cos 144° 0 

(fts.fty) 


Bio 

2 

2 cos 144° 

2 cos 72° 

0 

2 

2 cos 144° 


2 cos 72° 0 


(at** — otf,jf, ae«y) 

Alt, 

1 


1 

1 

1 

-1 

- 

1 


-1 

-1 



A»t« 

1 


1 

1 


-1 

- 

1 


~1 

1 

Ts 



2 

2 cos 72° 

2 cos 144° 

0 

-2 

-2 cos 72° 

— 

2 cos 144° 0 

iTx,Ty) 


Eiu 

2 

2 cos 144® 

2 cos 72° 

0 

-2 

— 2 cos 144° 

- 

2 cos 72° 0 






E 

25u 2C6 

2 S 4 

2cr^ 

2Slx» 

Ct 

60/ ftrd 






Ai 

1 

1 1 

1 

1 

1 

1 

1 

1 


CtMx 4" Otyi/, CttM 



Ai 

1 

1 1 

1 

1 

1 

1 

-1 

-1 

ft. 





Bi 

1 

-1 1 


1 

-1 

1 

1 

-1 






Bt 

1 

-1 1 

-1 

1 

-1 

1 

-1 

1 

Tm 





El 

2 

1 

0 

-1 

-Vs 

-2 

0 

0 

(Tz.T^) 





El 

2 

1 -1 

-2 

-1 

1 

2 

0 

0 


(ttar* • 

- ecyy, amv) 



Et 

2 

0 -2 

0 

2 

0 

-2 

0 

0 






Ei 

2 

-1 ~1 

2 

-1 

-1 

2 

0 

0 






Et 

2 

-V3 1 

0 

~1 

V3 

-2 

0 

0 

(ftnfjfty) 

(ay»,a*») 


Table X-9, Character Tables of the Groups /S» {n = 4, 6, 8) 


§4 

E Si Ci SJ 



A 

1111 

Rn 

CLxx “f* ^VVi 


1 1 ~1 1-1 

Tn 

ocxx ^vvf oixy 

E 

if; 1} 

i!Ex,Ty)\ (RxfRy) 

ioiyz) <*«) 


Se 

E Cz Cl i Si Si 


2'iri 

Se — Oa X i e « 6 ^ 


I 

111 11 1 

Rx 

<Xxx "4“ OiyVf 

E„ 

|1 * 1 £ 6»| 

11 e* « 1 e* « / 

{Rx,Ry) 

{oCxx ^yvi ^xy) j( Otya^ Ottj^ 

Au 

111 -1-1 -1 

Tx 


Eu 

fl « 6* -1 -6 -eM 
\l f* t -1 -6* -« i 

iTx,Ty) 



E Ss C4 Ci /SsS C 43 





8 


1 

-1 


:*} 

■n 


i2, 

T, 


azx •f* «** 

(aaw — ayy, <**») 

(av*» «*«) 


(5rx,T^); (ft*,fix,) 
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Table X- 10 . Character Tables of the Cubic Groups, 3 , 3 ^, 3 d, ©, Qk, 


3 

E 4 C, 4 C* 3 Cs 


2irt 

. = e8 

A 

111 1 


Olxx + Olyy 4- a„ 

E 

|1 . e* 11 

ll €* € Ij 


(.Olxx 4 " Olyy 2o£*4, Olxx Olyy) 

F 

CO 

0 

0 

1 

T, R 

(oixy,Olyg,ClBx) 


3a = 3 X T in F«; R in Fg; a in Ag, Eg, Fg 


3 d I E 8C3 3C2 6^4 6<rd 


© 

B 

F, 

F 2 


E SCz ZC, 6C4 6C' 


11111 

i 1 1 -1 "1 

2-1200 

3 0-1 1 -1 

3 0-1-1 1 


I OtxX 4- Oiyy -f 

~i“ ^yv ““ 2q!**, Olxx ®vv) 
(otxv,Ctyz,Oltx) 


©A = 0 X i; T in Fi„; R in Fig] ql in Aig, Eg, F20 



E 

12C5 

12C^. 

2OC3 I6C2 



A 

1 

1 

1 

1 1 


Olxx 4 * Olyy 4 * Olgg 

Fi 

3 

1 + Vs 

2 

1 - Vs 
2 

0 -1 

T, R 


F2 

3 

1 - v's- 
2 

1 + Vs 
2 

0 

1 



G 

4 

-1 

-1 

1 0 



H 

5 

0 

0 

-1 0 


(OIXX 4 - Olyy — 2 a„, dxx — dyy, 







Olxyi Olyt, OCgx) 




^ X i; T in Flu] R in 

lg\ a in Ag, Hg 


Table X-11. Character Tables of the Groups, Coor and SD^a, for 
Linear Molecules 


Cool 


E 2Ct 

. . 


oOiTp 



A, s 

s+ 

1 1 



1 


Tg 


Olxx 

4" Olyy, Olgz 

A, s 

s- 

1 1 



-1 


Rg 




El ^ 

n 

2 2 cos 



0 


,r»); («x, fi.) 


(ayg,Oltx) 

El — A 

2 2 cos 2<^ 



0 




(dxx 

Clyy, Olxy) 

B, = 4> 

2 2 cos 3<^ 



0 






©004 

E 


90<rv 

i 

2. 

Soo*^ 

... »€% 




25a+ 

1 

1 , . . 

1 

1 


1 

... 1 



ctxx 4- OlyVt Ot** 

Xg~ 

1 

1 ... 

-1 

1 


1 

... -1 


Rs 


n. 

2 

1 2 cos 0 ... 

0 

2 

—2 cos 0 

0 

(Rx,Ry) 

(ctyg,tXgx) 

A, 

2 

! 2 cos 20 ... 

0 

2 

2 cos 20 

0 



(atxx — CTyy, axy) 


1 

1 ... 

1 

-1 

— 

1 

... -1 


Tg 



] 

1 ... 

-1 

-1 

— 

1 

... 1 




Uu 

2 

! 2 cos 0 ... 

0 

-2 

2 cos 0 

... 0 

; iTg,Ty) 


^u 

2 

) 2 cos 20 ... 

0 

-2 

—2 cos 20 

... 0 
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X-6. Symmetry Species of Combinations: Direct Products of 
Irreducible Representations 

In Sec. 7-3 it was shown that the symmetry species of combination 
levels could be found by taking the direct product of two irreducible repre¬ 
sentations, It is possible to summarize the results of such calculations 
in the form of some simple rules about products of the types A X A ^ A, 
A X B ^ B, etc. This is done in Table X~12. 

Table X- 12 . Multiplication Properties of Irreducible Representations 
General rules: 

A X A == A, B X B ^ A, A X B B, A X E ^ E, B X E ^ E, A X F ^ F, 
BXF-F;gXg = g, u Xu ^g, u X g - u; ' X ' X " ^ ' X '' " 

A X El = El, A X E 2 — E 2 * B X El — E 2 , B X E 2 = Ei 

Subscripts on A or B: 

1X1 = 1, 2X2 — 1, 1X2=2^ except for T >2 = V and = Vh, where 
1 X 2 =^3, 2X3 = 1, 1X3-2 

Doubly degenerate representations: 

For 63 , Ca/,, 63 , , 2 ) 3 , 2 D 3 A Dsd, Csv, SDe, SDw, 0, C/i, 3, 3d, 3/i: 

El X El ^ E 2 X E 2 ^ Ai A 2 E 2 
•’ El X E 2 Bi B 2 El 

For 64 , e 4 t,, 2 D 2 d, 2 ) 4 , 5 ) 4 ^, S 4 : E X E — Ai Ai -{- Ri -f- B 2 

For groups in above lists which have symbols A, B, or E without subscripts, read 
Ai — A 2 = etc. 

Triply degenerate representations: 

For 3d, 0, Oh' E X Fi = jE^XF 2 =Fi-|“F 2 

Fi X Fi F 2 X F 2 = Ai E A-Fi *i-F’2 

FiXF2 = A2"f'jE'"f-Fi-|“F2 

For 3, 3 a: Drop subscripts 1 and 2 from A and F 

Linear molecules and SDoca): 

2+ X = S" X S- = 2+ X S- =» 

2 + X n = S- X n = H; 2+ X A = X A = A; etc. 
nxn = 2+-f2--fA 
AXA=2+-!-S“-fr 

n X A = n + ^ 

As an example of the use of Table X-12, consider the resolution of the 
direct product ^ 2 ^ X X in $)6 a. Since Ei X E 2 = Bi + B 2 + Ei 
and since g X u = u, Eig X E 2 U — Biu A- B 2 U + Ei^. Employment of 
the rules, A 2 X Bi — B 2 , A 2 X B 2 — J5i, and A 2 X Ei = Ei, leads to 
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A 21 / X Eig X E^u — A 2a X {Elu 4" B^u 4” -£^iw) 

“ E^u 4~ Eiu 4~ Eiu 

X-7. Overtones of Degenerate Fundamentals 

The method of determining the symmetry species of such levels was 
described in Sec. 7-3. Table X-13 summarizes the results of such 
calculations for the more important groups. 


Table X- 13 . Symmetry Species of Overtones of Degenerate FundamexVtals 
General rules: 


(9)'" — g\ (w)® « g if v is even, = w if is odd; (0^ ~ (Oj == (') if 2^ is even, 
= (") if V is odd 


Doubly degenerate fundamentals: 

For 63, Cap, Csa? 2)3, 2)3A, 3 , 3 d, 3 a. 0, 6^: 
V even 

V —2 

Let —2 - ^ + q 

where ?? = 0 , 1 , 2 , 3 , , . . 

^ - 0 , 1 , 2 

(E)- = ^ -f p(Ai + ^2 -f 2E) 

~{-E if ^ ~ 1 
or 

+Ai -f As + F/if g = 2 


V odd 

V + 1 

Let = 3 p + g 

where p = 0 , 1 , 2 , 3 , . . . 
g = 0, 1, 2 

(Ey - p{Ai + A, -{-2E) 
y-E if g — I 
or 

-j-Ai A 2 E ii q — 2 


For Ce, Cer, CeA, 2 > 6 , ‘L)3d, 2 ) 6 a, §6*. Use same rules as for C3, etc., with following modifi¬ 
cations: 


V even 


V odd 


(JE’i)’^: Put subscript 2 
on E 

(£^2)®: Put subscript 2 
on E 


(jE'i)®: Change A to B) put 
subscript 1 on 
{E2y’: Put subscript 2 
on E 


For C 4 , ©40, C 4 A, 3^4, 3^2 d, §4. 

V even v odd 

Let I = 2 p + 5 {EY = E 

where p = 0. 1, 2, 3 , ... 
g = 0, 1 

{Ey — AI p{AI + A2 + ^1 4* B^ 

-+- q{B\ -f- B 2 ) 


For Linear molecules (Coo-o or 3 )ooa) : 

V even v odd 

{Eiy =* Ai 4- E 2 + ■£’4 4- E^ 4* • ', ’ 4" Ev {Eiy — Ei -j~ Ez H- 4" ■ * * *4 Ev 
where Ai - S+ Ei = n, E2 -- A, E3 = 4 >, i?4 = T, etc. 
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Table X-i3. Symmetry Species of Overtones of Degenerate Fundamentals 

(Continued) 

Triply degenerate fundamentals: 


For 3d, 0,0/^: 

V even 

Let I == 6p -f. 3 

where p = 0, 1, 2, 3, 4, . . . 

q - 0, 1, 2, 3, 4, 5 
(Fi)- = pF + p(3p + g - 3)r' 

+ Tqifq 9^0 

r - 7Ai + 3 A 2 -f 9E + 9Fi + 12 F 2 
r' = Ai + Ao -f 2E 4- 3Fi + 3 F 2 
Fi == Ai -f F + F2 
Fs - 2Ai -f 2F 4-Fi + 2 F 2 
F 3 = 3Ai + A 2 -1- 3F 4" 2Fi 4“ 4F 2 
r 4 = 55 = 4Ai 4" A 2 4 - 5F 4* 4FI 4- 6 F 2 
Fs = 5Ai + 2 A 2 4- 7F 4- 6F^ 4- 9 F 2 

(F2)^' - (Fi)- 

For 3 , 3a; Use the same rules as for 3d, etc., 


V odd 

Let = 6p + 3 

•svhere p = 0, 1, 2, 3, . . . 

g = 0, 1, 2, 3, 4, 5 
Fi(0 - pr 4- p(3p 4- g “ 3 )f' 

if Fg if g 7 ^ 0 

F == Ai 4 - 4 A 2 4- 5F + 12Fi 4- 9 F 2 
F' =s Ai 4“ A 2 4“ 2F 4" 3Fi 4- 3 F 2 

Pi s= Fi 

F2 = A2 4 “ 2Fi 4 " ^2 
Fa - A2 4 - F 4 - 4 Fi -h 2F2 
F^ - 2A2 + 2 F + 6F1 + 

F 5 == Ai 4 - 3 A 2 4“ 3F 4“ 9F1 4- 6 F 2 
(F 2 )*: Same as Fi(^) but with subscripts 
1 and 2 permuted 

but drop the subscripts 1 and 2. 


X- 8 . Correlation Tables 

The methods of constructing symmetry coordinates described in Chap. 
6 and the analysis of the symmetry species of the vibrations of a molecule 
whose symmetry is altered by isotopic substitution as discussed in 
Chap. 8 both made use of the relation between the species of a given 
group and those of its subgroups. For convenience, many such relations 
are given below in Table X-14. 

In some instances, more than one correlation exists between a given 
pair of groups. Thus the correlation between SDoa and can be naade in 
at least two ways, depending upon the choice of the twofold axis, which 
may be either Cj or C"/ (e.g., a symmetry axis for a CH bond or a CC bond 
in benzene). 

When more than one correlation exists, the situation is defined by 
specifying the choice of symmetry operation from the larger group. 
Examples are e 4 „ 6 . where cr„ or ira written over the column listing the 

species of the subgroup means that the respective planes become the (sole) 
plane of symmetry of 6 s; for the correlation Dsfc 62 *, the symbols 
Ci{z), Ciiy), Ciix) indicate which of the three twofold axes of S,* becomes 
the twofold axis of 62 *. 

Ambiguities also occur with groups §uch as 62 ^ in which the species Bi 
and Bt are determined only by some conventional specification of the two 
vertical planes, and with the “four” groups, 3 D 2 = 
a) 2 A = Vh, for which the species Bi, Bt, and B 3 are determined only by estab¬ 
lishing a convention as to the directions of the (twofold) x, y, and z axes. 
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X- 14 . 
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Correlation Tables for the Species 

OF A 

Group 

[App. X 

AND Its 

64 

62 

Ce 

e* 

62 

Subgroups 

a>2 62 

02 02 

5)8 

05 

02 

A 

A 

A 

A 

A 

A A 

A A 

Ai 

A 

A 

B 

A 

B 

A 

B 

Bi A 

B B 

A2 

A 

B 

E 

2 B 

El 

E 

2 B 

B2 B 

A B 

E 

E 

A 



E2 

E 

2 A 

Bz B 

B A 








c' 

cr 




5)4 

04 

02 


ej 

^5 

06 

02 

Ai 

A 

A 

A 

A 

Ai 

A 

A 

A 2 

A 

A 

B 

B 

A2 

A 

B 

Bi 

B 

A 

A 

B 

El 

El 

A +B 

B2 

B 

A 

B 

A 

Ez 

E2 

A +B 

E 

E 

2 B 

4 + B 

A + B 





SDe 

06 

c; 

5)3 

C" 

5)3 

5)2 

03 

02 

c; 

e* 

c" 

62 

Ai 

A 

Ai 

Ai 

A 

A 

A 

A 

A 

A, 

A 

A2 

A2 

Bi 

A 

A 

B 

B 

Bt 

B 

Ai 

A2 

B2 

A 

B 

A 

B 

B, 

B 

A 2 

Ai 

Bz 

A 

B 

B 

A 

El 

El 

E 

E 

B2 4 “ Bz 

E 

2 B 

A + B 

A ^ B 

E2 

E2 

E 

E 

A ^Bi 

E 

2 A 

A + B 

A -{■ B 




cr(zx) 

criyz) 




02 t 

02 

0 , 

0 . 

03 v 

08 

0 . 

Ai 

A 

A' 

A' 

Ai 

A 

A' 

A2 

A 

A" 

A" 

A2 

A 

A" 

Bi 

B 

A' 

A" 

E 

E 

A' 4 - A" 

Bi 

B 

A" 

A' 







O’. 

<Td 


<T, 

CTd 

04p 

04 

62. 

02. 

02 

0, 

0, 

Ai 

A 

Ai 

A. 

A 

A' 

A-' 

A2 

A 

A 2 

A2 

A 

A" 

A" 


B 

A I 

A2 

A 

A' 

A^' 

B2 

B 

A2 

A, 

A 

A" 

A^ 

E 

E 

-Si 4 " B2 

Bi + Bt 

2S 

A' 4 - A'' 

A' 4 - A 
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Table X-14. Correlation Tables for the Species op a Group and Its 
Subgroups (Continued) 


Cbv 

e. 


e. 

eav 


<^v 

Osr 

(Td 

Qzv 

(Tv—* <r(zx) 

&iv 

63 

62 

e. 

<Xd 

e. 

A 1 

A 


A' 

Ai 

\ A 

Ai 

Ai 

Ax 

A 

A 

A' 

A' 

A* 

A 


A" 

A 2 

A 

A 2 

At 

At 

A 

A 

A" 

A" 

Ex 

El 

A 

-f A" 

Bi 

B 

Ai 

A, 

Bx 

A 

B 

A' 

A" 

E 2 

Ei 

A' 

+ A" 

B 2 

B 

A 2 

Ax 

Bt 

A 

B 

A" 

A' 





El 

El 

E 

E 

Bx +Bt 

E 

2B 

A' 4- A" 

A' 4 A" 





E 2 

E 2 

E 

E 

Ax + At 

E 

2A 

A' 4 A" 

A' 4 A" 




O 2 A 

e* 

e. 

e< 

e»H 

e, e. 




A, 

A 

A' 

A, 

A' 

A A' 





B, 

B 

A" 

A, 

E' 

E 2A' 




Au 

A 

A" 

Au 

A" 

A A‘ 





Bu 

B 

A' 

Au 

E" 1 

1 E 2A" 


e4k 

64 

S 4 

&2h 

62 

e. 

e< 

Qbh 

! eg 

e. 

Aff 

A 

A 

A, 

A 

A' 

Ag 

A' 

A 

A' 

B, 

B 

B 

A, 

A 

A' 

Ag 

E'x 

El 

2A' 

E, 

E 

E 

2B, 

2B 

2A" 

2Ag 

E't 

E 2 

2A' 

A„ 

A 

B 

Au 

A 

A" 

Au 

A" 

A 

A" 

Bu 

B 

A 

Au 

A 

A" 

Au 

E'x 

El 

2A" 

Eu 

E 

E 

2Bu 

2B 

2 A' 

2Au 

E't' 

E 2 

2A" 


CsA 

e. 

Qzh 

§6 

e2h 

Qz 

02 

e. 

Ct 

A, 

A 

A' 

A, 

Ag 

A 

A 

A' 

Ag 

B, 

B 

A" 

A, 

Bg 

A 

B 

A" 

Ag 

Elg 

El 

E" 

E, 

2Bg 

E 

2B 

2A" 

2Ag 

E2g 

E 2 

E' 

E, 

2Ag 

E 

2A 

2A' 

2Ag 

Au 

A 

A" 

A„ 

Au 

A 

A 

A" 

A u 

Bu 

B 

A' 

A„ 

Bu 

A 

B 

A' 

Au 

Eiu 

El 

E' 

Eu 

2Bu 

E 

2B 

2 A' 

2Au 

E 2 U 

E 2 

E" 

Eu 

2Au 

E 

2A 

2A" 

2Au 


iD2h 

©2 

Ci{z) 

(tu 

Ci{y) 

<S,iv 

Ci(x) 

Qiv 

Ci{z) 

Gih 

Ct(y) 

Qih 

Ct(x) 

Cih 

Ciiz) 

Qi 

Ciiy) 

di 

Ciix) 

e* 

a{xy) 

e. 

<r{zx) 

e* 

<F(y^) 

e. 

Ag 

A 

Ai 

Ax 

Ax 

Ag 

Ag 

Ag 

A 

A 

A 

A' 

A' 

A' 

Big 

Bi 

At 

Bi 

Bx 

Ag 

Bg 

Bg 

A 

B 

B 

A' 

A" 

A" 

Big 

Bi 

Bx 

Ai 

Bt 

Bg 

Ag 

Bg 

B 

A 

B 

A" 

A' 

A" 

Big 

Bi 

Bi 

Bx 

At 

Bg 

Bg 

Ag 

B 

B 

A 

A" 

A" 

A' 

Au 

A 

Ai 

Ai 

Ai 

Au 

Au 

Au 

A 

A 

A 

A" 

A" 

A" 

Biu 

Bi 

Ax 

Bx 

Bi 

Au 

Bu 

Bu 

A 

B 

B 

A" 

A' 

A' 

Biu 

Bt 

Bi 

Ax 

Bx 

Bu 

Au 

Bu 

B 

A 

B 

A' 

A" 

A' 

Biu 

Bt 

Bx 

Bi 

Ax 

Bu 

Bu 

Au 

B 

B 

A 

A' 

A' 

A" 
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Table X-14. Correlation Tables for the Species op a Group and Its 
Subgroups {Continued) 








<Th-^<rv{zy) 



<fh CTv 






© 3 a 


i )3 634, 

^2v 

e* 

62 

e, e. 







A' 

Ai At 

Ai 

A 

A 

A' A' 






< 

A' 

A2 A2 

B2 

A 

B 

A' A" 






E' 

E' 

E E 

Ai 4 " Bz 

E 

A A-B 

2 A' A' 4 - A" 






A': 

A" 

Ai A2 

Az 

A 

A 

A" A" 






A'^' 

\ A" 

A2 Ai 

Bi 

A 

B 

A" A' 






E" 

\ E" 

E E 

Az + -Si 

E 

A +B 

2 A" A' 4 * A" 










Cz 

cr 




3^4 

^2d 

^2d 

O41’ O4A 


^2h 


C4 

§4 

Alg 

A 

1 

A 

u 

Ai 

A 1 Ag 


Ag 

Ag 

A 

A 

Aiff 

A 

2 

A 

L2 

A2 

Az Ag 


Big 

Big 

A 

A 


Bi 

Bi 

B2 

Bl Bg 


Ag 

Big 

B 

B 


B 

2 

B, 

Bi 

Bz Bg 


Big 

Ag 

B 

B 

E, 

E 

E 

E 

E Eg 


Bzg 4 B^g 

Bzg 4 Bzg 

E 

E 

Aiu 

A 

1 

Bi 

Bi 

Az Au 


Au 

Au 

A 

B 

A.2« 

A 

2 

B^ 

B2 

Ai Au 


Biu 

Biu 

A 

B 

Biu 

B 

1 

A 

Li 

A 2 

Bz Bu 


Au. 

Biu 

B 

A 

Biu 

B 

’2 

A 

U 

Ai 

Bl Bu 


Biu 

Au 

B 

A 

Eu 

\ E 

E 

E 

E Eu 


Bzu 4 Btu 

Bzu A- Biu 

E 

E 




c; 


C" 

Czf CTv 


Cz, (Td 

C'z 


Cz 

©41 


©2 


©2 

ezr 


Czv 

e2„ 


Qzv 

(cont.) 











Alg 


A 


A 

At 


Ai 

At 


Ai 

A2g 


Bi 


Bi 

Az 


A 2 

Bt 


Bt 

Big 


A 


Bi 

At 


Az 

At 


Bt 

B20 




A 

A 2 


Ai 

Bt 


At 

E, 


B2 4 " Bs 

Bt 4 Bz 

Bl 4 " Bz 


Bl 4 - Bz 

Az 4 * Bz 

At + B, 

Alu 


A 


A 

Az 


Az 

Az 


Az 

A2U 


Bi 


Bi 

Ai 


Ai 

Bz 


Bz 

Biu 


A 


Bi 

A 2 


Ai 

Az 


Bz 

B2u 


Bi 


A 

Ai 


Az 

Bz 


Az 

E^ 

1 

\ B2 + Bz 

Bi 4 " Bz 

Bl 4 ' Bz 


Bl 4 ' Bz 

Ai 4 Bl 

Ai 4 “ B] 




Ci 

Ci' 

Ci" 

Ci Ci' 


Ci" ah 

ffv era 




SD4A 


eth 

(Bik 

<B2h 

Gi Gs 


Gi Ga 

Cs Ge 


Gi 

{cont.) 











Alg 

Ag 

Ag 

Ag 

A A 


A A' 

A' A' 


Ag 


A to 


Ag 

Bg 

Bg 

A B 


B A' 

A" A" 


Ag 


Bio 


Ag 

Ag 

Bg 

A A 


B A' 

A' A" 


Ag 


Big 1 

Ag 

Bg 

Ag 

A B 


A A' 

A" A' 


Ag 


Eg 


2Bg 

Ag -f Bg Ag + Bg 

2B A ^ B 

A 4- J 5 2A" 

A' 4 - A" A' 4 A" 

2Ag 


Alu 

Au 

Au 

Au 

A A 


A A" 

A" A" 


Au 


Aii 


Au 

Bu 

Bu 

A B 


B A" 

A' A' 


Au 


Biu 

Am 

Au 

Bu 

A A 


B A" 

A" A' 


Au 


Biu 

Am 

Bu 

Au 

A B 


A A" 

A' ' A" 


Au 


Eu 

1 

2Bu 

Au + Bm Au + Bu 

2B A + B 

A B 2 A' 

A' 4 - A" A' 4 - ^ 

1 

2Au 
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ah a { zx ) ah 

I 5)6 <“■5. Qhh Cs 62 ., 62 6, 6. 


A[ 

A. 

Ai 

A' 

A 

Ai 

A 

A' 

A' 

A', 

A, 

As 

A' 

A 

^.1 

B 

A' 

A" 

e[ 

El 

El 

K 

El 

Ai El 

A + B 

2 A' 

A' + A" 

E’t 

El 

E2 

K 

E2 

Ai A-Bi 

A + B 

2 A' 

A' + A" 

A[' 

A. 

A2 

A" 

A 

A2 

A 

A" 

A" 

A’^' 

A2 

Ai 

A" 

A 

B2 

B 

A" 

A' 

E[' 

El 

El 

K 

El 

A2 + B2 

A + B 

2A'^ 

A' + A" 

E',' 

El 

E2 

K 

E2 

A2 B2 

A A-B 

2A" 

A' + A" 



SDs 

Ct' 

©JA 

Ct" 

^3h 

Ce* 

Ce/i 

C'i" 

‘X)id 

Ct' 

‘Dsi 

<rh —*■ iT(.ry) 
<Tv (T{yz) 

^tk 

Cg 

Cth 

Ct' 

Ct" 

£)3 

(Tv 

6sv 

*rd 

Csp 

§6 

£>s 

— 



— 




— 

— 




— 





Alg 

Ax 

Ax' 

Ax' 

Ax 

Ag 

A Iff 

A Iff 

Aff 

A 

A' 

Ai 

Ai 

Ai 

Ai 

Aff 

A 

A-ig 

At 

At' 

At' 

At 

Ag 

A 2ff 

Azff 

Bxg 

A 

A' 

A 2 

At 

As 

As 

Aff 

Bx 

Big 

Bx 

Ax" 

At" 

Bt 

Bg 

^2ff 

A Iff 

Big 

B 

A" 

Ai 

At 

As 

Ai 

Aff 

Bt 

Btg 

Bz 

At" 


Bx 

Bo 

A Iff 

A%g 

Big 

B 

A" 

As 

Ai 

Ai 

As 

Aff 

Bz 

B\g 

El 

E" 

E" 

Ex 

Exg 

Eg. 

Eg 

Btg + Big 

Ex 

E" 

E 

E 

E 

E 

Eg 

Bt A" Bi 

Ezg 

Ez 

E' 

E' 

Et 

Etg 

Eg 

Eg 

Aff + -Siff 

Et 

E' 

E 

E 

E 

E 

Eg 

A + Bx 

Alu 

Ax 

Ax" 

Ax" 

At 

Au 

Axu 

Alu 

Au 

A 

A" 

Ax 

Ai 

At 

At 

Au 

A 

A2u 

Az 

At" 

At" 

Ax 

Au 

Atu 

Asu 

Biu 

A 

A" 

At 

As 

Ax 

Ai 

Au 

Bx 

Biu 

Bx 

Ax' 

At' 

Bx 

Bu 

Atu 

Alu 

Btu 

B 

A' 

Ax 

As 

Ax 

As 

Au 

Bt 

Bou 

Bz 

At' 

Ax' 

Bt 

Bu 

Axu 

Atu 

Biu 

B 

A' 

At 

Ai 

At 

Ai 

Au 

Bz 

Ela 

Ex 

E' 

E' 

Ex 

Exu 

Eu 

Eu 

Btu + Biu 

Ex 

E' 

E 

E 

E 

E 

Eu 

Bt^-Bi 

Eiu 

Et 

E" 

E" 

Et 

Etu 

Eu 

Eu 

Au + Bxu 

Et 

E" 

E 

E 

E 

E 

Eu 

A + Bi 


3 ) 6 A 

c: 

626 

C" 

C2P 

Cl 

eih 

C'l 

62* 

Cl 

62A 


Ct 

62 

(cont.) 

Alg 

At 

Ai 

A, 

Ag 

Ag 

A 

A 

Atg 

Bt 

Bi 

Ag 

B, 

B, 

A 

A 

J^ig 

\ A 2 

Bi 

B, 

Ag 

B, 

A 

B 

Btg 

1 Bi 

Ai 

B, 

B, 

Ag 

A 

B 

Big 

Ai + Bi 

A 2 "i“ B 2 

2B, 

Ag 4" Bg 

Ag 4 “ Bg 

E 

2B 

Btg 

Ai + Bi 

At “h Bi 

2A„ 

Ag + Bg 

Ag 4 " Bg 

E 

2A 

Alu 

Ai 

A 2 

Au 

Au 

Au 

A 

A 

Atu 

Bi 

B 2 

Au 

Bu 

Bu 

A 

A 

Bui 

Ai 

Bi 

Bu 

Au 

Bu 

A 

B 

Btu 

Bi 

Ai 

Bu 

Bu 

Au 

A , 

B 

E\u 

+ -Si 

Ai 4 ~ Bi 

2Bu 

Au 4” Bu 

Au 4 * Bu 

E 

2B 

Etu 

1 At Bt 

At Bt 

2Au 

Au 4“ Bu 

Au 4 “ Bu 

E 

2 A 
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Tables for the Species 
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Subgroups 

{Continued) 




c; 

c;' 

<rh 

<Td 

(Tv 


S)eA 

e, 

Ca 

e. 

e. 

e. 


(cont.) 







Ala 

A 

A 

A' 

A' 

A' 

A, 

A 

B 

B 

A' 

A" 

A" 

A, 

Big 

A 

B 

A" 

A' 

A" 

A, 

B2g 

B 

A 

A" 

A" 

A' 

A, 

Elg 

A B 

A B 

2A" 

A'’ A~ A'' 

A' 4- A" 

2A, 

Eig 

A B 

A + B 

2A' 

A' -h 

A' + A" 

2A, 

A lu 

A 

A 

A'^ 

A" 

A" 

A^ 

A 2 U 

B 

B 

A" 

A' 

A' 

Au 

Biu 

A 

B 

A' 

A" 

A' 

A« 

B 2 U 

B 

A 

A' 

A' 

A'-' 

A„ 

Eiu 

A + B 

A B 

2A’ 

A' -f A" 

A' + A" 

2A„ 

Eiu 

A -h B 

A A^B 

2A" 

A' + A'' 

A' + A" 

2A„ 


T)2d 

§4 

C 2 — ^ ^ 2 ( 2 ) 
3^2 

dtv 

Ca 

Ca 

c; 

Ca 

e. 

Ai 

A 

A 

A, 

A 

A 

A' 

A 2 

A 


Ai 

A 

B 

A" 

B. 

B 

A 

A 2 

A 

A 

A" 

B, 

B 


Ai 

A 

B 

A' 

E 

E 

J52 + Bs 

Bi +Ba 

2B 

A A- B 

A' + A" 


S) 2 <i 

©3 

Csv 

Se 

Cl 

<^2h 

62 

e. 

e< 

A ip 

Ai 

Ai 

A. 

A 

A, 

A 

A' 

Ag 

A 

A2 

A 2 

A. 

A 

B, 

B 

A'' 

Ag 


E 

E 

Eg 


Ag * 4 " Bg 

A A- B 

A' + A" 

2Aa 

Aiu 

Ai 

A2 

Au 

A 

Au 

A 

A" 

Au 

Ap.u 

A2 

A, 

An 

A 

Bu 

B 

A' 

Au 

Eu 

J 57 

J 5 ; 

Eu 

E 

Au "i“ Bu 

A A-B 

A' + A" 

2Au 


C2 c; 


2)4d 

0^4 

e4v 

Ss 

64 

^2b 

U 2 

62 

0-2 

62 

e. 

Ai 

Ai 

Ai 

A 

A 

Ai 

A 

A 

A' 

A 2 

Aa 

Ai 

A 

A 

Aa 

A 

B 

A" 

Bi 

Ai 

Ai 

B 

A 

A 2 

A 

A 

A" 

Ba 

A 2 

At 

B 

A 

Ai 

A 

B 

A' 


E 

E 

El 

je; 

Bi -f- B2 

2 i? 

A -AB 

A' -f A" 

Ei 

Bi “j- B2 

Bi -j- B2 

Ei 

2 B 

Ai -f" A 2 

2A 

A A^B 

A' + A" 

Ez 

E 

E 

Es 

E 

Bi -j~ Bi 

2J5 

A -h B 

A' + A" 
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Table X-14. Correlation Tables for the Species of a Group and Its 
Subgroups {Continued) 




a)w 

3)8 Csv 

Cs C 2 

e. 

Oi 




A\g 

A\ Ai 

A A 

A' 

Ag 




A 2a 

Az Az 

A B 

A" 

Ag 




Elg 

El El 

El A A" B 

A' + A" 

2Ag 




E2g 

Ez Ez 

Ez A + B 

A' + A" 

2Ag 




Alu 

Ai Az 

A A 

A" 

Au 




A 2 tt 

Az Ai 

A B 

A' 

Au 




Elu 

El El 

El A B 

A' + A" 

2Au 




E 2 U 

Ez Ez 

Ez A B 

A' A- A" 

2Au 


SD«i 

a >6 


Qzv 

Cs 

3)2<< 

3D, 

6 «v 

Ax 

Ai 


Ai 

A 

Ai 

Ai 

Ai 

Ai 

A 2 


Az 

A 

Az 

A 2 

A 2 

Bi 

Ai 


Az 

A 

Bi 

Ai 

A 2 


A 2 


Ai 

A 

Bz 

Az 

Ai 

■El 

E, 


El 

El 

E 

E 

E 

Et 

E 2 


Ez 

Ez Bi 

+ Bz 

E 

E 

Ei 

Bi -f- B 2 

B 

1 +B 2 

2B 

E 

Ai + A 2 

Ai -f* A 2 

E, 

E 2 


Ez 

Ez Ai 

L + A 2 

E 

E 

Eb 

El 


El 

El 

E 

E 

E 






Cz 

Cz 


S>ed 

{coni.) 

3)2 


C2w 

S 4 <".3 

C2 

62 

c. 

Ai 

A 


Ai 

A A 

A 

A 

A' 

A 2 

Bi 


Ai 

A A 

A 

B 

A" 

Bi 

A 


Az 

B A 

A 

A 

A" 

B 2 

Bi 


Ai 

B A 

A 

B 

A' 

El 

B 2 + B% 

B 

1 + Bz 

E E 

2B 

A + B 

A' + A" 

Et 

A A^Bi 

A 

1 + Az 

2B E 

2A 

A + J5 

A' + A" 

E, 

B 2 + Bz 

B, 

1 + Bz 

E 2A 

2B 

A + B 

A' + A" 


A Bi 

A 

1 + Az 

2A E 

2A 

A + B 

A' -f A" 

El 

B 2 Hh Bz 

B: 

1 -f B 2 

E E 

2B 

A +B 

A' + A" 


s< 

C 2 

§6 

e, 

Oi 

Ss 

64 

62 

A 

A 

Aa 

A 

A^ 

A 

A 

A 

B 

A 



2A, 

J5 

A 

A 

E 

2B 

A. 

A 

A« 

B, 

E 

2 B 



Eu 

E 

2A. 

Ez 

2B 

2A 






Ez 

E 

2 B 


3 

3)2 

c. 

62 

A 

A 

A 

A. 

B 

2A 

B 

2 A 

B 

Bi + B 2 + B, 

A A-B 

A +2B 
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Table X-14. Correlation Tables for the Species of a Group and Its 
Subgroups {Continued) 






3 

3 ^ 2 * 

Se 

2D2 





Aa 

A 

A, 

A, 

A 





E, 

E 

2 A, 

E, 

2 A 





F, 

F 

Big B2g “h Bsg 

Ag 4 * Eg 

^1 4 “ ^2 4 " Bt 





Au 

A 

Au 

Au 

A 





Eu 

E 

2 Au 

Eu 

2 A 





Fu 

F 

Biu + B2U + Btu 

Au 4* FJu 

Bi -\-B2 -\rBt 



1 

e 

lx 


Cs C2 

c. 

c< 

(cont,) j 







A 



A 

1 

Ag 

A A 

A' 

A. 

E, 


2 Ai 

. 2 Ag 

E 2A 

2 A' 

2 A, 



A2 At B\ At B2 

Ag 4 " 2 Bg A 

+ E A+ 2 B A' + 2 A" 3 . 4 , 

A 



A 

2 

Au 

A A 

A" 

A « 



2A2 

2 Au 

E 2 A 

2 A" 

2 A 
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Ai 
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E 

Ec 
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Fc 
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F 2 
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Ai 
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Ax 
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E 

E 

Eu 

Alu 4“ Biu 

Eu 
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Fi 


Fu 
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A 2 U 4“ ^M 

F2u 
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Fi 

Fu 
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X To find correlations with smaller subgroups, carry out the correlation in two steps, 
for example, if the correlation cf Oh with 62 ® is desired, use the above table to pass 
from Oh to and then employ the table for 3 ^ to go on to e^v. 



APPENDIX XI 


ORTHOGONALITY OF IRREDUCIBLE 
REPRESENTATION MATRICES 


The principal purpose of this appendix is to prove the orthogonality 
theorem which was used repeatedly in Chap. 6 , namely, 


X 




( 1 ) 


in which Rl^f is an element of the 7 th irreducible representation matrix 
expressing the effect of the symmetry operation, R, The 5's vanish 
unless their subscripts are equal, in which case they have a value of unity; 
g is the order (number of symmetry operations) of the group and dy is the 
dimension (number of coordinates) of the 7 th irreducible representation. 

The meaning of this theorem may be clarified if the reader will imagine 
a stack of cards, one card representing each of the g symmetry operations, 
R. On each card, the set of irreducible representation matrices is written 
out in some standard arrangement so that corresponding elements of cor¬ 
responding representations are superimposed when the cards are stacked. 
Now let the cards be run through a machine commanded to multiply two 
numbers^ from arbitrarily selected positions on the top card and then 
add up the products from identical positions on all the cards. The 
theorem simply asserts that such sums would vanish in all cases except 
those in which the two numbers were selected from one and the same 
position, in which cases the sum would be the order of the group divided 
by the dimension of the irreducible representation involved. 

The proof of this theorem requires several steps, one of which is useful 
in proving that the introduction of symmetry coordinates factors the 
secular determinant (Sec. 6-3 and Appendix XII). These steps are as 
follows: 

Step I. A unitary representation (orthogonal if real) is said to be 
reducible if there exists a transformation of coordinates which simul- 

^ If the numbers have imaginary parts, the machine must also perform the opera¬ 
tion of taking the complex conjugate of the first number. 
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taneously brings all matrices of the group into the form 

®-||o‘ R.ll ® 

in which Ri and R 2 are square matrices of dimensions di and <^ 2 , respec- 
tively (di + ^2 = d). It will be shown that a representation is reducible 
if there exists any set of n independent vectors where 0 < n < d, such 
that any vector of the set is sent into a linear combination of the members 
of the set by all matrices of the representation. 

Step II. Second, it will be shown that if R'^ and R'^' are two irreducible 
representations, and if there is any matrix M which satisfies the equation 

R^M - MR^' ( 3 ) 

for all R in the group, then M is necessarily either a zero matrix or a 
square matrix {dy = dy) whose determinant does not vanish. This 
second step allows an immediate proof of the factoring of the secular 
equation described above. 

Step III. The orthogonality theorem is finally proved making use of 
the above theorem. 

Proof of Step 1, LetVi, V 2 , . . . , V» be the set of independent vectors 
which by hypothesis are sent into linear combinations of themselves 

n 

RV, = 2 i = 1, 2, . . . , n (4) 

for all R in the group (the Uij can vary with R). It is possible to construct 
from the Vy an orthonormal set Ui, U 2 , . . . , Un by the method described 
in Sec. 9-2, namely, 

Ui = CnVi 
U 2 = a 2 iUi + C 22 V 2 
etc. 

where the C's are chosen so that 

UtUy = 1, 2, . . , ,n (6) 

which is the analogue of the ordinary orthogonality condition for vectors 
when there is a possibility of complex components. Such a set of vectors 
can then be augmented by a set of d — n additional vectors, Un+i, 
Un+ 2 , . . . , Ud, which are, by construction, orthonormal to one another 
and to the first n vectors. The first n of the vectors of the new set will 
have the same property as that exhibited by the V^s, namely, that any one 
of them is transformed into a linear combination of the first n vectors 
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only, when operated upon by R: 

n 

RU.- = ^ 6.yU,- t = 1, 2, . . . , n (6) 

Suppose now that the (column) vectors Ui, U 2 , . . . , Ud are organized 
as a square matrix, 

U = IIU 1 U 2 • • • Udil (7) 

and that this matrix is used to transform the R according to the matrix 
transformation 

R-,R = UtRU (8) 

The new matrices have the following elements in their first n columns: 

n 

R« = UJRU, = ^ feoUjU, = 6,* (9) 

y-1 

provided k is one of the first n rows; if /c > n, then none of the Uy appear¬ 
ing in the summation in (9) will be the same as 11* so that Rki = 0. In 
other words, this transformation will have simultaneously introduced a 
d — nhy n block of zeros into the lower left-hand corners of all the new 
R. Likewise it can be shown that an n by d ^ n block of zeros is simul¬ 
taneously introduced into the upper right-hand corner of the new R^s. 
By taking the transpose conjugate of (6), one obtains 

n 

(RU.)t = UtRt = UtR-* = 2 (10) 

where the second equality follows from the assumption that the R's are 
unitary. Therefore the new matrix element in the tth row and ifcth 
column becomes 

n 

(R-‘)a = Ut(R-‘)U» = ^ WU. = b% (11) 

y-1 

provided k < n; when k > n, = 0. But due to the group proper¬ 

ties, the set of inverses is identical with the set of R’s except for a possible 
change in order, so that proof of Step I is completed. 

Proof of Step II. It is supposed that R'^ and R^' are irreducible repre¬ 
sentations and that M is a matrix which satisfies 

R^M = MR^' (3) 

for all R in the group. Let My be the ith column of M. Then (3) may 
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( 12 ) 



Since is irreducible, by Step I, dy, the number of independent vectors 
M/, must be either zero or at least as large as dy. Therefore, aside from 
the possibility that M may be a null matrix [in which case (3) can of 
course be satisfied by any values of R'*' and R'’^ whatsoever], one may 
assume that dy» > dy. Next, by taking the transpose conjugate of (3), 
by similar reasoning, one may draw the conclusion that either = 0 
or that dy > dy^. Assembling these alternatives, it follows that either 
M = 0 or that dy == dy, that is, M is square. But this is not all that 
can be said about M: if M is not 0, its determinant does not vanish. 
This follows from the fact that the dy = dy vectors Mi are linearly inde¬ 
pendent, which is precisely the condition that the determinant of the 
matrix |Mj composed of the M* as columns should be nonvanishing. But 
if [Mj 7 ^ 0, exists so that (3) may be written 




which shows that R^^ and R^^ are equivalent representations, differing 
only in the ^^orientation'* of their coordinate axes (see Sec. 6-4). 

When = R^^, it is possible to go further and show that M = XE, 
that is, M is a constant matrix. For if M commutes with It^^, so does the 
matrix M — XE, where X is any constant- But then M — XE is subject 
to the same alternatives as M, namely, M — XE = 0, or |M — XEj ^ 0, 
Since the latter alternative cannot hold for every X, some value of which 
must satisfy |M — XE] = 0, the conclusion is reached that M — XE = 0 
or M == XE, as was to be proved. 

At this point the reader is referred to Appendix XII for a proof of the 
theorem that the introduction of symmetry coordinates factors the 
secular determinant. 

Proof of Step III. The preceding results now allow a proof of the 
orthogonality theorem to be set up immediately. Consider the dy by dy 
matrix A defined by 

A = 2 


(13) 
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m which T now stands for a typical group operation, the sum teing 
extended over the whole group; B is a completely arbitrary dy by dy 
matrix which makes possible a matrix multiplication involving the two 
irreducible representations indicated by y and y'. It will now be shown 
that A satisfies all the requirements on the M of (3). For 


R-^A = y R>T'»BTi''+ = (RiT'»)BT‘''mi^^] 

7 T 

= [y (RT)->'B(RT)>'+] R^' = AR''^ (14) 


Theeteps of this demonstration depend upon the facts that R'^ is umtary 
(so that = E), that the transpose conjugate of a product is the 

product of the transpose conjugates of the individual factors, taken in 
reverse order, and that summation over T of some matrix function of RT 
is equivalent to summation over the same matrix function of T because of 
the group properties. 

Suppose now that R> and R^^ are distinct (nonequivalent) irreducible 
representations. Then, by Theorem II, A = 0. Since B is completely 
arbitrary, it may be chosen in such a way that every element except, say, 
the o'o'"th, vanishes, the exceptional element being assigned the value of 
unity. Then, by (13), replacing the symbol T by R, 


2 (E’)«'(fi^0«"'«" = 0 


or, upon taking the complex conjugate. 


^ R^^R^ig,., == 0 (ir 7^ y') (15) 

Note that this result holds for every a and a" (since A vanishes) as well as 
for every a' and a'" (because of the completely arbitrary character of B). 

If in contrast to the assumption of the previous paragraph, R'' and 
R'v' are equal representations, the matrix A of (14) is necessarily a con¬ 
stant matrix. This follows from the fact that (14) implies that A com¬ 
mutes with all R when R and R’' are identical. 

This being the case, the same choice of B as was employed in arriving at 
(15) will lead to 

^ “ 6aa""X (1®) 

Putting a = «" and summing (16) over a, 
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This determines the value of X = {g/dy)ba"'a'. Inserting this value of X in 
(16), one obtains, after taking the complex conjugate. 






(T 5*^ T') 


or, upon combining this result with (15), the complete orthogonality 
theorem 



^yy'^aa" 


^a'a 



(18) 



APPENDIX XII 


PROOF OF THE FACTORING OF THE 
SECULAR DETERMINANT 


In Chap. 6 it was asserted that the introduction of symmetry coordi¬ 
nates would factor the sec ilar equation. A general proof will now be 
given. 

Consider first the potential energy, which, in terms of the symmetry 
coordinates, assumes the following (matrix) form: 

2V = STS (1) 

In (1), S is a column matrix whose elements are the Sil\ F is the (square) 
matrix of the force constants, S^ is the transpose (conjugate) of S. 

Now imagine the molecule subjected to a symmetry operation such that 

S-^S'-RS (2) 

that is, R, a square matrix, represents the transformation of the sym¬ 
metry coordinates under the general group operation, R. Now, the 
definition of symmetry coordinates given in the text required that: 

1. They constitute a basis for a completely reduced unitary representa¬ 
tion of the point group, of the molecule. 

2. Sets of coordinates of the same degenerate species (irreducible 
representation) must have identical transformation coefficients. 

These requirements mean that R is a matrix in diagonal block form 
such that R contains R^^^^ Uy times along the diagonal if R^^^ corresponds 
with the 7 th irreducible representation. For example, if Ui = 1, = 0, 

fis == 0, n 4 = 2, then 

R<^> 0 0 II 

R = 0 R<^> 0 (3) 

0 0 R<^> II 

The effect of the symmetry operation R upon the potential energy may 
be expressed in the form 

R(2V) = S^R^FRS 
347 
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but the fundamental property of invariance of the potential energy under 
all group operations means that 

R(2V) « 2V ( 5 ) 

Equating the right-hand side of (4) to that of (1) then shows that 

R^FR - F (6) 

or 

FR « RF (7) 

since RRt is the identity when R is a unitary matrix. The result of (7) 
may be expressed as follows: the matrix of the potential energy com¬ 
mutes with all group representation matrices. 

Now let F be partitioned in blocks such that a given block contains all 
degenerate components of a given set of symmetry coordinates. In 
other words, F will be partitioned to correspond with the diagonal blocks 
of R and, in the example of R illustrated in (3), would take the form 



From the commutation equation (7), it may now be seen first of all, that 
each diagonal block Fi< must commute with the corresponding 
furthermore, the off-diagonal blocks, Fm', satisfy conditions of the type: 

R<^>F«> = F«'R(’"> (9) 

But as shown in Appendix XI, Fi< must be a constant matrix, as also must 
Frt- if R^'^^ and R<''''> are identical irreducible representations. If, on the 
other hand, R<'’'> and are nonequivalent irreducible representa¬ 
tions, then necessarily F,,-' = 0 . Thus, .in ( 8 ), Fu, F 42 , F 23 , and F 33 
would each be constant matrices, while Fi*, Fis (also F 21 and FsO would 
vanish. In this same example, if R<*> were nondegenerate and R<^> 
triply degenerate (di = 1 , dt — 3), F would have the detailed form 

a 0 0 0 0 0 0 

0 6 0 0 d 0 0 

0 0 i» 0 0 d 0 

F=0 006 OOd 

0 d 0 0 c 0 0 

0 0 d 0 0 c 0 

! 0 OOd 00c 


( 10 ) 
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But any such F could be rearranged to the form 

o 0 0 0 0 0 0 

0 6 d 0 0 0 0 

0 d c 0 0 0 0 

0 0 0 6 d 0 0 

0 0 0 d c 0 0 

0 0 0 0 0 6 d 

0 0 0 0 0 d c 

by merely permuting rows and columns, so that it is clear that in the final 
form the factor corresponding to will appear identically dy times. 
Since entirely analogous arguments can be applied to the kinetic energy, 
the G matrix will factor in a similar fashion, which immediately shows 
that any of the various forms of the secular equation factor likewise. 




APPENDIX XIII 


REDUCTION OF AN IRREDUCIBLE REPRESENTATION 
IN A SUBGROUP 


It is the purpose of this appendix to prove a theorem used in Eq. (20), 
Sec. 6-4, namely, 

2 m = 2 x5r> (1) 

coset '* coset t 

la general, the elements of degenerate representations are not 
uniquely determined. There is, ho’wever, a special choice of the 
'which is important for the construction of symmetry coordinates. This 
is the choice that corresponds to the reduction of in the subgroup 3C. 
Suppose that =* = 1, and that is totally symmetric. If 

has been reduced in 3C, the elements are the elements of certain 
irreducible representations F^’'^ of 3C, provided T is an operation of 5C. 
Therefore 



According to the orthogonality theorem for the subgroup 


nv-nt’ = 1 T%,., = 

T 




( 3 ) 


where T{X'> = 1 because is assumed to be totally symmetric. Thus 
it is seen that the sums of the over the subgroup vanish unless 
I'm' ~ corresponds to the special species, F^’’'^ which by hypothesis 

occurs just once. Assuming that the special species occurs in the aa posi¬ 
tion, it is then true that 


rw = h 


( 4 ) 


and all other sums vanish: 
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In particular, since the sums in the 66 and cc positions vanish 


= ; (n’a> + + r<j>) 


X?’ 


(5) 


This proves (1) for the special case where i — 1. To prove it for other i, 
it is necessary to note that all operations which send S\ into St can be 
expressed in the form Z.T, where T is any operation of the subgroup 
which sends Si into itself and X,- is some fixed operation which sends 5i 
into Si. Then 


I R-lx.T.X.lT 


( 6 ) 


coset % 


Expanding (6) to find the aa' matrix element, 

2 ^ + (zr>)a» 2 m + 

coset i T T T 

= ^ (7) 


Since ^ and ^ IZ'J’ would not contain ^ upon similar 

coset i coset x T 

expansion, it follows that they vanish and therefore 

coset % QOfet % coset % 

Combining (7) and (8), the result is 

R'^. = «aa' ^ X]?’ 
coset % coset • 

which is the desired theprem. 

In case is not totally symmetric, (1) should be replaced by 

= «-' X xiVrX*/’ 

T 


I 



APPENDIX XIV 


SYMMETRY SPECIES FOR THE OVERTONES OF 
DEGENERATE FUNDAMENTALS 


The basis of the alternate method mentioned in Sec. 7-3 is the use of 
polar rather than cartesian degenerate normal coordinates. It is shown 
in treatises on quantum mechanics^ that the solution of the wave equation 
for the doubly degenerate harmonic oscillator expressed in terms of 
coordinates p and 4> defined by 

Qa ^ P cos (1) 

Qb — p sin ^ (2) 

is of the form 

(3) 

and that the energy of the corresponding stationary state is 

W, ^ iv+ l)hy^ (4) 

In (3), Fvji| is a polynomial containing only the following powers of p: 
Vf V — 2y V — 4j . . . , |i|. The quantum number v assumes the values 
0, 1, 2, . . . , while I is restricted to the values 0, ±2, ±4, . . . , ±t’, if 
V is even, or to ± 1, ± 3, ± 5, . . . , ±t;, if t; is odd. The total degeneracy 
of the vibrational level with quantum number v is therefore t; + 1 
The character of the degenerate set of wave functions 

etc. 

may be determined when the effect of the symmetry operations upon the 
coordinates p and 4> is found. Since p^ — Ql + Qi and all F/s leave 
Qa + Qh invariant, p can only change to ±p. Actually^'p, as a radial polar 
coordinate, is restricted to positive values, and hence is completely 
invariant. Therefore, it suffices to determine the effect of the group 
operations upon the angular coordinate, <l>. 

For certain doubly degenerate species of the dihedral groups, namely, 
those which represent translation in the plane perpendicular to the 
principal symmetry axis (T* and Ty), the transformation of is readily 

^See L. Pauling and E. B. Wilson, Jr,, ^^Introduction to Quantum Mechanics,’^ 
pp. 10&-111, McGraw-Hill, New York, 1935. 
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obtained by visualizing the effect of the group operation in question on 
Qa and Qb- Thus a rotation by an angle a* about the principal axis sends 
0 — » 0 + ajj. If, on the other hand, the symmetry operation sends 
Qa —» + Qa and Qb-^ —Qb (this might be the result of a vertical plane or a 
horizontal twofold axis), inspection of ( 1 ) and ( 2 ) shows that 
In general, for a species representing translation 

^ > ± (0 + a*) (5) 

Now consider the character of the level t; =» 1 for such a species. The 
0 dependent parts of the wave functions and ^i,-i are and 
From (5) it is clear that 

R 

or 

R (®) 

^ or e*“*e*^ 

where the alternative transforms depend upon whether the sign in ( 5 ) is 
positive or negative, respectively. In the former case, 

Xi(i?) ~ =* 2 cos ajt (7) 

while in the latter case, 

Xi{R) - 0 ( 8 ) 

If, on the other hand, a level with v > 1 were under consideration, the 
character could be expressed for each allowed absolute value of I (con¬ 
stituting a doubly degenerate sublevel) as 

Xrizi(12) = = 2 cos Zaji (9) 

or 

X«izi(l?) = 0 (10) 

since the <l> dependent parts of the corresponding wave functions 
and are and Furthermore, the character for the complete 

level would be 

Xv{R) = ^ x.|ii(Z2) (11) 

where |J| is summed over the values allowed, as described above. T-he 

above formulas are appropriate to all values of \l\ 9 ^ 0; when Z =» 0 , it is 
clear that the sublevel is non-degenerate and, in fact, totally symmetric, 
since does not enter at all. 

Exactly the same arguments apply to doubly degenerate species other 
than that which expresses the transformation of the cartesian coordinates 
X and y, except that the angle an is no longer visualizable in a direct 
fashion. As shown in Appendix X, the transformation coefficients (for 
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the Q’a) are in general of the form 

COS aR — sin aR 
± sin an i cos an 

so that the character of the species in question is 2 cos «/?, or zero. It is 
not hard to see that these values are identical with xi(^), and that (9) and 
(10) give the characters of the overtones for these species as well as for 
the translation species. This follows because the transformation of the 
Q^s by (12) has exactly the same effect on the angular coordinate <t> as that 
expressed in (5) although an is no longer determinable by inspection. If 
the second choice of signs applies in (12) it is clear that Xvizi(i?) = 0 for all 
values of jZj, except zero, for which Xr| 0 i(iR) = 1, so that it is unnecessary 
to determine aR. Therefore, the problem of determining the characters 
Xv(R) reduces to: 

1. Determining which choice of signs applies in (12). 

2. If the first choice applies, determining the value of an. This can be 
found immediately from the formula 

Xl(R) = x^R^ = 2 cos Ur (13) 

To determine which choice of signs applies in (12), note that xT = 0 is a 
necessary, but not a sufficient, condition that the second choice be correct, 
for if aR = 7r/2, Xr^ would vanish for either choice. But if the first 
choice appLed, the square of the transformation matrix (12) would be 

T , T ^ 

cos 2 — sm ^ cos ir 

. T T 

sm 2 cos 2 sin tt 

of character —2, whereas for the second choice 





1 0 
0 1 


(15) 


of character +2, Therefore, the criterion for the choice of signs is that 
the second choice applies if and only if Xr^ = 0 and X/Ja = 2, 

As a further assistance in determining aR in the dihedral groups, it may 
be noted that 

otR = a^^^q (16) 


where a]^^ is the appropriate angle for the same operation in the species 
which represents translation and q is identical with the numerical sub¬ 
script designating the species E^. 
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For illustration, the example given in Table 7-1 will be repeated. In 
Table XIV-1, the first two rows give the classes and characters of E, In 
the next two rows the choice of sign and the values of are given. The 


Table XIV-1. Symmetry Species of the Overtone p = 4 of in 5d 


R 

XHR) = 

E 

2 

c^ 

-1 

2 

0 

s, 

0 

Species 

E 

Sign 

4- 

+ 

4- 

— 

— 


OtR 

0 

2- 

0 




X410|(«) 

1 

1 

1 

1 

1 

Ai 

X412|(i?) 

2 


2 

0 

0 

E 

X4I4|(i?) 

2 

-1 

2 

0 

0 

E 

X4(iJ) 

5 

-1 

5 

1 

1 

Ai 2JS7 


sign for a-d is negative since xif == 0 and = Xe^ = +2. The total 
character for the level is the sum for the sublevels ii| =0, 2, and 4, which 
are, for convenience, displayed separately. The total character can be 
given in closed form, however, since 

X.iR) = ^ (17) 

where I runs over the allowed values. By regarding the sum as that of a 
geometric progression, the following results are obtained, 


x.(ie+) 

xJ.R-) 


sin (v “h l)c>!s+ 
sin as* 

I 0 V odd 

1 1 V even 


(18) 

(19) 


in which R+ stands for an operation for which the sign in (12) is positive, 
R- an operation with negative sign. The reader may apply (18) and 
(19) to the last row of Table XIV-1, noting that 


sin (v -f l)a 

lim-- — =0-1-1 

a -,0 sin a 


The triply degenerate species may be handled in an entirely analogous 
fashion. If 


Qa — r sin $ cos <t> 

(20) 

Qh = r sin B sin 

(21) 

Qc == r cos B 

(22) 
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the wave functions are 

4>xim ~ (y*r)Py"i (cos (23) 

in which the quantum numbers have the ranges v = 0, 1, 2, . . . ; 
^ “ 0> 2, 4, . . . , y, if y is even, or i = 1, 3, 5, . . . , y, if y is odd; m = 0, 
±1, ±2, . . . , if. The total number of wave functions for a level of 
energy 

Wv “ (p "i" v)hi'o 

is (y + l)(y + 2)/2 which corresponds with the degeneracy found with 
cartesian coordinates. 

To determine the characters, it is necessary to find the effect of the 
symmetry operations upon 0 and <ft, noting that the associated Legendre 
function, P}“' (cos 0 ), can be written in the form 


P|"' (cos 0) 


= sin'**' 0 


di”iPi (cos 0) 
{d cos 


(24) 


where Pi is a polynomial containing only those powers of cos 0 of the 
same parity as 1. The effect of a group operation upon Q«, and Qe 
may be readily visualized by orienting these coordinates in such a fashion 
that Qc lies along the axis about which the rotation occurs. This, of 
course, cannot be done simultaneously for all group operations, but since 
we are interested only in characters, it is permissible. The transforma¬ 
tion matrix for the Q’s then has the form 


COS Ur 

— sin aR 

0 

sin aR 

cos aR 

0 

0 

0 

±1 


where a* is the angle through which Qo and Qi, are rotated, and the choice 
of signs depends upon whether Q. -t-Q. or -> - Q,. It is now clear 
, B . s 

that 0—* 6) if -f-1 appears in (25), orfl-^ir — ffif—1 appears. Further- 

R 

more, tf> ^ ur. The effect of these transformations of angles upon 
the functions defined in (23) and (24) may be expressed in the form, 

R* 

(26) 

«- 

-» (- l)'-Wc<”»»-^,u (27) 

12 R R 

since, if « tf. Pi”' (cos 0) -» Pj**' (cos «), if ir - fl, cos - cos 0, 

. * B 

sm sm 0, and PI”*' (cos 0) -* (-i)«-imipj-»i (cos 0), the last transfor¬ 
mation following, since Pi”*' (- cos 0) changes sign if I - |m| is odd by 
(24). Furthermore, 


-- ^itnau . 
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From (26) and (27), the characters^ of various sublevels of v can be 
deduced immediately. For example, 




m* —i 

Xv^Rr) = ^ = 

Wl* —i 


cos [(21 + l)ag-/2] 

COS (aE-/2) 


(28) 

(29) 


These summations can also be extended over all allowed values of I with 
the following results; 


x,(R+) = 
x.{R-) = 
x,iRr) = 


sin [(v + l)aEV2] sin [(v + 2)Q:aV2] 
sin {aR*/2) sin «»+ 
sin [(p + l)gB-/2] cos [(y 4- 2 )aR-/2] 
cos (aE-/2) sin as- 
cos [(v + l)a«-/2] sin [(t> + 2 )o!b-/ 2] 
cos (aB-/2) sin «»- 


(30) 

r odd (31) 
V even (32) 


As in the doubly degenerate case, the determination of the sign in (25) 
and the evaluation of a® depend upon the character 

XiiR) =xT = ± 1 + 2 cos as (33) 


To determine the sign, note that the character of R^ is the sum of the 
diagonal elements of 


COS ajz 

—- sin Ur 

0 

sin an 

cos aR 

0 

0 

0 

±1 


cos 2as — sin 2aB 0 
sin 2aB cos 2aB 0 
0 0 1 


that is, 1 + 2 cos 2as = 1 + (4 cos* a« - 2), and that the square of the 
character of is 1 ±4 cos as + 4 cos* an- Therefore, 


Xi(2i:*) = -1 + 4 cos* as = [xi(fi)l* T 2xi{R) (34) 

where the negative sign in (34) corresponds with the positive sign in 
(33), and vice versa. In case xi{R) — 9, this criterion fails, but an 
extension of this sort of argument shows that the sign in (33) must be 
positive if x\{R) — 0 and xi(f2*) = +3- 

‘ The reader should note that the consequence of choosing different orientations of 
Qa, Qh, and Qe for convenience in determining the characters is that the are appar¬ 
ently nonmudng according to (26) and (27). This would imply that each ^vivt trans¬ 
formed as the basb of a nondegenerate representation, which is clearly impossible. 
It is only when a suitable summation over tn is carried out that proper characters of 
sublevels are obtained. 
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In Table XIV-2, the cases t; *= 10 of Fig and Fiu in the group Oh are 
worked out as an example. 


Table XIV-2. Symmetry Species of the Overtone =* 10 of Fia and 

Flu IN e» 


R 

E 

8 C, 

6 c; 

6 C 4 

sc* 

i 

8St 

6a-d 

6S« 


Xi(«) ~ xif 

+3 

0 

-1 

+ 1 

-1 

+3 

0 

-1 

+ 1 

-1 

Sign 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

«« 

0 


ir 

IT 

2 

IT 

0 

2- 

3 

v 

TT 

2 

TT 

Xi 0 («) 

66 

0 

6 

0 

6 

66 

0 

6 

0 

6 

XiiR) “ Xjf 

+3 

0 

-1 

+1 

-1 

-3 

0 

+1 

-1 

+1 

Sign 

+ 

+ 

+ 

+ 

+ 

— 

— 

— 

— 

— 

OLR 

0 


T 

TT 

2 

v 

v 

w 

3 

0 

*• 

2 

0 

XlO(B) 

66 

0 

6 

0 

6 

66 

0 

6 

0 

6 


In this example, as is the case generally, even overtones of corresponding 
g and u species turn out to have the same structure, which in the present 
instance is 

r = 5Ai^ + 2iA%q + TFg + %F xg -f- 9F 


The signs for the group operation i are determined, using (34), by the fact 
that 


and 






Equation (33) is used to compute the values of an, (30) to compute xio(f2) 
for the overtone of while (30) and (32) are used to evaluate xio(I2) for 
the overtone of Fiu. 



APPENDIX XV 


TRANSFORMATION OF THE POLARIZABILITY 
COMPONENTS, axy, ETC. 


In Sec. 7-6 it was asserted that axx, ^xy, etc., transform under symmetry 
operations like xy, etc. Write the equations which define the 
polarizability [Eq. (1), Sec. 7-6] in matrix-vector form 

|i = a8 (1) 


Let the transformation 
are 

and 


matrix be R: the dipole moment 

£' = R€ 


and electric field 
( 2 ) 
(3) 


respectively, after the transformation. If a' is the polarizability matrix 
after the transformation 

V' = «'€' (4) 


But, from (2) and (3), 


R|i = a'R8 


or 

hence 


y = R-ia'R£ 

a = R-^a'R (5) 


From (5) it follows that 

a' = RaR-i 


( 6 ) 


Since R is an orthogonal matrix, == Rji, and a is symmetric, the 

component equations of (6) have the form 


namely, 


a!.^ = y RikakiiR~^)ij = y RikRjiaki 


(7) 


= Rlx^xx + RlyOLyy + 

+ 2RxxRxv0^zy “h 2RxxRztOtxz “h 2RxyRxz(^z (8) 
= Rx^RyxOLzx + RxyRyyOiyy + RxzRyzOizt + (RxxRyy 4" RxyRy^OLxy 

”t” {RxxRyz 4” RxzRyx)^xz 4” {RxyRyz 4" RxxRyy^^yz 


etc. 
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Z' - + R^Y + R^Z 

Y' - Ry^X + RyyY + Ry,Z (9) 

Z' - R,^ + R^Y + R„Z 

{x/y = Rlj:^ + Rl^Y^ + Riz^ 

+ 2R^R^XY + 2R^R„XZ + 2R:^R^YZ ( 10 ) 

Z'F = R^^Ry^X^ + RsyRyyY^ + R.,RynZ^ + {R^^Ryy + R^Ry^)XY 

+ (RatxRys + RxzRvx)XZ + {RxyRy* + RggRyyjYZ 

etc. 

which proves the assertion. 

The sum of the three diagonal components of a is invariant since 



X X ^*‘*^^*^ ~ X X ‘®**^*^ 



because R is orthogonal. 

For a given group operation, R, involving a rotation about the z axis 
(with + denoting a proper and — an improper rotation), the character of 
the transformation of the polarizability components may be evaluated as 


x(i?) = Rlx + ^Iv + -Kf, + {RzxRyy 4* RxyRy^ 

+ (RxxRtz + RxzRzx) + (RyyRzz + RyzRzy) 

= COS^ + COS® + 1 + (cos® — sin® a|) 

± cos a% ± cos 

= 2 cos a^( ±1+2 cos a^) (11) 


This agrees with Eq. (4), Sec. 7-6, which was obtained through use of the 
analogy with the overtone = 2 of a triply degenerate frequency. 
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ROTATIONAL ENERGIES AND SELECTION RULES 


The interpretation of the vibrational spectrum, and in particular the 
assignment of gaseous-phase infrared or Raman frequencies to the differ¬ 
ent symmetry species, is sometimes facilitated by consideration of the 
shape of the envelope of the band, which is determined by the rotational 
energy levels and selection rules. In this appendix a brief resume of the 
rotational theory will be developed. 

According to Eq. (3), Sec. 11-5, the rotational energy may be separated 
from vibrational energy in the approximation in which change of moment 
of inertia with vibration and the interaction of angular momenta, of rota¬ 
tion and vibration are neglected. In such a case, the part of the Hamil¬ 
tonian corresponding to the rotational energy is given by 


H 


2\Il 


+ 


^ I 

IS ^ IS 


f) 


in which 9fll„ STl, are the components of angular momentum resolved 
along the principal axes of the molecule and 1% 7J are the principal 
moments of inertia. A system with the Hamiltonian given above is 
known as a rigid rotor. The rigid rotor forms the basis for the treatment 
of rotational spectra, but this approximation is invalid for vibration- 
rotation bands involving degenerate vibrations because of the neglect of 
the coupling of rotational and vibrational angular momentum. The 
effect of this coupling is discussed later. 

Classification of Rotor Type. The solutions of the rotational energy 
problem are classified according to the rotor type, i.e., according to rela¬ 
tions between the principal moments of inertia. A linear molecule has 
7® == 7® and 7® = 0 since all atoms lie on the z axis. A spherical rotor 
has II — II — 7®. A symmetric rotor has II = I^ I^ 9^ 0. Finally, 
.an asymmetric rotor has three different principal moments of inertia. 

Molecules may have two or three equal moments of inertia (and hence 
be symmetric or spherical tops) either by S 3 anmetry or accidentally. 
The following elements of symmetry are sufficient conditions to ensure 
that the rotors with three nonzero moments are symmetrical or spherical: 
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1. If there is one symmetry axis of threefold or higher symmetry, the 
molecule will be a symmetric rotor (groups Cn, Cnt», ©nA, Sn, ^nd, ^nk 
with n > 2, and Vd). 

2. If there are two or more axes of greater than twofold symmetry, the 
molecule will be a spherical rotor (groups 3, 3 a, 3d, 0, Oh, ^). 

Energy Levels and Degeneracies of the Rigid Rotor, The levels and 
degeneracies for the four rotor types are summarized in Table XVI-1. 


Table XVI-1 . Energy Levels and Degeneracies for the Four Types op 

Rigid Rotors 

(/ « 0, 1, 2, . . . ; X - 0, ±1, ±2, . . . , ±J)' 


Type 

Condition on moments 

Energy i 

Degeneracy 

Linear. 

70 TO , 

* “ 877*6' 

bJiJ + 1) 

2J + 1 


- 0 



Spherical .. . 

= /J - /; 

hJ{J + 1) 

(2J + 1)» 


h* 

877*6 



Symmetric .. 

^ 

* 877*6 

• 8ir*o 

hJ{J + 1) + (a - h)K^ 

2/4-1 
if K - 0 
2(2/ + 1) 
if 1^:1 > 0 

Asymmetric. 

/» a -AL ^ r« 

“ 8ir«a ^ 

8>r*6 ^ “ 8t‘c 

1 

2/ -f 1 


In the table, the quantum number J in each case specifies the square of 
the total angular momentum, equal to {h^/4:w^)JiJ + 1). Moreover, the 
quantum number K gives the component of angular momentum ajong the 
z axis of the molecule, equal to (h/2T)K. The energy of the asymmetric 
rotor cannot, in general, be expressed in closed form, but can be obtained 
from tabulated values of the function^ Ef (k) in which the index r = 0, 
±1, ±2, . . . , ± J; and k, the asymmetry parameter, is given by 


where a, b, c are defined in Table XVI-l. 

If the axes in the asymmetric rotor are chosen in accordance with the 
convention that a > 6 > c it is apparent that — 1 < k < +1 , and that 

1 a W. King, R. M. Hainer, and P. C. Cross, J, Chem. Phys., 11: 27 (1943). See 
also T. E. Turner, B. L. Hicks, and G. Reitwiesner, Ballistic Research Lab. Rept. 878, 
Aberdeen Proving Ground. 
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K = —1(6 == c) and #c = +1 (6 = a) correspond to a prolate and to an 
oblate symmetric rotor respectively. 

The rotational states require a third quantum number (in addition to 
J and K ox J and t) for their complete specification. This number is M 
which gives the component of angular momentum, equal to (/i/ 27 r)ilf, 
along the Z axis of the nonrotating coordinate system. Since ilf , like X, 
can assume the values M = 0, ±1, ±2, . . . , ±/, there are 2/ + 1 
states which differ only in the direction of the axis about which rotation 
occurs. These states are degenerate in the absence of external electro¬ 
magnetic fields. In addition, the spherical rotor is 2/ + 1 = fold 
degenerate since its energy does not depend upon K. The symmetric 
rotor also has a twofold degeneracy in the sense that and —K lead to 
equal energies. 

Selection Rules; Infrared Absorption, In Chap. 3 it was shown that 
the possibility of an infrared absorption accompanying a simultaneous 
change in vibrational and rotational energy depended upon the simul¬ 
taneous non vanishing of the integrals 


and 


drR 

dry 


where F = X, F, Z, and g, which must be the same in the two integrals, 
is X, y, or z. From the character tables it is easy to determine, for any 
particular vibrational transition, which component of dipole moment is 
involved. 

For the linear rigid rotor, the fundamentals associated with vibration 
along the molecular axis give rise to integrals involving the (degen¬ 
erate) bending vibrations give rise to integrals involving and fiy. If 
these bands are designated as parallel (||) and perpendicular (±) bands, 
respectively, the rotational transitions which accompany the change in 
vibrational energy will be determined by the following integrals: 

II bands dr 

± bands dr 

dr 


It maj^ be shown* that the integral invohdng vanishes unless A/ = ± 1 
while that involving ^fx or ^fv vanishes unless AJ = 0, ± 1. The vibra¬ 
tion-rotation band of parallel (||) type should therefore consist of the 
following frequencies, 

y =z J / = 1, 2, 3, . . . (2) 


1 P. C. Cross, R. M. Hainer, and G. W. King, J. Chem. Phys., 12: 210 (1944). 



364 

or 


MOLECULAR VIBRATIONS 


[App. XVI 


y^Vr + jiJ + l) / = 0,1,2, ... (3) 

while that of the perpendicular (X) band also contains the frequency 
y = y^^ which should have an intensity comparable with that of the sum 
of aU the lines given by (2) and (3). 

The lines corresponding to AJ = — 1 constitute the so-called P branch, 
the collection of lines corresponding to AJ = 0 (missing in the parallel 
(II) band) is the Q branch, and the lines corresponding to A/ = +1 form 
the R branch. 

Selection rules for several types of rotors are summarized in Table 
XVI-2. 


Table XVI-2. Infrared Rotational Selection Rules 


Rotor type 

Band type 

Selection rules 

Linear. 

iiu) 

AJ =* ±1 



AJ = 0, ±1 

Spherical. 


A/ =■ 0, ±1 

Symmetric. 

\\M 

A/ « 0, ±1; AX * 0 if X 7^ 0 

A J « ±1;AX «0if X «0 


X (/».,/*») 

AJ *« 0, ± 1; AX i 1 

Asymmetric*. 




II.U.) 

AJ 0^ ± 1 


® G. Herzberg, '‘Infrared and Raman Spectra of Polyatomic Molecules/^ pp. 
468-491, Van Nostrand, New York, 1945. 


Evidently the rotational structure of the band of a spherical rigid rotor 
is similar to that of a perpendicular (X) band of a linear rigid rotor. 
The two types of bands of a symmetric rotor are more complex. The 
parallel (H) type of band, for which AK « 0, will, however, be similar in 
structure to that of a spherical rotor or a perpendicular (X) band in a 
linear rotor. For a perpendicular (X) band, however, the position of the 
Q branch is dependent both upon the initial value of K in the transition 
and upon the sign of AK, as can be seen from the following expressions:^ 

Q branch: AJ 0 v-= v, + (±2K + 1) ^ pq(±K) (4) 

1 The reader is reminded that these equations are for the rigid rotor and seldom are 
valid approximations for real molecules because of the coupling of angular momenta. 









ApP. XVI] ROTATIONAL ENERGIES AND SELECTION RULES 365 

P branch: A/ = — 1 

y<,i±K)-^J J = 1,2,3, .. . (6) 

R branch: AJ = 1 p = p<}(±iiL) + ^ (>^ + 1) 

J = 0, 1, 2, . . . (6) 

In the above expressions, +K is chosen in case AK = +1, and K can then 
assume the values 0, 1, 2, — 1 whereas — X is chosen in case 

AK = —1, in which case if = 1, 2, . . . , J. Here again the intensity 
of each Q branch should be comparable with the integrated intensity of 
the P and R branch; in the present case, therefore, the most prominent 
feature of the band will be the various Q tranches separated by the fre¬ 
quency interval 2(a ~ b)/h. 

No attempt will be made here to discuss the very complex band types 
of the asymmetric rotor. ^ 

Selection Rules; Raman EfcU. Since the intensities of Raman scatter¬ 
ing are determined by the integrals 


drdry 

according to Sec. 3-7, it is apparent that the rotational selection rules will 
depend upon the vanishing or nonvanishing of the integrals involving 
quadratic terms in the direction cosines, and in particular, those with 
indices g and g' corresponding to a non vanishing vibrational integral of 
agg'. Just as in the case of infrared absorption, the character tables can 
be used to find the species of the various components of agg'. Using the 
linear molecule again as an example (groups and it is seen that 
a.Tx + otyy and appear in the totally symmetric species (2+ or S+), 
while ayz and olzx constitute a degenerate pair in n or Up species. Since 
there are no fundamentals of species A, the components a^x — otyy and 
axy need not be further considered in a discussion of the fundamental 
Raman transitions. 

The integrals involving the appropriate have been discussed,^ 

and the results are summarized in Table XVI-3. 

From Table XVI-3, several statements about the rotational fine struc¬ 
ture in the Raman effect may be made immediately. The polarized, 
totally symmetric band of a linear rigid rotor will resemble a perpendicular 
(±) infrared band of the same type of rotor, except that the line spacing 
is twice as great (|AJ| ~ 2 instead of jAt/j = 1). The degenerate Raman 
band, on the other hand, will more nearly resemble a parallel (|j) infrared 

^ G. Herzberg, ‘^Infrared and Raman Spectra of Polyatomic Molecules," pp. 468- 
491, Van Nostrand, New York, 1945. 

* G. Placzek and E. Teller, Z. Physik, 81: 209 (1933). 
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Table XVI-3. Raman Rotational Selection Rules 


Rotor type 

Band type 

Selection rules 

Species 

Polarizability component 

Polarization 

Linear. 

Totally symmetric 

otrx 

Polarized 

At/ =0, ±2 


1 Degeneimte (U) ! 

{OCyZyOCtx) 

Depolarized 

At/ = 0®, ±1, i2 

Spherical. 

Totally symmetric 

OCxx + Ctyy "f* CCzz 

Polarized 

A/ - 0^ 


Doubly degenerate 

(q'xx ”1" OCyy ^OCgZ) Olxx ^yy) 

Depolarized 

A/ = 0, ±1, ±2; 





J' -f J" > 2 

1 

Triply degenerate 

{otxy.CXyzjOlzx) 

Depolarized 

A/ = 0, ±1, ±2; 




' 

t/' -f J" > 2 

Symmetric. 

1 

Totally symmetric 

Ctxx -f <^yy \ Otzz 

Polarized 

At/ = 0^ ±1, ±2; 





,r + t/" > 2; AX - 0 


Nontotally symmetric,"^ nondegenerate i 

Otxx ~~ ^yy} ^xy 

Depolarized 

At/ - 0, ±1, ±2; 



1 


r + t/" > 2; AX = ±2 


Degenerate 

(otxx — f^xyY 

Depolarized 

AJ == 0, ±1, ±2; 





J' > 2; AX - ±2 




Depolarized 

At/ = 0, ±1, ±2; 





J' 4- J" > 2; AX - ±1 

Asymmetric®. 




At/ = 0, ±1, ±2; 





«/' 4" J'* ^ 2 


® Weak. 

^ Strong. 

«Only in motccules with fourfold axes, 

^ For some symmetry groups, both polarizability components occur in a given species, while for others, only one occurs. 

« See G. Herzberg, ‘Infrared and Raman Spectra of Polyatomic Molecules/' pp. 468-491, Van Nostrand, New York, 1945. 
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band, since the Q branch, although allowed, is very weak. The 0 and S 
branches, corresponding to AJ = —2 and AJ *= +2, will also modify the 
intensity distribution somewhat. 

For the spherical rotor, for example, CH 4 , CCI 4 , SFe, the totally sym¬ 
metric, polarized ‘'band'^ should be extremely sharp since only the Q 
branch is allowed. 

The symmetric rotor fine structure for a totally symmetric vibration 
(polarized) should be similar in the Raman effect to the parallel (ID- 
infrared band of the same type of ufolecule, except that 0 and S branches 
occur and that the Q branch is very strong. The nontotally symmetric 
and degenerate modes in the Raman spectrum should have a fine struc¬ 
ture resembling that of a perpendicular (J_) infrared band, since changes 
in K occur. 

Band Envelopes, Except where experimental apparatus and conditions 
permit high resolution (less than a few wave numbers) and except for 
molecules possessing quite small moments of inertia, such as CH 4 , H 2 O, 
NHs, etc., where the only atoms at appreciable distances from the center 
of gravity are hydrogens, the fine structure will be unresolved. The 
actual form of the envelope will depend upon quantitative line intensities, 
the Boltzmann factor* governing the population in excited rotational 
states, and indeed upon pressure and the experimental slit width. Quan¬ 
titative calculations of the theoretical band envelopes, especially with 
reference to the relative intensities of the 0, P, Q, P, and S branches, have 
been made.^ Note, however, that for real molecules the coupling of rota¬ 
tional and vibrational angular momentum must be taken into account. 
The reader is warned, therefore, that critical judgment must be exercised 
in attempting to make vibrational assignments on the basis of the band 
contours. 

Coupling of Angular Momenta, The preceding discussion, which 
neglects the vibration-rotation interaction (Coriolis effect), is especially 
inadequate for doubly degenerate vibrational states of symmetric rotors 
and degenerate states of spherical rotors, where the vibrational angular 
momentum causes a first order perturbation which splits the degeneracy. 
Still neglecting the change of moment of inertia with vibration, the 
Hamiltonian uan be written as 

„ 1 [(SfTi, - m,)2 , (sfTi^ ~ m,)2 , (9n, - m.)^] , ^ 

^ = 21— 1% —+— n — + — n —J + 

in which Py is the purely vibrational Hamiltonian. 

^ R. M. Badger and L. R. Zumwalt, /. Chem. Phys., 6: 711 (1938). 

S. L. Gerhard and D. M. Dennison, Pkys. Rev,, 48: 197 (1933). 

E. Teller, Hand- u, J‘ahrb, chem, Physik, 9(11): 43 (1934). 
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For a symmetric rotor, in the present approximation, only the z com¬ 
ponent of nt, the vibrational angular momentum, needs to be considered. 
The problem may be treated as a perturbation employing zero-order wave 
functions which are products of rigid rotor and harmonic oscillator func¬ 
tions. When the molecule is in a state such that Vka Vkb ~ 1, where 
Qka and Qa, are degenerate, it is necessary to solve the secular determinant 




W' 


H' 






w> 


= 0 


in order to find the energy W'. The zero-order wave functions can be 
written as 


= Ml(Qka)MQkb)Il' 
'I'B — 'l’’B'^o(,Qka)i'liQkh)Til' 


where 11' is the product of harmonic oscillator wave functions for all 
vibrational modes other than Qka and 

The perturbation operator to be employed is 

rr, _ 9in;.nt, 

H - JO 

because the term does not involve the rotational functions. 

Since 

dtB 


for a sjrmmetric rotor, a constant factor of Qi/2t)K can be extracted from 
each element of H'. The operator m, was defined in Eq. (13), Sec. 11-1, 
and Eq. (6), Sec. 11-2, giving 

tn, = ^ ^kPk 

k 

'^aQal^ak ^al^al^Qt^k 

“ y i^iQlPk 

k^l 

in which (= 0 if fc = 1) depends upon the masses of the atoms and the 
force constants through the coefficients m'„ etc. Vibrational integrals of 
the type 

}4'v(Qk)QkMQk) dQk and iMQk)PkMQk) dQk 
vanish, with the result that 2?'^^ = H'^g = 0 and 



H'ab = 


■H' 


h „ h ik 
2t 2« j; 
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in which f* is an abbreviation for The energy is enally given by 


Since a transition from the ground vibrational state to TV' = —2a^kK 
is aUowed if AX = +1, and to TV' =• 2of*X if AX == -1, the formula for 
the frequencies of lines in a perpendicular band which replaces (4) is 


Q branch: 


, [a(l - 2f*) - fe] ^ „ [o(l - f*) - &]X 
+ - - - ± 2 - 

= »'o(±X) 


so that the (equidistant) line spacing is 2[o(l — ft) — b]/h instead of 
2(a — b)/h, and is therefore in general different for each perpendicular- 
type band. 

A aimilHr treatment of the spherical rotor can be carried out with the 
result that the triply degenerate vibrational levels are split by the 
energies 

TV'+ - 26f»(J + 1) 

TVi = 0 
WL = -26f*J 


The selection rules show that for AJ == -HI, the transition must occur to 


TVi, for A/ = 0 to TVJ, and for A/ = -1 to TVi so expressions 

for P and R branches become 


25(1 - f*) , 

P branch: y = v,-- J 

R branch: v =* v, + —— ij + 1) 


so that in this case again the theory predicts a spacing of 25(1 — ft)/5 
which may be different for different vibrational states. 

Offur Complications. When the fine structure is resolved, a number of 
refinements the vibration-rotation theory are usually required. In the 
first place, since the molecule is not really a rigid rotor, the variation 
of effective moments of inertia with vibrational state must be considered. 
This introduces the possibility that the rotational constants o, 5, and care 
not the same in upper and lower vibrational states, and would change 
the mmple expresnon for the fine structure of a parallel infrared band of a 
linear molecule to {R branch) 


. 25' . 35' - 5" , , 5' - 
+ + —J + — 




where prime and double prime distinguish the two vibrational states. 
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The Coriolis forces,^ which in the case of degenerate vibrations were 
shown above to give rise to a first-order perturbation, are also responsible 
for second-order perturbations between any two vibrations for which the 
direct product of the symmetry species contains the species of a rotation. 

Finally, attention should be directed to the phenomenon of centrifugal 
distortion, in which the moment of inertia varies with rotational quantum 
number. For example, increased angular momentum about the sym¬ 
metry axis of ammonia may be expected to spread out the hydrogen 
atoms slightly, leading to a greater Ic or decreased rotational constant, c. 
In fact, this centrifugal distortion should give rise to a term of the form 
—in the energy, where d is a positive constant, very small compared 
with a. 

These effects greatly increase the complexity of the rotational structure 
of the various types of bands, but a full discussion is beyond the scope of 
this book. 
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Degeneracy, splitting in unsymmetrieally 
substituted isotopic molecules, 186 
triple, 113, 322 
Degenerate energy levels, 37 
Degenerate normal coordinates (see 
Normal coordinates) 

Degenerate species, characters of, 94, 
352jf. 

correlation with species of subgroup, 
121, 135, 333#. 

Degenerate symmetry coordinates, 119, 
123, 135#. 

Degenerate vibrations, 18 
behavior with respect to symmetry 
operations, 93 

components of, have equal X, 107 
Coriolis splitting of, 367#. 
due to multiple potential minima, 201 
splitting for low barriers, 201, 207 
higher vibrational levels of, 152, 331, 
352#. 

isotope effect on, 186 
kinetic energy of, 106 
normal coordinates for, 19, 93, 107 
potential energy of, 106 
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transformation law, 93 
vibrational angulatr momentum, 367 
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116 
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Secular equation, number of nonzero 
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of, 4 

Depolarization ratio of scattered light, 
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equation, 215 
minor of, 68#. 

product of F and G determinants, 68, 
267 

secular (see Secular equation) 
of square matrix, 295 
Diagonal form of energy matrix, trans¬ 
formation to, 209 
Diagonal matrix, 294 
Diagonal plane of symmetry, <r<<, 84 
Diagonalization of matrix, 301 
Difference frequencies, 36 


Dihedral groups, £)«, ^nd, 8^. 
correlation tables, 334-339 
derivation of characters, 316#. 

Dipole, magnetic, radiation due to, 39 
oscillating, radiation due to, 43 
Dipole moment (see Electric moment) 
Direct product, of matrices, 294 
. of representations, 320, 331 
in combination levels, 150 
Direct product groups, 320 
Direction cosines, 40 

averages over all orientations, 292 
in terms of Eulerian angles, 286 
Distribution, Maxwellian, of rotational 
velocities, 6 

Double minima in potential energy, 200 
Doubly degenerate species, E, 113, 322 


Effective moments of inertia, 369 
Eigenfunctions (see Wave functions) 
Eigenvalues (see Characteristic values) 
Eigenvectors (see Characteristic vectors) 
Einstein coefficients of emission and 
absorption, 38, 162 
Electric circuit analogues of secular 
equations, 232#. 

Electric moment (dipole moment), 5, 39 
of a bond, 166 

derivative, determines infrared activity 
of vibrations, 42 
relation to bond moment, 166 
with respect to bond length, 167 
equilibrium value determines infrared 
activity of pure rotational tran¬ 
sition, 42 

expansion in power series o^ normal 
coordinates, 41 
effect of higher terms, 196 
induced by electric field, 43 
integrals, 38, 156 
radiation, by oscillating, 43 
species of components (T*, Ty, Tg), 
323-330 

symmetry of components, 156 

same as translation components, 157 
transformation properties, 157 
Elements, of matrices, 293 

of symmetry (see Symmetry elements) 
Elimination method for characteristic 
values and vectors, 222#. 

Ellipse, relation of principal axes to 
characteristic values, 219 
Ellipsoid, polarizability, 193 
Energy levels, rotational, 361#. 
species of, 147, 155 
torsional, 206 
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Energy levels, vibrational, 36 
combination, 36 
degenerate, 37 
energy of, 36J^., 193 
expanded in power series of quan¬ 
tum numbers, 193 
fundamental, 36 
ground, 36 

isotopic substitution, effect of, 182 
overtone, 36 

for degenerate fundamentals, 37 
perturbation treatment of, 188^. 
resonance, effect of, 197/. 

Energy matrix, characteristic equation 
of, 214 

characteristic values and vectors of, 
209/. 

by matrix iteration, 226/. 

for roots other than largest, 228 
by perturbation, 229/. 
by relaxation, 224 
by successive elimination, 222/. 
in transformation to diagonal form, 

209 

effect of subtracting constant matrix, 

210 

Envelope of bands, 367 
Equations of motion, in Hamiltonian 
form, 66 

in mass-weighted coordinates, 15 
in normal coordinates, 20 
Equilibria, chemical, calculated from 
spectroscopic data, 10 
Equivalent atoms, sets of, 85 
Equivalent internal coordinates, 109, 117 
form reducible representation, 109 
Equivalent representations, 91 
Eulerian angles, 11, 273, 286/. 
definition of, 286 

transformation under symmetry oper¬ 
ation, 286 

Exciting line for Raman spectrum, 3 
Exclusion, rule of mutual, 246 
Expansion, of potential energy, 15, 172, 
193 

of secular equation, 68, 214/. 
for nonlinear XYZ molecule, 69, 71 
External symmetry coordinates, 126 
Extreme value problem, 218/. 


F matrix (see Potential energy) 

Factoring of secular equation (see Secular 
equation) 

Fermi resonance, 198 
Forbidden transitions, 146 


Force constants, agreement in isotopic 
molecules, 171, 182 
product rule, 183/. 
sum rule, 186/. 
anharmonicity correction, 194 
bond-bending and bond-stretching, 
174/. 

dimensions of, 174 
relative magnitude of, 177 
in cartesian coordinates, 25, 169 
for central force coordinates, 173 
for CeH*, 266/. 

from fundamental frequencies, 174/., 
265/. 

anharmonicity correction, 194 
interaction, 177/. 
hybridization, effect of, 180 
van der Waals forces, 179, 180 
intercomparison in different molecules, 
175 

for internal coordinates, 64, 170, 174/. 
for CeHe, 253/. 

from isotopic molecules, 171, 182 
in normal coordinates, X, relation to 
vibrational frequencies, 20/. 
number of independent, 170 
perturbation treatment, 188/., 231 
redundancy, effect of, 171 
for symmetry coordinates, 127/. 

for CeHe, 260/.', 265/. 
transfer of, to other molecules, 175, 182 
for valence force cgordinates, 174/. 
(See also Potential energy) 

Force functions more general than central 
or valence force approximations, 
177/ 

Forces, interatomic, from infrared and 
Raman studies, 9 
Free internal rotation, 202/. 

Freedom, degrees of, 17 
Frequencies, vibrational, 36 
characteristic, 246 
combination, 36, 160, 161, 247 
difference, 37 

from force constants (see Secular 
equation solution) 
fundamental (see Fundamental 
frequencies) 

isotopic substitution, effect of, 182 
perturbation treatment of, 188/. 
mechanical, 194 
overtone, 9, 36, 246 
relation to force constants, X, in 
normal coordinates, 20/ 
resonance, effect of, 197/ 
separation of high and low, 74, 311 
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Fundamental frequencies, 9, 36, 246 
anharmonicity effect, 194 
force constants from, 174^., 265Jf. 
infrared selection rules, 161 
numbering of, in CeHe, 249 
Raman selection rules, 61, 63, 161, 366 
Fundamental levels, 36 
symmetry of, 148 


G matrix, 61 
for C«H«, 255#., 261#. 
diagonalization of, 211 
elements, schematic representation of, 
304 

tabulation of, 303#. 
and kinetic energy, 62, 307 
for nonlinear XYZ molecule, 63, 69 
s vector method of calculating, 55#. 
Greneralized coordinates, form of secular 
equation in, 26 
Ground level, 36 

Group, characters (see Characters) 
classes of operations in, 101 
definition and properties of, 81, 82 
operations (see Symmetry operations) 
order of, 85 
representation, 312#. 

by linear transformations, 91 
wave functions as basis for representa¬ 
tion of, 148 
(See also Point groups) 

Groups, isomorphic, 91, 320 


Hamilton-Cayley theorem, 217 
Hamiltonian, for nonrigid rotor, 367 
operator for polyatbmic molecules, 279, 
281#. 

for rigid rotor, 361 

Hamilton’s equations of motion, 66, 308 
Harmonic oscillator, 34#. 
energy levels, 35 

potential and kinetic energy of, 20, 34 
simple, electric circuit analogue of, 237 
wave functions, 37 

degenerate, in polar coordinates, 352, 
355 

integrals involving, 289 
Harmonic oscillator approximation, 34, 
193 

(See also Small vibrations) 

Hermite orthogonal functions, 37 
Hermite polynomial, 38, 152, 289 
Hermitian form, 298 
Heirtnitian matrix, 296 
positive-definite, 301 


Hermitian matrix, real characteristic 
values of, BOO 

High frequencies, separation from low 
frequencies, 74, 311 
Hindered internal rotation, 202, 206 
H 2 O molecule, energy level diagram, 36 
factored secular equation, 114 
normal vibrations, 18 
symmetry elements of, 78, 79 
Hooke’s law, 6 

Horizontal plane of symmetry, cr*, 82 
Hybridization effect on force constants, 
180 

Icosahedral groups, Jfc, 85, 330 
Identity operation, jE?, 80 
Improper axes of symmetry, 79 
Improper operation, 106 
Inactive frequencies in infrared and 
Raman spectra (see Selection rules) 
Independent internal coordinates, 112 
Independent normal modes, 18 
Independent symmetry coordinates, 144 
Induced dipole moment, 43 
Induced transition coefficient, 38, 162 
Inertia, moment of (see Moment of 
inertia) 

Infinite axis of symmetry in groups Q^v, 
330 

Infinitesimal amplitudes (see Small 
vibrations) 

Infrared absorption spectra of CeHe, 2 
Infrared activity (see Selection rules) 
Infrared bands, rotational fine structure, 
361#. 

Infrared rotation-vibration spectra, band 
types, 364 

Infrared selection rules (see Selection 
rulfes) 

Infrared spectra, classical theory of, 6 
pure rotation, 3, 42, 364 
Intensity, absolute, of infrared funda¬ 
mentals, 162#. 
isotope effect on, 191#. 
of overtone and combination bands 
relative to fundamental bands, 43 
of Raman spectrum, 43-53, 161 
of Rayleigh scattering, 48#. 
resonance effect on, 198 
of spectral lines, 38 
summation over a band, 163#. 
exact, for symmetric rotor, 164 
Intensity ratio of Stokes and anti-Stokes 
Raman lines, 9, 48, 61 
Interaction, of rotation and vibration, 
275, 284, 367#. 

perturbation operator for, 368 
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Interaction, of vibrations (see Resonance) 
Interaction constants, in kinetic energy, 
26, 63 

in potential energy, 169, 177 
Intercomparison of force constants in dif¬ 
ferent molecules, 175 
Internal coordinates, 27, 54 
bending of bond out of plane, 58 
bond bending, 56, 303 
bond stretching, 55, 303 
character of, 106, 109j^. 
equivalent, sets of, form reducible 
representation, 109 

force constants in, 64, 170, 174/., 253/. 
kinetic energy in, 62, 255/. 
may permute with plus or minus sign, 
118 

potential energy in, 64, 170, 254/. 
secular equation in, 64 
Symmetry, 115 
for CeHe, 257/. 

factoring of secular equation by, 
347/. 
torsion, 60 

transformations, to cartesian coordi¬ 
nates, 55 

to normal coordinates, 74 
to symmetry coordinates, 117/. 
valence angle bending, 56, 303 
Internal rotation, 202/. 
free, 202' 

factoring of secular equation in case 
of, 205 

hindered, 202 

nature of potential barrier, 202, 206 
Internal symmetry coordinates, 117ff. 
Internal vibrational angular momentum, 
278, 284, 367 

Invariance, of characteristic values of 
matrix, 264 

under isotopic substitution, 171, 182, 
192 

of kinetic energy to symmetry opera¬ 
tions, 88, 90, 349 

of potential energy to symmetry opera¬ 
tions, 88, 89, 348 

of spherical part of polarizability, 52, 
360 

of sum of diagonal components of 
polarizability, 360 
Inverse, matrix, 295 

of product of matrices, 296 
of a symmetry operation, 81 
transformation, 20 
Inversion, through a center, 79, 103 
of molecule, 200 
Inversion doubling, 201 


Irreducible representation, 97 
direct products of, 331 
occurs times in reducible repre¬ 
sentation, 99, 100, 113 
orthogonality of, 97, 341/. 
reduction in a subgroup, 121, 135, 
333/., 350 
(See also Species) 

Isomorphic groups, 91, 320 
Isotope effect, vibrational, influence of 
anharmonicity, 183 
on intensities, 191/. 
potential energy invariance, 171, 182, 
192 

product rule, 183/. 

effect of translation and rotation, 
184, 248-250 

when symmetries differ, 185, 249 
for small mass difference, 188/., 231 
sum rules for, 186/., 192 
use of, for assignment of vibrational 
frequencies, 182, 188/. 
for determining force constants, 
171, 182 

Iteration, characteristic values and vec¬ 
tors by, 226/. 


Kinetic energy, in cartesian coordinates, 
25 

classical, general case, 273/. 

rotating, vibrating molecule, 277 
contains no cross terms for symmetry 
coordinates of different species, 115 
of degenerate vibrations, 106 
factoring in symmetry coordinates, 115 
and G matrix, 62, 307 
interaction constants in, 26, 63 
in internal coordinates, 62 
for CeHe, 255/. 

invariance under symmetry operations, 
88, 90, 349 

of simple harmonic oscillator, 20, 34 
symmetry of, 87 
in symmetry coordinates, 129 
for CeHe, 261/. 
numerical checking, 264 
transformation from internal to sym¬ 
metry coordinates, 127/. 

Kronecker delta symbol, 16 


Legendre function, associated, 356 
Line of nodes, 286 

Linear combinations of degenerate nor¬ 
mal coordinates, 19 



SUBJECT INDEX 


381 


linear molecules, 31, 361 

rotation-vibration spectra, band types, 
363 

degeneracy, 362 
energy, 362 

selection rules, infrared spectrum, 
363, 364 

Raman spectrum, 365, 366 
Linear rotor (see Linear molecules) 
Linear transformation, 20, 91, 297 
Linearly polarized incident light in Ray¬ 
leigh and Raman scattering, 47, 51, 
52 

Liquid state, 3 

violation of selection rules in, 146 
Low frequencies, separation from high 
frequencies, 74, 311 


Magnetic dipole, radiation due to, 39 
Magnetic quantum number, 50, 363 
Magnitude of total angular momentum«/, 
and its component Ky 362 
Mass-weighted cartesian coordinates, 14 
potential energy in, 15 
Matrices, 293ff. 

characteristic equations of, 214 
characteristic values of, 209, 222-229, 
299-301 

characteristic vectors of, 209^., 222- 
229, 300 

commutation of, 294, 295, 302, 315 
complex conjugate of, 295 
components of, 297 
conformability of, 298 
conjugate transpose of, 296 
constant, multiplication by, 294 
definition of, 293 
deflation of, 228 
determinants of, 295 
diagonalization of, 301 
direct product of, 294 
eigenvalues of, 299 
elements of, 293 
equality of, 293 
Hermitian form, 298 
invariance of, 264 

normal coordinate problem, treatment 
by, 309 
notation, 293 
partitioning of, 298, 311 
product of, 294 
inverse of, 296 
quadratic form of, 297 
scalar product of, 297 
similarity transformations of, 301 
submatrices of, 298, 311 


Matrices, sum of, 293 
transpose of, 295 
transpose of product of, 296 
(See also Matrix; Matrix types) 

Matrix, dipole moment integrals, 38, 156 
(See also Electric moment) 
perturbation, for force constaht ad¬ 
justment, 231 

for small mass changes, 189, 231 
for vibration-rotation interaction, 

368 

polarizability, 44 

(See also Polarizability integrals) 
Matrix notation, summary, 293j^. 

Matrix types, column, 297 
constant, 294 
diagonal, 294 
Hermitian, 296, 300, 301 
inverse, 295 
nonsingular, 295 
null 294 
orthogonal, 296 
positive definite, 298, 301 
real, 296 
reciprocal, 295 
row, 297 
semidefinite, 298 
singular, 295 
square, 299 
symmetric, 296, 301 
unit, 294 

unitary, 296, 300, 301 
zero, 294 

(See also Matrices) 

Maxwellian distribution of rotational 
velocities, 6 

Mechanical frequencies of vibration, 194 
Mechanical models for solution of vibra¬ 
tion problems, 232 
Minors of secular determinant, 68^. 
Mixing of wave functions, 198 
Mixture of valence and central forces, 179 
Models for study of molecular vibrations, 
mechanical, 232 
electrical, 232ir. 

Mode of zero frequency, 22ff. 

Modes of vibration (see Normal vibra¬ 
tions) 

Molecular model, 4 
Molecular structure from infrared and 
Raman studies, 10 
Moment of momentum (see Angular 
momentum) 

Moments of inertia, 275 
of asymmetric rotor molecules, 361 
dependence or vibrational state, 369 
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Moments of inertia, effective, 369 
influence on vibrational isotope effect, 
184, 248-260 
instantaneous, 275 
of linear molecules, 361 
principal, 284 

of spherical rotor molecules, 361 
of symmetric rotor molecules, 361 
Multiple potential minima, 200-207 
Multiplication, of characters, 320 
by circuit analogue, 233 
of matrices, 294 
of species, 331 

Mutual exclusion, rule of, 246 


Naturally polarized incident light in Ray¬ 
leigh and Raman scattering, 47#. 
NHa, construction of symmetry coordi¬ 
nates, 120 
inversion of, 200 
reduction of cartesian coordinate 
representation, 107 
of internal coordinate representa¬ 
tion, 110 

Nodes, line of, 286 
Nondegener^te species (3ee Species) 
Nonsingular matrix, 296 
Normal coordinates, 19 
characters of, 94 
degenerate, 93, 107 
effect of symmetry operations on, 93 
elliptical motion in, 19 
polar, 362 

determination of, 71#. 
equations of motion in, 20 
form basis of irreducible representa¬ 
tion, 106#. 
independence of, 18 
matrix treatment of, 309 
polarizability expansion in, 48 
potential energy in, 20, 193 
species of, 92 
for CH 4 , 112 
for CeHe, 242 
for nondegenerate, 93 
symmetry of higher terms in potential 
function, 196 

transformation to internal coordinates, 
72, 73 

Normal modes (see Normal vibrations) 
Normal vibrations, classical theory, 17 
degeneracy of, 18, 106 

components have equal X, 107 
determination of, 17, 19#., 71#. 
number of, of a given species, 99, 100, 
102, 106-113, 241#. 


Normal vibrations, properties, 17 
sometimes dominated by one intamal 
coordinate type. 111 
species of, 92 
symmetry of, 106 
of zero frequency, 22 #. 

Normalization, of harmonic oscillator 
wave functions, 37 
of vibrational amplitudes, 17 

Null matrix, 294 

Number of normal vibrations of a given 
species, determination of, 99, 100, 
102, 106-113 
for CeHe, 241#. 

Numerical approximation solution of 
secular equation, 218 


0 branch, 367 

Octahedral groups, 0, 0a, 85, 330, 340 
Operations (see Symmetry operations) 
Operator, Hhmiltonian, 279, 281#. 

quantum mechanical, 279, 281 
Orbital valency force field, 181 
Order, of a group, 86 
of a subgroup, 86 

Orientation of degenerate coordinates, 
116, 119#., 124 
for CeHe, 268 

Orientational degeneracy in relation to 
Raman effect, 60 
Orthogonal, matrix, 296 
transformation, 21 
Orthogonality, 21 

of group characters, 313#. 
of Hermite functions, 37 
of irreducible representation, 97, 341#. 
of wave functions, rotational, 52 
translational, 40 
vibrational, 42 

Orthogonality theorem for irreducible 
representations, 341#. 
Orthogonalization process, Schmidt, 212 
Out-of-plane bending, 58 
Overtone frequencies, 9, 36, 246 
selection rules, infrared, 160 
Raman, 161 
Overtone levels, 36 
degeneracy, degree of, 37, 151 
species of, 151#., 247, 332, 352#. 
splitting by anharmonicity, 199 


P branch, 364, 365 
Parallel bands, 363 
Partition function for vibrations, 166 
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Partitioning of matrices, 298, 311 
Penetration of potential barrier, 201-207 
Permanent dipole moment, 42 
Perpendicular bands, 363 
Perturbation method, for characteristic 
value, 229^. 

for force constant adjustment, 231 
for isotopic mass effect, ISSff., 231 
Perturbation operator for vibrational- 
rotational interaction, 368 
Perturbation theory, 189, 197 
Perturbations due to anharmonic terras 
in potential energy, 193ff. 

(Se0 afso Resonance) 

Planar molecules, 33 
Plane of symmetry, 78, 80, 82, 84 
Point groups, 82 
Cf, 84, 323 
Cn, 82, 323 
Gnh, 83, 326 
83, 326 
C«, 83, 323 
330 

‘Bn, 82, 324 
B,itf, 84, 328-329 
‘Bn/i, 82, 327-328 
B^, 330 
0, 0kf 86, 330 
0, Ohf 86, 330 
^n, 84, 329 
3, 3d, \ 85, 330 
V, 82, 324 
Bd, 84, 328 
83, 327 

(^ee also Group) 

Polar nornial coordinates, 352 
Polarizability, 5 
anistropy of, 47, 51 
averaged over all molecular orienta¬ 
tions, 46 

characters of, 158 

derivatives, in Raman intensities, 48 
ellipsoid, 193 

equilibrium value in Rayleigh scatter¬ 
ing, 48 

integrals, 50, 161 

and intensity of scattered light, 45 
invariance of spherical part, 52, 360 
principal values of, 44, 61 

expansion in normal coordinates, 48 
species of (character tables), 323-330 
components determine Raman activ¬ 
ity^ 161 

spherical and anisotropic part of, 47, 61, 
360 

tensor properties of, 43 
transformation of components, 157,359 


Polarization of scattered radiation, 4, 
43jf., 161, 366 

Polarization ratio (see Depolarization 
ratio) 

Polarized Raman lines, 52, 161, 366 
Polynomial form of secular equation, 214 
coefficients of, 215 

evaluation of, by Hamilton-Cayiey 
theorem, 217 
by trace method, 216 
Positive .definite matrix, 298, 301 
Potential barriers hindering internal 
rotation, 202 

degeneracy due to multiple nunima, 201 
splitting of energy levels, 201, 207 
determination of height, 206 
Potential constants (see Force constants) 
Potential energy, anharmonic terms in, 
193-196 

restriction by symmetry, 196 
in cartesian displacement coordinates, 
25, 169 

in central force coordinates, 174 
for Ceilc, 255ff. 

cubic, quartic, and higher terms, 193.^. 
overtone levels, splitting by, 199 
symmetry and number of, 196 
of degenerate vibrations, 106 
components have equal X, 107 
in dependent coordinate systems, 287 
expansion in power series of, 15, 193 
effect of redundancy, 172 
factoring in symmetry coordinates, 115 
for CH 4 , 136 

functions having several minima, 200ff. 
independent of translation and rota¬ 
tion, 24 

interaction constants, 169, 177 
in internal coordinates, 64, 170 
for CeHe, 254ff. 

invariance, imder isotopic substitution, 
171, 182, 192 

to symmetry operations, 88, 89, 348 
in mass-weighted cartesian coordinates, 
15 

minimum of, 15, 288 
for molecules with inversion doubling, 
201 

most general quadratic form of, 169.if. 
in normal coordinates, 20, 193 
number of constants in, 170 
in orbital valency force field, 181 
of simple harmonic oscillator, 20, 34 
syiqmetry, 87 

in symmetry coordinates, 127.0^., 347 
for CfiHe, 260#. 
numerical checking, 264 
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Potential energy, terms of involving dis¬ 
placement of non-bonded atoma, 

179 

relation to van der Waals forces, 179, 

180 

transformation from internal to svm- 
mctry coordinates, 127ff. 
rules for shortcut, 130, 131 
proof of, 132^. 
when n^'y> > 1, 138#. 

Urey-Bradley form, 179 
in valence force coordinates, 174 
Potential function (see Potential energy) 
Potential minima, molecules with 
several, 200# 

Principal axes of inertia, 284 
of polarizability ellipsoid, 44 
Principal moments of inertia, 284 
Principal values, of moments of inertia, 
284 

of polarizability, 44, 51 
Product ratio of isotopic frequencies 
independent of potential constants, 
183 

Product rule of Teller and Redlich for 
isotopic frequencies, 183# 
for C«H«, 248# 

effect of translation and rotation, 184, 
248-250 

vhen symmetries differ, 185, 249 
Products, of inertia, vanish in principal 
axes, 284 

of irreducible representations, 331 
of matrices, 294 
direct, 294 

of symmetry operations, order of, 81 
Proper axes of symmetry, 78 
Proper operation, 105 


Q branch, 364, 365 

Quadratic form, in matrix notation, 297 
most general, of potential energy, 

169# 

Quadrupole, electric, radiation due to, 39 

Quantum numbers, rotational, /, total 
angular momentum, 362 
K, component of angular momentum 
along z axis, 362 

Mj component of angular momen¬ 
tum along Z axis of nonrotating 
coordinate system, 5D, 363 
translational, selection rule for, 40 
vibrational, 35# 

selection rules for, 42 
(See also Selection rules) 
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Quartic terms in potential energy, 193,. 
196 


R branch, 364, 365 
Radiittion, by accelerated charge, 6 
by electric quadrhpole, 39 
by magnetic dipole, 39 
by oscillating dipole, 43 
Raman activity (see Selection rules) 
Raman band types, 366 
Raman lines (see Raman spectrum) 
Raman rotation-vibration spectra, 365 
Raman scattering, 48, 49 
(See also Raman spectrum) 

Raman selection rules (see Selection 
rules) 

Raman spectrum, 3 
anti-Stokes line in, 3, 9, 48, 51 
band typcss, 366 
of C«H«, 4, 251, 253 
cl. ssical theory of, 7 

averaging over orientations, 46 
intensities, 43-48 
depolarization ratios, 47, 51, 52 
intensity ratio of Stokes and anti- 
Stokes lines in, 9, 48, 51 
isotope effect, 192 
polarizability derivatives determine 
activity of, 48 

polarization of lines in, 4, 47, 51, 52, 
161, 366 

quantum theory of, 9, 48# 
conditions on, 50 
intensities in, 48-53 
orientational degeneracy in, 50 
rotation, 4, 365 

selection rule^, 51, 53, 161, 365 
sharpness of, totally symmetric lines, 
367 

Stokes line in 3, 9, 48, 51 
vibration, 3, 365' 

Rank of G matrix, test for completeness 
of coordinate set, 145 
Rayleigh scattering intensity, 48, 49 
equilibrium polarizability in, 48 
Rayleigh’s principle, 218#, 227 
Real matrix, 296 
Reciprocal matrix, 295 
Recursion formula for Hermite poly¬ 
nomials, 38 

Reduced representations, 96 
Reducible representations, 98, 341 
formed by equivalent internal coordi¬ 
nate sets 109 

Reduction of representation, into group 
species, 99, 100, 113 
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Reduction of representation, in sub¬ 
group, 121, 135, 333#., 350 
Redundancy, 111 #, 
condition, 112, 171 
to second order, 172, 179 
effect of, on force constant determi¬ 
nation, 171 

on potential energy expansion, 172 
removal of, 140#. 
for CH 4 , 140 

Reflection through a plane, 7S~84 
Regular representation, 113, 312 
Relaxation method for characteristic 
values and vectors, 224 
Representations, completely reduced, 96 
direct products of, 320, 331 
equivalent, 91 

by equivalent sets of internal coordi¬ 
nates, 109 
of groups, 312#. 

by linear transformations, 91 
irreducible Irreducible represen¬ 
tation) 

reducible, 98, 109, 341 
reduction (see Reduction of represen¬ 
tation) 

regular, 113, 312 
structure of, 108 

determination of the 99, 100, 
113 

Resolution (see Reduction of representa¬ 
tion) 

Resonance, quantum mechanical, 197#. 
first order (Fermi), 198 
second order (Darling and Denni¬ 
son), 199 
Rigid rotor, 361 
approximation, 284 
degeneracies, 362 
energy levels, 362 
Hamfltonian, 361 
Rotating coordinates, 12, 274, 285 
Rotation, about an axis, alternating, 79 
proper, 78 
internal, 201 ^. 

effect on isotope product rule, 184, 
248-250 

as mode of zero frequency, 22 #. 
potential energy independent of, 24 
species of (character tables), 323-330 
Rotation-reflection axis, 79, ^ 

Rotation spectra, infrared, 3, 42, 364 
Raman, 4, 365 

Rotation-vibration interaction, 275, 284, 
367#. 

perturbation operator for, 368 
Rotation-vibration spectra, 363#. 
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Rotational angular momentum, 277, 284, 
361 

coupling with vibrational, 284, 367 
Rotationsd energy, 361#. 

selection rules, 42, 53, 363#, 

Rotor, rigid (see Rigid rotor) 

Rotor types, 361 
band types for, 364, 366 
energies of, 362 
selection lulcs for, 364#. 

Row matrix, 297 


§n, 84, 329, 339 
S branch, 367 
s vectors, 55 

for bending a bond out of a plane, 58 
for bond stretching coordinate, 56 
for calculation of G matrix, 55#. 
for torsion, 60 

total angular momentum WH, 277 
for valence angle bending, 56 
Scalar product, 297 
Scattering of light, 48, 49 
Schmidt orthogonalization process, 212 
SchrOdinger equation, 9, 34, 279 
Secular determinant (see Seculmr equa¬ 
tion) 

Secular equation, in cartesian coordinates, 
26 

characteristic values of, 209#. 
degree of factor of, 116 
expansion of, 68 , 214#. 

for nonlinear XYZ molecule, 69, 71 
in |F — XG“*^ fonn, 64 
in !PG - XEt form, 65 
factoring of, 113#., 347#. 
effect of internal rotation, 205 
for linear molecules, 32 
for planar molecules, 33 
in form convenient for machine solu¬ 
tion, 65 

in |Q — XF ~^1 form, 65 
in IGF — XEl form, 64 
in generalized coordinates 26 
in internal coordinates, 64 
in mass-weighted cartesian coordinates, 
16 

minors of, 68 #. 
number of nmazero roots, 17 
polynomial form of, 214 
symn^rization of, 211 #. 

Secular equation solution, by analoguo • 
computers. 1 ^ 2 #. 
with automatic convergence, 236 
X diagonal, 234, 238 
X not restricted to diagonal, 233 
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Secular equation solution, as extreme 
value problem, 218^. 
general, methods for, 208;^. 
by matrix iteration, 226jf. 
examples, 270#. 

for roots other than largest, 228 
by mechanical models, 232 
by numerical approximation, 218 
by perturbation methods, 229#. 
in polynomial form, 214#. 
by relaxation, 224 
by successive elimination, 222#. 
as variational problem, 218;^. 

for unsymmetric energy matrix, 220 
Selection rules, 8, 39 

for Coriolis interaction. 369 
infrared vibration spectrum, 159 
for Cells, 244#. 

in electric moment integrals, 41 
for vibrational quantum numbers, 42 
for rotation-vibration spectra, 363#. 
of asymmetric rotor molecules, 364, 
366 

of linear molecules, 363-366 
of spherical rotor molecules, 364, 366 
of symmetric rotor molecules, 364, 
366 

for rotational infrared spectrum, 42, 
363# 

for rotational Raman spectrum, 53, 365 
for translational quantum number, 40 
for vibrational Raman spectrum, 51, 
53, 161, 365 
for CeHe, 244#. 

polarizability derivatives in, 48 
by polarizability integrals, 50, 161 
violation in liquid state, 146 
Semidefinite matrix, 298 
Separation, of electronic from rotational 
and vibrational wave equations, 6 
of high and low frequencies, 74, 311 
of rotation and vibration. 11, 34, 243#. 
approximate, 283 
Sets, of equivalent atoms, 85 

of equivalent internal coordinates, 109 
Sharpness of totally symmetric Raman 
lines for spherical rotor, 367 
Similarity transformation, 301 
Simultaneous equations solution, 222#. 
by analogue computers, 232#. 
by relaxation, 224 
by successive elimination, 222#. 
Singular matrix, 295 
Small vibrations in classical mechanics, 
14# 

Solid state, 3 

Space-fixed coordinates, 285 


Species, of anharmonic vibrational levels, 
146 

of combinations (binary), of degener¬ 
ate levels, 149# 
and nondegenerate levels, 149 
of nondegenerate levels, 148 
of components, of electric dipole 
moment (T,, Ty, f*), 323-330 
of polarizability, 161, 323-330 
correlation with those of subgroup, 

121, 135, 333# 

degenerate, characters of, 94, 352#. 
correlation with those of subgroup, 
121, 135, 333# 
doubles 113, 322 
triply, 113, 322 
of fundamentals, 148 
of general vibrational levels, 155 
multiplication of, 331 
of normal coordinates, 92 
notation, 322 

number of normal vibrations of a given, 
99, 107 

occur times in reducible represen¬ 
tation, 99, 100, 113 
overtones, of degenerate levels, 152#, 
247, 332, 352# 
of hondegenerate levels, 151 
of polarizability, rotation, translation 
(character tables), 323-330 
in reduction of reducible representa¬ 
tion, 99, 100, 113 
of wa¥e functions, 147 
(See also Irreducible representation) 
Spherical part of polarizabihty, 47, 51, 
360 

Spherical rotor, 361 
band typers, 364 
degeneracy, 362 
energy, nonrigid, 369 
rigid, 362 

selection rules, iufiai-ed spectrum, 364 
Raman spectrum, 366 
Splitting (see Degenerate vibrations) 
Spontaneous transition coefficient, 38 
Scjuare matrix, 299 
Staggered model of ethane, 84 
Stokes Raman lines, 3, 9, 48, 51 
Stretching force constants, numerical 
values, 175 

(See also Internal coordinates, force 
constants in) 

Stretching vibrations, 178, 246, 252 
Structure, molecular, from infrared and 
Raman studies, 10 
of representations, 108 

determination of the 99,100,113 
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Subgroup, 85 

order of, is a divisor of order of group, 
86 

reduction of representation in, 121 , 135, 
333#., 350 

sends a single atom into itself, 85 
Submatrices, 298, 311 
Successive elimination solution of secular 
equation, 222 #. 

Sum rule, for isotopic frequencies, 186#. 

for isotopic intensities, 192 
Superposition of normal modes, 18, 19 
Symmetric matrix, 296, 301 
Symmetric rotor, 361 
band types, 364 
degeneracy, 362 
energy, nonrigid, 368 
rigid, 362 

intensity, absolute, parallel band, 164 
selection rules, infrared spectrum, 364 
Raman spectrum, 366 
Symmetrically complete sets, 117 
Symmetrically equivalent atoms, sets of, 
85 

Symmetrization of secular equation, 21 1 #. 
Symmetry axes (see Axes of symmetry) 
Symmetry coordinates, 115#. 

construction of, degenerate, 119, 123 
when > 1, 135#. 
external, 125 
internal, 117#. 
for CH 4 , 120 
for CeHe, 257#. 
nondegenerate, 118 
factoring of secular equation by, 115, 
347#. 

orientation of degenerate, 116, 119#., 
124 

for CtJIe, 258 

potential and kinetic energy in terms 
of, 127#., 347 
fpr CeHe, 260#. 
numeric^ checking, 264 
species of, for CeHo, 243 
transformation from internal coordi¬ 
nates, 117#. 

Symmetry elements, 78 
axes of symmetry, 78-80 
center of symmetry, 79 
plane of symmetry, 78 
diagonal, 84 
horizontal, 82^ 
vertical, 80 

Symmetry operations, 78 

character per unshifted atom, 105 
class of, 90- 

effect on representative point, 84 


Symmetry operations, group of, 81 
identity, 80 
improper, 105 

invariance of potential and kinetic 
energies under, 88 #., 348 
inverse of, 81 

inversion through a center, 79, 103 
order of, in product, 81 
proper, 106 

reflection through a plane, 78-84 
rotation about an axis, alternating, 79 
proper, 78 

(See also Symmetry elements) 
Symmetry species (see Species) 
Symmetry types (see Species) 


3, 3d, 3 a, 85, 330, 339, 340 
Teller-Redlich product rule (see Product 
rule) 

Tensor properties of polarizability, 43 
Tetrahedral groups, 3, 3d, 5 a, 85, 330, 339 
340 

Top (see Asymmetric rotor; Spherical 
rotor; Symmetric rotor) 

Torsion angle, r, 60 
Torsional energy levels, 206 
Torsional force constant for CeHe, 256 
Total angular momentum, 362 
Total angular momentum vector, SJE, 277 
Totally symmetric Raman lines, polar¬ 
ization of, 366 
sharpness of, 367 
Transformation of coordinates, 20 
between cartesian and internal coordi¬ 
nates, 56 

group of linear, 90 

from internal to normal coordinates, 74 
from internal to symmetry coordmates, 
117#. 

for Ce^*, 257# 

character operator formula for^ llO, 
138 

of kinetic energy, 127#. 
numerical cheeking of, 264 
of potential energy, 127#. 
inverse, 20 
linear, 20, 91 
in matrix notation, 297 
from normal to internal coordinates, 
72, 73 

orthogonal, 21 

Transformation properties, of electric 
dipole moment components, 157 
of Eulerian angles, 286 
of polarizability components, 157, 359 
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Transformation properties, of wave 
functions, 148 
{See also Characters) 

Transition probability, 38, 162 
Translation, effect on isotope product 
rule, 184, 248-250 
as mode of zero frequency, 22^. 
potential energy, independent of, 24 
species of (character tables), 323-330 
Transpose, of matrix, 295 
of product of matrices, 296 
Triply degenerate species, F, 113, 322 
Tunnel effect, 201, 207 
Types, of infrared bands, 364 
of Raman bands, 366 

Unit matrix, 294 
Unitary matrix, 296, 301 
characteristic values of absolute value 
unity, 300 

Urey-Bradley potential function, 179 


U, 82, 318, 324 
Vd, 84, 328, 329 
Vh, 83, 327, 328 
Valence angle bending, 56, 303 
Valence force coordinates, potential 
energy in, 174 

Valence forces, approximation to poten¬ 
tial energy, 174 
Van der Waals forces, 179, 180 
Variational method solution of secular 
equation, 21^. 

for unsymmetric energy matrix, 220 
Vector, as column or row matrix, 297 
{see 8 vectors) 

Vertical plane of symmetry, <r,, 80 
Vibration-rotation interaction, 275, 284, 
367#. 

perturbation operator for, 368 
Vibrational angular momentum, 278,284, 
367 

coupling yrith rotational, 284, 367 
Vibrational assignments by isotope rela¬ 
tions, 182, 188#. 

Vibrational coordinates, characters of, 
lOG 

Vibrational degrees of freedom, 17 
Vibrational energy levels {see Energy 
levels) 

Vibrational frequencies {see Frequencies) 
Vibrational isotope effect {see Isotope 
effect) 

Vibrational partition function, 165 
Vibrational quantum number, 35#. 
selection rules for, 42 


Vibrational Raman spectrum, 3, 365 

Vibrational selection rules {see Selection 
rules) 

Vibrational wave function, 37 

{See also Harmonic oscillator, wave 
functions) 

Vibrations, anharmonicity and interac¬ 
tions of {see Potential energy) 
bond-bending and bond-stretching, 

178, 246, 252 

degenerate {see Degenerate vibrations) 
interaction with rotation, 275, 284, 
367#. 

modes, determination of, 17, 71#. 
normal {see Normal vibrations) 
number of, of a given species, 99, 107 
partition function for, 165 
small, in classical mechanics, 14#. 
study by mechanical and electrical 
models, 232#. 

symmetry properties and species of, 
147#. 

Violation of selection rules in liquid state, 
146 

Water molecule {see H 2 O molecule) 

Wave equation, 9, 34, 279 
yibrational, 34 

in normal coordinates, 147 
symmetry of, 147#. 

Wave functions, factoring into electronic, 
vibrational, rotational, and transla¬ 
tional parts, 39 

form basis of group representation, 148 
character for transformations of, 149 
harmonic oscillator, 37, 289 
mixing of, 198 
orthogonality, 40, 42, 52 
species of, 147 

of triply degenerate fundamentals, 356 

X 3 molecule, equilateral, normal vibra¬ 
tions of, 18 

XYs molecule, planar equilateral, 81, 89, 
100 

normal vibrations of, 93 
symmetry of normal coordinates, 92-97 

XYZ nonlinear molecule, G matrix, 63, 

69/. 

expanded secular equation, 71 

Zero frequency vibrations, rotation and 
translation, 22#. 

Zero matrix, 294 

Zero-order frequencies {see Mechanical 
frequencies of vibration) 

Zero-point energy, 36 



